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Abstract - In this paper we generalized the notion of weighed p- majorization for any two vectors in R". We
also define stable vector for a given set of vectors. Then we prove existence of stable vector for n = 2.
And finally we give some conditions on a set of vectors for existence of stable vector for n 2 3. we also

give some examples for illustration our theorems.
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INTRODUCTION

The notion of majorization has been introduced
while studying the topic such as wealth distribution,
inequalities etc. In the early part of the twentieth
century, Lorenz introduced a curve, that describes
the wealth (or income) distribution of a population.
Let a = (ay. a.....a,) be denote the income profile
of a population of size n. Then the line joining origin
and the points {i:—:’)sh =% af 1=k=n,
where @l el o) be the decreasing
rearrangement of the components of $\alpha$, is
called Lorenz curve of . If total income or wealth of
the population is uniformly distributed among the
population then the Lorenz curve is a straight line,
otherwise, the curve is convex. Let x = (x,. 2., .1,
and ¥ = (¥.%..¥% ) be denote the income of a
population of size n, in day 1 and day 2 respectively.
If x is majorized by y, then Lorenz curve of x is closer
to the straight line of uniform distribution than the
Lorenz curve of y. This tech- nique is used in many
different [6, 7] such as describing inequality among
the size of individuals in ecology, in studies of
biodiversity, business modeling, etc. The Lorenz
curve also provides a different tool for estimating the
distributional dimensions of energy consumption.

Many authors generalized and studied the
majorization by introd_lL_Jcing different parameters [1, 2,
5]. In 1947, by introducing weighted p-majorization
for a pair of vectors that are in a similar order (either
increasing or decreasing) Fuchs [3], proved an
equivalent condition for weighted p majorization
using continuous convex functions. In 1997,
P ecar’c and Abramovich [4] discussed an analogs
of Fuchs result in which order of one of vector in the
pair can be relaxed. In general the wealth (or
income) profiles of individuals in a population may

not be in a similar order. This motivates us to

define majorization for a pair of vectors in R" by
introducing a weight function with out having any
order restriction. We use technique of Lorenz as a
tool to introduce stability for a given set of points by
assigning a proper weight. We prove the existence

of a stable vector for a given set of vectors in R"

with respect to a given weight. Finally, we give
examples to illustrate our techniques.

2. WEIGHTED P-MAJORIZATION

Let Ry be the positive cone of R", the set of all
vectors of R"™ with positive coordinates. Let
p={p.p..p) Ry and a= (a,a,...a;) be
a vector in R" with XL, pa; =0 Define
af:= (al.al....ah) where
{1 =i=n). We call such a vector a

n
Diti

Il pim
as non-vanishing p-vector of R".

o =

Definition 2.1. Let p = (p1, P2, - - -, Pn) be in Rn
and X = (Xg, X2, - - -, Xn), Y = (Y1, Y2, - - -, ¥n) be two
non-vanishing p-vectors of Rn. We say that x is p-
weighted majorized by y if x is majorized by y°. We
denoted it by by x <, y.

Let p € Rn and x, y be two non-vanishing p-vectors
in Rn. If x <, y, then from Figure [1] it is to be
noted that Lorenz curve of x” is closer to the
Lorenz curve of uniform distribution than the
Lorenz curve of y*. In the other words, we say that
the vector x” is stable than than the vector y®.

Definition 2.2. Let p be a fixed vector in Rn and let
S = {X4, X2, X3, - - -, X} denotes a set of any m
vectors in Rn with non-negative coordinates. A
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point x; in the set S is said to be a p-stable vector of
the set Sif x;<p xforallie {1,2,..., m}

Cumulative percent
of income

Uniform Distribution
Lorenz curve of x*p

Lorenz curve of y*p

Cumulative percent of
income

Figure 1: Lorenz curve

Theorem 2.3. Let p be a fixed vector in B* and let S
= {X4, X2, X3, . . . , Xm} be a set of any m vectors in R*
with positive coordinates. Then there exists a stable
vector of the set X with respect to weight p i.e. there
exist a vector x0 (1 < i, £ m) such that xj0 <, x; for all
ie{l,2,...,m}.

Proof. Let p = (p1, p2) and x; = (X1, Xp) fori € {1, 2, ..
, m}. Then

xf = legpxg) = GFII“ e J (1=i=n)

F=1 P L=y P

Further, for each il{l=i=mn), there exist a

permutation & on {1.2} such that

_r!”-' — rll nl} (J‘?Fllll IEHLn Pgifz |x|g'-|"|)
Ziapjx; L pix;

Consider the set ¢ = {%
5o px;

: 1=1i=m} Asthe
set & has a minimum, let it be at ijwhere
i,€{l.2~.n}. Thus we get x5 ==x% for all
i € {1.2,~,n}. Therefore xo0 <, x forallie{1,2,...
, h}. Hence x, is p-stable vector of the set S.

The following example shows that for n = 3 it is not
always possible to find a p-stable vector of a given
set of vectors in Rn with positive coordinates and a
given vector p in RI.

Example 2.4, Take
n=3m=2,p=(1L1.x, ={3.11} and

Weighted p-majorization and Stable vector ||}

x, =1{2.7,15,0.8}. %P = E? 5 and

x5 = {?_L—:D—;} By a direct calculation, one can
show that neither x] majorized by x. nor x3
majorized by x}. Thus neither x, or x, is a p-stable
vector of the set containing the vectors x; and x-
with respect to the weight p.

Then

Example 2.5. Take
n=3,m=2p=(123).x =345} and x, = {Z=}.
Then x} = {%%L—:} and x5 = {—EL—E%} It is easy
to verify that neither neither x} majorized by x> nor
x7 majorized by x}. Thus neither x, or x is a p-
stable vector of the set containing the vectors x; and
x- with respect to the weight p.

Let p(p,.p-.*. ) be a fixed vector in R} and S =
{X1, X3, X3, . . ., Xm} be a set if vectors in R".
Suppose Suppose X; = (X1, Xi, - . - Xin) fori=1, 2,.

, m. Then
P Py —
X = {.r”_.r xl’ﬂ}_
By X DaXia Pr¥im
(R ot . Bofn) y—yp
L= I”JIJ Lj= I”JIJ Li=1 P&}
For each i. there exist a permutation &' on

{1,2,--,n} such that

pd _ 7 opd _pl ply _
X = Ltz *timd T
P : - B X
(.,.I.l‘ll_,.l.h.,.l.-‘ll,.l.- .,.LIJI_,.LIJJ
» " ] L
B o P I P

aif1y® |_.-I.|_|

Consider the set ¢ = { = : 1=i=m} This

L= |EI,II_|

set @ has a minimum say at L,:,where
i,€{1.2,~.n}. Thus we get x5, ==x5 for all
i € {1.2,--.m}. Conditions on vectors....
@)  xbn=aB £47 for i=12,,m, where
d, _ . pl
1= %y — Xipy -
@) xh=xP 447 for i=12,,m, where
; - TR 1
: :Ej=1.-rﬂ' _E_?:L-r?nj-
(3) ﬂ,ﬂgx £ for i=12-m, where

E: L.r _E_. -1 X ID_.
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pl pl

omer = ¥y TéR_2 fori=12-m,

(n—2)x

i _ wn-z B n-z Bl
Where .I'jﬂ_: - Ej‘:]. IIJ — Ej‘:]. II-DJ-.

If the vectors satisfy these conditions then we get a
stable vector say x;, with respect to p.
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