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Abstract — There are three important ways of creating new topological spaces from old ones. They are by

HE 11

forming “Subspaces”, “Product Spaces” and quotient spaces”.
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___________________________________ X o m o e e e e e e e eeea o
PRODUCT SPACES:- Let x, € X, be any point, then by definition of
X = ]'_'[H.L"lx'ﬁ.!
1) Definition Cartesian Product of Two
Sets:- Xq is the a-th co-ordinate of atleast one member of
X(say) x € X.
Let X;, X, be any two non-empty sets, then the set
X1xX, defined by ~ Pa(X) = Xq
X1¥Xa = {(X1, X2) : X1 € Xy, X € Xp} ie. x is the pre-image of x, under the mapping
Pq
is known as Cartesian product of X; and X,.
P is onto mapping.
2) Cartesian Product of n Sets:-
2) Projection mapping are many-one in
Let X4, Xo,eunnnn... , X, be n sets, then the set X; x X, x general.
....... x X, defined by
_ Proof. Let X = [1 . X, in general X, contain more
X]_ X X2 X i X Xn = {(Xl, Xoy viunnn ,Xn) © X € Xi, 1 = than one pOInt YaeE /\
1,2, ... , n}
[ v
is known as cartesian product of X, X, ...... , Xn Letxq # Yo be any two points of Xq, ¥ o € A
3) Cartesian product of arbitrary collection = X contains more than one vector whose a-th co-
of sets:- ordinate is X,.
Let {Xo: a €A} be arbitrary collection of sets, then set - \(/jv_e fix a-th co-;)rdin;a\te = Xq and vary all other
{(....... s Xetyerenen ) I Xq € Xq, ¥ € A} is the product of set co-ordinate in Xg, a#B € A.
of sets {X, : a € A} and is written as Tes X and xq is Then each vector in X will have a-th co-ordinate =
known as the ath co-ordinate of (...... s Xy weneee ) and Xq
is a member of X,.
o ) Each such vectors in X are mapped to same
4) Projection mapping:- point x, by the mapping
Let {Xq : a € A} be arbitrary collection of sets. Let P XX, ¥aEA
X =TIl ¥, be the product set of {X,: a € A}, then ¢ .
the mapping Pq : X = X, defined by Py(x) = X,= ath - Projection mapping are many-one in general
co-ordinate of x, ¥ a € A are known as Projection . PPINg y g ' c
mapping. 5) Theorem. %
Note : (1) Projection mapping are onto mapping. Let X = X, x X, and x; € X3, X, € X, be fixed points. g
Proof. Let X=1l 0¥, and Py : X > X, be a §
projection mapping. =
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Let P, : X =2 X; and P, :
mapping, then if

X > X, be projection

(i) A1 C Xy, then P;H(AL) = A; x X,

(ii) A1 C X, then P, Y (Ay) = Xq x A,.

Proof. (i) Let A; € X; and lety € Pl'l(Al) be any point
=> Pi(y) € A1

= First co-ordinate of y € A;

Let Y = (Y1, ¥2), where y; € A; and y, € X,

=> y = (Y1 Y2) € As X X;
=> P, (A) € AL x X
Again, let z € A; x X, be any point.

Let Z =(z4, 2,), where z; € A; and z, € X,

=> Pl(Z) =Z,€ Al => Pl(Z) S A]_ =>
FAS Pl-l(Al)
A% Xy S P A 2)

From (1) and (2), we get,
Pl_l(Al) =A1 X Xy
(ii) Let A, € X,, let y € P,*(A,) be any point
=> Pa(y) € Az
=> Second co-ordinate of y € A2
Lety =(y1, ¥2), wherey,; € X;and y, € A,
=> Y= (Y1 ¥2) EXy X A,
P, (A2) € Xy x A,
Again, let z € X; x A, be any point.

Let Z =(z4, 2,), where z; € Xy, 2, € A,

=> Pz(Z) =2, € Az = Pz(Z) € A2 =>
z€ P, (Ay)
X1 % Ay € PN (A)

From (1) and (2), we get P, (A2) = Xy

x A,
6) Theorem :

If ¥ = Hnﬂxﬁ and AB c XB’ then
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Pﬁ‘l{ﬂﬁ} = [laea Vo , Where V; = F;L Vc:x f E
Proof. Let  x € Pg(Ag) be any point.
=> Ps(x) € Ag
= B-th co-ordinate of x € Ag i.e. Xg € Ag
But Xq€E Xy, FAEAN

Xg € Agand Xq € Xo, Ya # B

Vaq, vYa € A, where

Vo = {]‘:'lﬁ l;‘;f :

%, €[l Vi
andso By (Ag) € Mlaea Ve (1)
Again, let v € [I..4 V; be any point
=> Yo €E Vo, TaAEA
In particular, yg € Vg
=>  YpE€Ag => Pe(y) € Ag =y
€ Pg™(Ag)

loeaVa SPt(Ag) 2)
~ From (1) and (2), we get
P (Ag) = Maca Vs -
7) Theorem.
Let X=IgeaXy and A, € X,V i=1,2,3, ... ,
n,
Then N, Bo* (4, ) = [TzaVy . where
v, _f(“ iWa #aand ¥i=1.23...n

A ‘l:fcx—cc,_n:-r'cx OF wis vas aae i

Proof. Let e M, Po* (4, ) , be any point
= rEP;AL),Vi=1,2,3, ... , N
=> Po, ) €A, Wi=123......n0
= Bx) eA Va=a, oragor.....oray
=> Xq €A, ¥a=0,0ra,o0r.......... an
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But Xq € Xq, 7@ € N\ always

and so xq € X fora # ay, as,.......... , Op

Xq € Va where
Vo= E&R iWa zaand¥i=123..n

B ALV o= oy OF @ OT wueves s e i
= xE[lea Vi , where
Vo= Eﬂa Vo zoqandvi=123...n
E 7 ALV 0= 0y OF 0g OT vuewer vur e Gl

I—‘|=:|=1. Pn_il {Ani } & HD.EA. e — (1)
Again, y = [1,.4V, let be any point
= Vo€ Ve Fa€EA
But Vo= Aq for a = a; or a, or
........ ora,

Vo € Aq for a = qa; or a,
Ofcvvn.... or a,
=> Vo EAg for v i =1,
2, , n
= Py, (v) € Ag, for ¥ i=1, 2,
........ ,n
=> yeEPL; (Ay) for vi=1,2, ... , N
=> yE I"IF=,_P[;i"{ARi}

Tgea Vo € N, PR (Ag) )

From (1) and (2), we get
=> I—‘|=:|=1. Pn_il {Ani } = nnEﬂ vp.
Product Topological Spaces

Let (X .J;):ae/ be any topological spaces. Let

X =1Ilas X, , be the cartesian product of Xy : a € A
and Py : X 2 X, be the projection mapping.

Let S= {P7*(U,): U, € F,.¥a € AL

={P (U, ): U, is open setin X . Va € A}
Clearly S < P(X), the power set of X
Also X, eJf,vaeh == BM¥Jes
= XES

USEss =X

then, 3 a smallest topology J on X, which contain $
and S is a sub-base for J (see Th.) and this topology
3 is called the product topology and (X, J) is called
the product topology spaces of spaces
{Xﬂuﬁ,:-:] iaedh.

Remark. (i) Any base element for the product
topology J is equal to the intersection of finite
number of members of S i.e. equal to

n P U,) = H v,

neF med

where F is a finite subset of A and V, is open set in
Xq-

. 1)
ie. W= L‘:

(i) Projection mapping in product topology are
continuous mapping

ifx € Fand Uy is open setin X
ifagF

Since ¥ U; € J; , we have B *(U,) € §

vU; €3z, we have B YU, ) €5
[+ Sc 3]

P, : X>X, is continuous mapping, ¥ o € A .
1) Theorem.

Projection mapping are open mapping in product
topological space.

Proof. Let (X4, Jq), a € A be topological spaces
and (X, J) be the product topological space.

Let Py : X = X, be the projection mapping, ¥ox € A
Let G € be any open set
G = Union of some base elements for ¥

= Uizn B; , where B;'s are base element for §

Now B =IlocqVy.where V, = Ig: tggz ;[
Where F; is finite subset of A.
Now B (Bl =V,, vacA
P«(B)) is open set in X,
=> Uien By (Bi) is open set in Xq
= P,(UiznB;) is open setin X,
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= P«(G) is open setin X,

vGef == PB(G) e,

and Py: X = X, S0 is open mapping.

Note : (1) Projection mapping in product topological
space are continuous, open and onto mapping and
not one-one in general. Therefore projection
mapping are not homeomophism in general.

(2) Projection mapping are not necessarily
closed mapping.

For example: Let (IR, U) be the usual topological
space (IR?, ) be the product space. LetP:IR*>
IR be the projection mapping defined by
Plx,y)=xv(xy) € IR?

Let F={x,y):Xx,YEIR s.t.xy =1}

Thzen, it is easy to verify that F is a closed subset of
IR".

But, P(F) = IR — {0}, which is not closed in (IR, U).

Hence, the projection mapping P : IR*> > IR is not
necessarily a closed mapping.

2) Theorem.

Let (Xq Ja), @ € N\ be topological spaces and (X, J)
be the product topological space of (X4, Jq) ; O € A
Let (Y, §) be any other topological space. Then the
mapping f : Y > X is continuous iff P, of is
continuous, ¥ o £ & .

Proof. Firstly, let f : Y = X be continuous mapping.
Also P, : X 2 X4 be continuous mapping, ¥ o € A,

Since composite of two continuous functions is
continuous function. Therefore Poof:Y > Xqis
also continuous function, ¥ o € A,

Conversely let P, 0o f : Y = X, be continuous
function, ¥a € A. To show that f : Y = X is also
continuous.

Let G be any open set in X

G = Ujzn B; , where B/’s are base element for

~

N

Now Bj = My Bi*(U,) € A, where F is a finite
subset of A and U, is open set in X,.

Now U, is open setin X, ¥a € Fjand Poof: Y 2 X,
is continuous function.

(Pgo f)'l (Uy) isopensetinY, ¥a e F
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=> f'o Pg'l(Ua) isopensetinY, ¥ ua £ F;
=> ft (Pa'l(Uq)) isopensetinY, ¥u £ F;
=> Naer, 1B (UL)) is open setin Y
=> f*Uqer Br* (UL)) isopensetinY
=> f1(B)) is open setin Y, ¥i € N

=> Uicn F~*(B;) isopensetinY

=> f~(U;.nB;) isopensetinY

Thus, ¥GeF => frGl ey

Hence, f: Y->X s also continuous mapping.

3) Theorem

Let (X, J1) and (Y, Jo) be any two topological
spaces and (X x Y, J) be their product space. Then
for a fixed point x € X, the subspace {x} x Y of (X x
Y, J) is homeomorphic to (Y, J,) and for a fixed
point y € Y, the subspace X x {y} is homeomorphic

to (Xv 31)

Proof. We have that the projection mapping P, : X
x 'Y = Y is continuous and open mapping.

Le fy = Py | {x} x Y, the restriction of P, to {x} x
Y.

ie. fy : {x} x Y = Y such that f,((x, y)) =y, ¥ (X,
y)e{xpxY

Then, f is one-one mapping, for
Let  f,((x, y1) = f((X, ¥2))

=> Y1=Y2

=> (%, y1) = (X, ¥2)

Also, for each y € Y, 3 an element (x, y) € {x} x Y
such that

f((x, ) =y
f, is onto mapping.

Moreover f, is a restriction of continuous mapping
P
y

fy is also continuous.

Thus, in order to show that f, is homeomophism, it
remain to show that f, is open mapping.
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Let A be any subset of {x} x Y, open in {x} x Y. Then

A=({x} xY) N B, for some J — open subset B of X x
Y.

Let B be a base for the product topology X x Y

. B can be expressed as the union of
members of B

LetB=U{GxH:GeJF andH e J, for some G x H
€ B}

fy(A) = £,[({x} x Y) N B]
= (X xY)NU{GxH:GeJ,HEZ,
for some G x H € B)]
=U{f[{xX}NG)x(YNH)]:GeJ, HESF,,
for some G x H € B}
=U{f,[(xX}NG)xH]:GeJ,HEZ,
for some G x H € B}
[“HCSY ~HNY=H]
Now, x € X be a fixed point of X and G € X
. if x € G, then {x} N G =¢, and so ({x} N G) x
H=¢
LI} NG x H] =1,(¢) = ¢
from (*), we get,
f,(A) = ¢, which is 3, — open set
and if , x € G, then {x} N G = {x}, and so
fy(A) = U {f/({x} x H) : H € 33}
=U{H:H € 3J,}
= arbitrary union of J§, — open sets
=3, — open set

Thus, f, is open mapping and so f, is a
homeomorphism

ie. XxY=Y.

Similarly, for a fixed y € Y, X x {y} is homomorphic of
X

i.e. X x{y}=X.
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