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Abstract — The present paper provides solution of E-C field equations for static fluid sphere by a suitable
choice of metric potential in three different cases. Various physical parameters have been found and

constants appearing in solution have been fixed using boundary conditions.
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1. INTRODUCTION parameters have been also evaluated for the
distribution.
Various researchers have shown their keen interest
in extension of general theory of relativity. An 2. THE FIELD EQUATIONS
extension of the Einstein’s theory of general relativity
has been investigated by many authors like The Einstein-Cartan field equation are

Trautmen [20], Cartan [2, 2(a)] Kerlick [6], Hehl [3,4],
Hehl et al. [5]. Kuchowicz [11-4], Prasanna [16-18]
Kopczynski [9], Singh and Yadav [20] and Singh and
Kumar [20(a)] Banerji [1] has pointed out that E-C
spheres must bounce outside the schwarzrchild (22) Q,, -8Q, —8,Q, =—kS,
radius if it bowers at all. The problem of static fluid
sphere in the framework of Einstein-Cartan theory
was considered Prasanna [18] and Yadav et al. [22,
23]. Taking Hehl’'s approach [3,4] to E-C theory,
Prasanna has obtained the solutions similar to
solutions obtained by Tolman [19] in general
relativity.

-
(2.1) R} - = RS =—kt|

where 'Y is torsion tensor, Y is the canonical

asymmetric energy momentum tensor, * is the
spin tensor and k = 81r.

For a static spherically symmetric system an
appropriate metric is

In 1978, Singh and Yadav [20] studied the static fluid
spheres in E-C theory and obtained a solution in an
analytic form by the method of quadratune. Spatially _ _ )
homogenous cosmological models of Bianchi type VI A and B being functions of r. Wel use comoving co-
and VIl based on Einstein-Cartan theory were n'=a
considered by Tsoubelies [21]. Som and Bedran [18] *. The orthonormal

(2.3) ds” = e®dt” —etadr” — 17 (d6° +sin” 0dO*)

ordinates with 4-velocity

got the class of solutions that represent a static qpfrérne 3 : I? T chosen as
incoherent spherical dust distribution in equilibrium §me i, 0 2ol - =rem 00 - "k

under the influence of spin. Mehra and Gokhroo [13]

have also given physically meaningful solutions of When we assume a classical description of spin
the field equations for static spherical dust (Weyssenhoff and Raabe 1947, Trautman 1973),
distribution in E-C theory. Krori et al. [8] gave a we have

singularity free solution for a static fluid in Einstein-

Cartan theory. (2.4) S, =S,u’ with S, u'=0

Here in this paper we have solved E-C field i )
equations for static fluid sphere by taking a suitable Where W is the velocity four vector and Si is the
choice of metric potential in three different cases intrinsic angular momentum tensor. In the case of
Constants appearing in the solution have been fixed spherical symmetry the tensor i has the only non-

using boundary conditions. Various physical
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vanishing independent component S,; = K (say) and
the non-zero components of 51 are

Hence from the E-C field equation (2.2) the non-zero
components of Qi are

(2.6) Qi =-Qi =—kK

Thus for a perfect fluid distribution with pressure p
and metter density p the field equations (2.1) finally
reduce to (Prasanna [16])

i N B
(2.7) Rnp'—l(m“k'~-'—‘+c ]-I—,,._I
r I r )
i (1. &)
Q:x)&mzlwm-*-T_c‘yT___l
r \r~ t)

A 2 w ‘A ' '

(2.());:_1”:2_.&‘8.’\.B+A
rr r 4 2 4 2r

where dashes denote differentiation with respect tor.

The conservation law yields the relation

| 1 zelia Vo)
(2.10) | p+5(p+p) |+ BK| K +-KB' |=0
Librium, viz.,

1 e |
5(p+p)B'=0

(2.11) p+
From (2.12) we have
(2.13) K+ %KB':O

where H is a constant of integration.

Following Hehl [3, 4] if we define
(2.14) p=p-2nK*,p=p-2nK*

We find that the equations (2.7) and (2.8) take the
usual general relativistic (2.7) and (2.8) take the
usual general relativistic form for a static field sphere
as given by

NG B']

(2.15) 8np=—+¢
<

-

|
(2.16) 8nap=—+e¢
=

Along with (2.9). the equation of continuity (2.10)
now becomes

, (¢ [V IS EPTgees
(2.17) —+—(p+p)B'=0
T Js P)

In P and P the aquare term of spin behaves as the
effective repulsive force. The repulsion can be
important if the expression 2rk” is of the same order
as the energy density p. It is clear from these
equations that it is the P and not p which is
continuous across that boundary I = T of the fluid

sphere. The continuity of P across the boundary

ensures that of (e®). Further with P and P replacing
p and p respectively, we are assured that the
metric coefficients are continuous across the
boundry. Hence we shall apply the usual boundary
conditions to the solutions of equations (2.9), (2.15)
and (2.16).

The boundary conditions are

2M | _
=[e"]..= l——!.p—-()ulr-—r,,
o .

(2.18) [e*]
where ry is the radius and M the mass of the fluid
sphere.

3. SOLUTION OF
EQUATIONS

THE FIELD

It is well known that the equation (2.9) may be
solved by quadrature in a number of ways, by
specifying various conditions on the function A and
B that simplify the equations and allow immediate
integration. One a and B are obtained P and P
follow directly from (2.15) and (2.16). We define

(3.1) y(r)=e*",t(r)=e "

Then (2.9) may be written as

(32) t'- Ay +ry'—r'y"| -2y
y+ry) _'

It has the solution
(3.3) ®(r)= cxp[~\u(r)][Jrcxp[\p(u)h(u)du +L]

Where

_2(> + r_\': e r.‘yl)

w'"! :jle(u)du.tb(r)'— ,
ry+ry)
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p L1
h()=— >
ry+ry)

L being a constant of integration to be fixed by the
boundary conditions.

Ihe remaining equation (2.15) and (2.16) give P and
P as

/
1+ 14
\

o

(3.4) 8apr’ =
2y )

4 hY
7. e
(3.5) 8mp --—l'c| 1+— |
\. Tt

Exact solutions in terms of know functions are most
easily obtained by requiring one of the field variables
to satisfy some subsidiary condition which simplifies
the full set of equations. Once the field equations are
solved in this manner an equation of state can then
be found. Such solutions may be useful in under
stating a system in the extreme relativistic limit where
we cannot specify a priori what the equation of state
might be.

Further there is no reason to expect that all solutions
will be physically reasonable. Only a subclass of
these solutions, corresponding to certain choices of
the function will be physically realistic and a still
smaller subclass will correspond to physically
reasonable equation of state. Thus judicious choice
of the function B(r) is necessary for a physically
interesting solution.

We see that equation (3.2) is linear in mif y is a
known function. For this we choose y as

(3.6) y=(a+pr')°

where a and (3 are constants and p and C are +ve
integers.

We consider the solution for different values of y and

4

Case | : For general value of y and =1, we get

(3.7) ¥(r)=o-=pr

2{a+pr'(1+ 2u—p’)| I 2+ prt)

(3.10) 7' —vl »
r[u + Pre(l + le

| r:u+|1r“(l-o }l]; |

Using (3.3) and by taking y = 2, we get

r.'
(o +3pr7)

Using boundary conditions the constants a, B, r are
given by

{ 5
(3.12) a=|1-Z |[J1-2¢)

(3.14) p=—p=

2r J(1-2¢)

-2(1-e)*”’

(3.15) r=—

r,yY(l—=2€)

Where

m
E=—
r.l

The spin density K is given by

{ ; r_rl'
(3.16) K=H(1-2¢€)"*/|1-=e+——
{ o 2 2
|\ — ot
Also we have
Car s g e
- 5 - r
(3.17) _‘—,.c'll 2l a®
P | 4nr )| | 2 2% )
(5 3 ¢ | 16'H(1-2¢)
ll ) ‘l ::'j‘:r : ;0' e I :
l E4+—-€
[, 2 7 S ¥
wHT " ==
(3.18) lon' H(1-2¢€) l *.“ (1-€) :
5c .1 | A, Se 3er
‘lﬁ 2 T2 T || 2 25

Differentiating
» (1-2€) € (3-5¢)
" " e -l (3-19) H' :{ e | __,..7_‘_' e J_ )(r )
(3:8) ¥()=ppr’ \lor® J|ang\ 1-¢ ) "' "
and | =
Case Il : When " 77z then ¥ -{e+fr')"" |n this 3
(3.9) v(r)=ppn-0pe"~ case the differential equation (3.2) on integration =
yields. 2
Putting these values in (3.2) we get §
E
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: (ot +Bri)1+r%) 3. Hehl, F.W. (1973). G.R.G., 4, pp. 333.
(3.20) e* =1(r)= b :
(A+2pr) 4, Hehl, F.W. (1974). G.R.G, 5, pp. 491.
Where r is constant of integration. 5. Hehl, F.W., Vender Heyade, P., Kerlick, G.D.
and Nestar, J.M. (1976). Rev. Mod. Phys.,
The constants a, B, r are determined by matching the 48, pp. 393.
solution to the exterior Schwarzohild solution at the
boundary r =r,. they are 6. Kerlick, G.D. (1975). Spin and torsion in
general relativity Foundations and
G21) a=— M implications for astrophysics and cosmology,
T 2t Ph.D. thesis, Princeton University.
199 f= M 7. Kopenzynski, W. (1975). Scripts Fec. Sci.
(:22) | r Nat. Univ. Purke-Brunencis Physics, 3-4, 5,
pp. 255.
% A 2m : .
(3.23) r=2| l—r— 8. Krori, D.D., Sheikh, A.R. and Mahanta, L.
b (1981). Can. J. Phys., 59, pp. 425.
Here a<0and > 0. 9. Kuchowicz, B. (1975 a). Acta Cosmologica,
. . . 3, pp. 109.
The spin density K is given by
N 10. Kuchowicz, B. (1975 b). Acta Phys. Polon.,
(3.24) K= H . B6, pp. 555.
(ce+Br)
11. Kuchowicz, B. (1975 c). Acta Phys. Polon.,
Also pressure and density are given by B6, pp. 173.
, i - 12. Kuchowicz, B. (1976). Acta Cosmologica,
= | - (l4r) | 2nH
(325 p=—|r1+ = 1+ = 4, pp. 67.
8n| a -+ 2fr ! a+fr
13. Mehra, A.L. and Gokhroo, M.K. (1992).
G.R.C, 24, pp. 1011.
T 1 [P =Tapnr -6 + 3«([5—”—‘7 2nH’ 14. Prasanna, A.R. (1973). Phys. Lett., 46, pp.
BT (A+2Br) a+pr 165.
The constant H is found to be 15. Prasanna, A.R. (1974). Einstein-Cartan
theory or the Geometrisation of spin
I (preprint) 1974.
(3.27) H' = 7 —[8map, — 3(P—ar))
" 16. Prasanna, A.R. (1975). Phys. Rev., D11,
pp. 2076.
Caselll : Whenpu=1,C=1
_ y 17. Singh, T. and Yadav, R.B.S. (1978). Acta
(3.28) y(D=a+p =c"" Phys. Polon., B9, pp. 837.
The 1 and hence e™ can be found from (3.3) 18. Som, M.M. and Bedran (1981). Phys. Rev.,
constants appearing in the solution and other D24, pp. 2561.
parameters like pressure, density etc. can be found
as in previous case. 19. Tolman, R.C. (1939). Phys. Rev., 55, pp.
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