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Abstract — In most cases the most general linear operator from one sequence space into another is
actually given by an infinite matrix and therefore the theory of matrix transformations has always been of
great interest in the study of sequence spaces. The study of general theory of matrix transformations
was motivated by the special results in summability theory. This paper is a review article which gives

almost all known results on matrix transformations.

INTRODUCTION

The study of convergence of series is an art. The
work done prior to the time of Leonard Euler (1707-
1783), was concerned essentially with orthodox
examination of convergence and those series which
did not converge were of little or no importance.
Augustin-Louis Cauchy (1789-1875) and Neil H. Abel
(1802-1829) were amorvg the pioneers in introducing
a rigorous foundation for

the algebra of infinite scries. In his famous treatise;
"Analyse Algebriques”, Cauchy (1821) gave a
rigorous definitive formulation of the new classical
concept of "convergence" for infinite series. Given an
infinite series Za. ) <J6notes the sequence of its
partial sums, i.e.,

n
x, = 22k, (n=0,1,2,..)
k=0

Suppose that there is a number | such that (xn)
converges to |, i.e, given€>0, there exists an integer
N such that'*~'!<€.for all n>N. Cauchy defined the
‘sum’ of X2 as the number |. Since there cannot
exist two such numbers J, this definition of the ‘sum’
of an infinite series is unique. A series which has a
sum in Cauchy’'s sense is said to be convergent. A
series which is not convergent is called divergent.

So greatly emphasized by the idea of this how too
familiar concept of convergence that infinite series
which diverged were usually dropped as being
without any mathematical significance. Indeed, the
so-called ‘divergent series’ were a sort of taboo in
the eyes of many mathematicians including even a
genius like Abel, who is known to have remarked:
"Divergent series are the inventions of the devil and

it is shameful to base on them any demonstration
what so ever".

For generalizing the notion of convergence, one
can, for example, replace the sequence (xn) of

partial sums of any given series 2an by the
sequence of ‘Arithmetic Means’ or (C, 1) - means
of (xn), denoted by °» where,

Xo+X) +..+Xp,
n - n+1 '

lim o, = |
If n-»uon

" we call | the (C,l) - sum’ of 2a, (or the
(C,l) -limit of (xn)) and say that the sequence (xn),
or the series Zan, is (C,I) - convergent (or (C, 1) -
summable) to I. We observe that (i) 2an may be
summable (C, 1) to | whenever Zan or (xn)
converges to | and (ii) 2a, may be summable

(C,) even in certain cases in which
22 fajls to converge, e.g; 1-1 + 1-1+..., although
divergent, is summable (C,I) to 1/2.

More generally, we can replace (o) by the
sequence (yn) defined by the sequence-to-
seguence matrix transformation (or A - mean):

y, = ankXk  (n=0,1,2,..),
k

the series on the right defining yn being assumed
ank .

to converge to y for each n, where ™* is the

element of matrix A=@.¥ in the nth row and kth

column. The sequence (xk), or the series Za will be

said to be summable A to the sum |, if o,
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We observe that the interest in general matrix
transformation theory was, to some extent,
stimulated by special results in summability theory,
which were obtained by Cesaro (1890), Borel (1921)
and others. It was however the celebrated German
mathematician Toeplitz (1881-1940) who, in 1911,
brought the methods of linear space theory to bear
on problems connected with matrix transformations
on sequence spaces. Toeplitz characterized all those

infinite matrices #=®.¥ which map the space ¢ into
itself, leaving the limit of each convergent sequence
invariant. To be explicit, he gave the necessary and
sufficient conditions on A for ¥%~! (as n- ),
whenever * =/ (as k- ),

CESARO SEQUENCE SPACES

In 1970, Shiue studied and discussed the Cesaro
sequence spaces “®¢ and ¢S which were defined in
Problem 2 in New Archives for Mathematics, 3, XVII,
No. 1 (1968) as:

0 n
ces,, : {xeo Z# leklp<w}, l<p<w;
=1 k=1

n
ces, = {xeo :sup L Y Ixyl <}, p=oco.
m "o

with the finite norms :
hxll, = (Z (‘,l; kzlxk'p))l/p 1< p<w;
n=1 =l <

and

n
xil, = supﬁz Ix 1,
n k=l

respectively.

In 1977, Lim defined the space ces(p) for P = P>

with
Inf Pr>0 a5

ces(p) := {x=(x): ), (% > kalp') <},
r=0 r

Z T r+1
where r denotes a sum over the ranges 2 sk<2 .
which is paranormed by

g = (X (X X 1P,
r=0 2 r

M = max (1, supp), supp, <.
§ h T

where wit

In 1977, Johnson and Mohapatra (1979) generalized
the space (P 1o cestp, @) defined by

ces(p, @) = {xeo : (alzr‘z ay kalp’) <oo}’
r

-
(=]

Where P = ®J js positive sequence of real numbers
and 99 is such that

er = qortqor+l+ ....... + q2r+1-1

If gq,=I, for all n, then ces(p, q) reduces to ces(pn)
studied by Lim. Also if p,=p and g,=I for all n, then
ces (p,q) reduces to cesp defined and discused by
Shiue (1970).

DIFFERENCE SEQUENCE SPACES DEFINED
BY ORLICZ FUNCTIONS

An Orlicz function is a function M:(0:2)-[0.=), which is
continuous, non-decreasing and convex with
M) =0 M >0 for x > 0 and MX 2= a5 x> |f
convexity of Orlicz function M is replaced by
Mlx+y) < Mx)+M). then this function is called
modulus function, defined and discussed by Ruckle
and Maddox .

An Orlicz function M is said to satisfy 4 condition
for all values of u, if there exists a constant K>0,
such that M(2u) <KM(), (u20). The 42. condition is

equivalent to M(W<KIMW) for gl| values of u and for |
> 1.

An Orlicz function M can always be represented in
the following integral form:

X
M) = [althdt
0

where q(t), known as kernel of M, is right
differentiable for t 20:a0 = 0.qt) >0, for t>0; q(t) is
non-decreasing and 4t > ® a5 t—> .

Lindenstrauss and Tzafriri (1971) used the idea of
Orlicz functions to construct an Orlicz sequence

3 Ix, |
IR ETTED> MI—p <=
k=1

space ™ defined by " for some

p>0}’

The space ™ with the norm :

Ix,|

p]sl}.

0
ixll = inf{p>0: Y M|
k=1

is a Banach space.

We use throughout P=®d a sequence of positive
real numbers
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EF = ¢y cor £y,
Axg = Xy~ Xy

2
Ax, = AlAx)) = Ax = AXy,q

H. Kizmaz (1981) has introduced and studied the
difference sequence spaces

E@) := {xeo : Ax eE}.

Recently, Mikalil Et has defined the spaces

2 2
E(A) := {xEco : Aer}.
Qamaruddin  (2006) has studied the following
difference sequence spaces of Orlicz type with the
aid of certain convex function M,

IAx,]
3

E(A,M) := {x = (x) : [M[ l]EE, for some p>0}
»

E(AM,p) = [x=0x):[M ['Axp—*'l]er-:(p) for some p>0}

We define the new difference Orlicz space in the
same manner as Mikail Et

1A7x, |
P

2,
IA:“I ”EE(p), for some p>0},

E@' M = {x=0x) M|

I]EE, for some p>0},

EaMp) i= fx=0x): [M]

With the help of sequence of Orlicz functions = (M),

we also define
2 1A%, |

FA" M) = [x=(x) IMk I—p‘LHGF for some p>0}

A CLASS OF MATRIX TRANSFORMATIONS

We know the following results.

Theorem A, A€o 1= %) =0, % it and only if,

the
condition
m
sup . | Yan |< o holds:
m K a0 (1)
Theorem B. Aell,) if, and only if, the condition

iy 21 iank|= ¥ | 2w |
m k n=0 k n (2)

holds; if, and only if, the condition

in Allied Education

m k n=m (3)

holds; if, and only if, the condition

m
Z l zank l
k n=0 (4)
Converges uniformly in m, and
Zank
" )
converges for all k, hold.
Theorem C. # « (.. 1 if, and only if, the condition
m
llm z I Zank |= 01

holds.

Theorem D. Ae (€, 7 if, and only if, the conditions

1),
(5) and

Z Zank
n k

(7)

converges, hold.
Aele ) gy i O = B o0 o) X e
if, and only if, the conditions (1),

2ank =0

" (8)
For all k and

2 Xamk =1,

n k (9)
hold.

Theorem E. A€ (&7 if and only if, the conditions

©)

and

m
sup | Zankl <,
mk n=0

(10)

Nanda characterized the matrices ‘¢«®: ) (@),
and (¢(P¥) which are the generalizations of
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Theorems B, D and E mentioned above respectively.

Theorem F. A« €)1 if and only if, the conditions:

D = sup % Ibnk‘B_l/pk < o,
n

(11)
For some integer B>1,
there exists % € € sych that
lim bnk £ ak (for a” k),
n-»w (12)
and there exists @ € € such that
lim Z bnk = av

hold

Theorem G. A €l Ph Y jf and only if, the

conditions and for all integer N>1,

Z Ibnk ‘ Nl/pk
k (14)

Converges uniformly in n, hold.

Theorem H. Ae (e(p)y) if, and only if, the conditions

(12) and (15) for all integers™™ 211 <5 < ®.4hara
exists an integer®>1, such that

S i
CB)= sup 2, Ianklp"Bpk>w (1<p,<e),

n =m

= supIbyl™s o (0<p,<),
nk

(15)
hold.

Our aim here is to characterize the matrix classes

M5, M. where A is one of the sequence spaces =¥

and . We also investigate some matrix
transformations in the case P€Q
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