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INTRODUCTION

In the first order of practical differential equations, the
presence theorem is seen in the mixed generalized
condition of Lipschitz and caratheodorum. There are
also some monotonic parameters for severe
solutions.

Statement of Problem

Let the R actual line be labelled and let 10 = [-r, O]
and | = [0, a] be two cycles closed and confined

Let [ =V I then. It's an interval closed and
limited. Let C mean the Banach field of all continuous

functions that are valued @ on fn with the best level
||C defined by

&t f‘f‘t}:‘
” @ |C= l:ia'g a

Clearly C is a Banach algebra with this norm.
Consider the first order functional differential
equation ( in short FDE)

Eer'f? |FEr'¥;(' ?ﬁf] = g(e,x(t], %) et €F

x(e) = @)t €l

Where
FirI xR x{= Ek-={0} glIxXR xC= K
and for each tC 1|, Ve l 'F-:% "“"f?is a

continuous function defined by

X (@) 1mx(c+8) forall€ €l

By a solution of FDE we mean a function
¥ECCLE) naC LRI NCU,R) that satisfies the
equations, where AC(l, ) is the space of all
absolutely continuous real- valued functions on J.

The most productive field of study has been
practical differential equations for a long time. The
connection therein can be found in Hale (1977),
Henderson (1995). But in Banach algebra the
examination of functional differential equations is
very rare. Rather recently, this analysis was begun
utilizing fixed point theorems. See the sources
therein for Dhage and Regan (2000) and Dhage
(1999). The FDE is recent and would undoubtedly
make an enormous contribution to the field of
functional differential equations by researching it.
The fixed point theorem is given in the section
below.

Auxiliary Results

Let X be a Banach algebra with norm Il A
mapping A : X ¢ X is called B-Lipschitz if there
exists a continuous nondecreasing function p: +
<+ Satisfying

|l dx=dy ls¢ lx=yI

for all ¥, €& with w (0) = 0. In the special
case when g (r) = ar (a > 0), A is called a Lipchitz
with a Lipschitz constant a. In particular, if a <1, A
is called a contraction with a contraction constant
a. Further, if y ()€ for all £ 0, then A is called
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a nonlinear contraction on X. Sometimes we call the
function gy a B- function for convenience.

If compact, an operator T : X — X is referred to as

compact if T itis a compact X subset. Similarly, if
T maps a bounded subset of X into a sufficiently
compact subset of X, T : X — X is considered totally
bounded. Finally, if it is a continuous and absolutely
bounded operator on X, T : X — X is considered an
entirely continuous operator. It is apparent that any
compact operator is absolutely constrained, but the
reverse might not be valid. The Schaefer style
nonlinear alternative recently shown by Dhage
(2005-c) is expressed in the following theorem.

Theorem (Dhage ,2005-c) Let X be a Banach
algebra and let

A, B : X — X be two operators satisfying

a) Ais a b -Lipschitz with a B -function y,
b) B is compact and continuous, and
C) M y (r) <r whenever r > 0, wherever

M="B(x)" ¥ I"E € X} then either

(i) The equation A (2!85=* has a solution for A
=1, or

L
(i) ThesetC={uC X |AA (ﬂBu=u,O€)\€1}
is unbounded.

It is known that Theorem useful for proving the
existence theorems for the integral equations of
mixed type. See Dhage (1994) and the references
therein. The method is commonly known as priori
bound method for the nonlinear equations. See, for
example, Dugundji et.al. (1982), Zeidler (1985-b)
and the references therein.

In its relevant form, an interesting corollary to
Theorem is the corollary Let X be a Banach algebra
and let A, B:X — X be two operators Satisfying.

(@) A is Lipschitz with a Lipschitz constant a,
(b) B is compact and continuous, and

(c) aM <1, where M ="B(X)" := sup{Bx": xCX},
So either So the balance RA 'Z/5%=¥ has an
explanation for R = 1, or the set
Smlu BN AALE) Fumn 0 A x.{ is unbounded.

= g |xie)].
t&]

| x

Clearly, C(J, %) with this norm becomes a Banach
algebra. Please notice that C(J,%)SAC(J,%)). The
following concept is needed in the sequel.

Definition: A cartography f 1 = * =

i % The state

of Caratheodory or merely Caratheodory can be said
to fulfill, whether

@

(ii)

(iii)

forany x C C, t—B8 (t, x , y) can be calculated
and

x — B for t CI — is virtually everywhere
continuous (t, x , y).

Once again the feature 3 (t, x , y) is referred
to as L1-Carathion if each amount in real

terms 'Z 0 A function exists bre TliLew
such that

Bt x, y)|=hr(),ae. tC L

forall ¥C % and ¥C with |x|€ rand"y"C€ r.

Finally a Caratheodory function 3(t, x, y) is called

L3 .

Caratheodory if

(i)

there exists a function € L* (I, K) such that

B XY =< k() q.et €1 for all
v eRandy &L,

For convenience, the function h is referred to as a
bound function of 3.

We will need the following hypotheses in the

sequel.

(H1)

(H2)

(H3)

The  functionality — /- /=w=i< % g
continuous and a function occurs k& . %l
such that k() >0, ae.tCI and

it x1, y1) — f(t, x2, y2)| = k(®max{|x1—x2|, "y1—vV:

forall x1,x2 C %.

F€0,0¢0),8) = 1.

Function (g) L?.'-Carathodory Bound with h
feature. (H4) There exists a continuous

; and non-decreasing function
Existence Theor : .

y &:[0,%) = (0%)  and a  function =

1 : 5

May M (J, %) and B(l, %) represent the observable ¥ & LI, R) such that v(t) £ 0, ae. t C J 5
and minimal real-time function spaces in J, and . e .. c
respectively. We shall search for an FDE solution for g x )l sy RmaxivllZ ey et €1 2
all totally continuous re-appraised functionalities on J forallx C C. §
in space C(J, %). Set "«" standard in C (J,%) by =
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Theorem Assume that the hypotheses(H1)-(H4) hold.
Suppose that

e ds
—_— O s,
Where
Fiol; E 1

G TTETGOI 211 2 " Tkl GOl +1 R Iz’

IKEQONc +0h 1) < 1.F =55 1£(,00)| and k|
.;";-}.\ SN

then the FDE has a solution on J.

Proof. The FDE is now analogous to the functional
integral equation (FIE in short),

x(0) = F2x00),x)] ( o) + | g Gn.x().x,) de ) Afe &l
\ Jo /

And
x(t) = G(eLift €1
Defines the two mappings of C (J, %) by A and B

FCe,a(t), x¢) ifeel.
1.

And
r ¢
Bat)m : QD) + .L g(s.x(s).x,)ds, {fC€l
L o, if e el

Obviously A and B define the operators
A,B:C(J,%)<C(J,%).

Then the FDE is equivalent to the operator equation
x(8) — Ax(e) Ba(e),t € /.

We would illustrate that operators A and B follow all
Corollary hypotheses.

We first show that A is a Lipschitz on C(J, %).
Letx, y CC(J, %). Then by(H1),

|Ax(E) = Ay(e)] s 1F (6 A X)) = £C0. (0, X0

< k(tmax {|x(t) — y(©), "xt — yt"c}

ldx = Aylislh&kll x=y I

for all x,y C C(J, %). Therefore A is a Lipschitz with a
constant "k" on C(J,%) Next we demonstrate that on
C(J, %, B is entirely continuous). Usage of the norm
as in Granas et. al.(1991) B is a constant C(J, %)
generator. Enable S to be a small collection in C
(J3,%). It will be shown that B(C(J,%) is an universally
small and equicontinuous range in C(J,%). Since g(t,
X(t) is an xt), we have

Bzl s §ONc+ | lgCax(e)x,)lde
e

< | Q"c‘*" his)ds
Ja

£ MO Nc+1hls

Taking the supremum over t, we obtain "Bx" < M

forall x C S, where ”E"'This indicates that B(C
(J,%) is an universally restricted range in C(J,%).
We now demonstrate that B(C (J,%) is fitted. Let t,
¢1. Soforeveryonex C C (J, %) we have,

[ ot o1
1Bx(t)=Bx(zr)| = :‘ gCe,x(s),x,) ds = f gts x(8), x,)ds
Ve 0]

s l ‘.Igu.v(u..\;‘;ld:

s' ‘ hmd:{
L4
s |pl) =gl

Where
pir) m ’ 'i:(s) ds.
/9

Therefore
|[Bx(t) = Bx(t)] = Oas t = ©.

Againlett C 10,t C | . We'll then have

1Bx(e) =Bx(t)] = |0(t) = Q0)|+

’ .9(84.\\:}..\;,) ds
9

< [0(z) = Q0N+ Ip(t) = p(T)

where the function p is defined above. Similarly if
1, t C 10, then we get

c
Bx(t) = Ba(r)] s |9() = 9iT)) =
s lklllx =yl T AR g
Therefore in all above three cases 5
for everyonet C J. We get the dominance over =
2
=
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|Bx(t)= Bx(z)| =0 as v =0 Vit €/
Hence B(C (J,%)) is an equicontinuous set and
consequently B(C (J, %)) is relatively compact by
Arzela-Ascoli theorem. As a result B is a compact
and continuous operator on C(J, %). Both the
requirements of the theorem are then met and a
subsequent implementation of it results in either the
statement | or the conclusion (ii) being retained. We
illustrate that it is not possible to assume (ii). Let x C
X be any FDE solution. Then we have, forany A C
0, 1),

x(t)m A4 G}E‘:)Bx(?)

[). r“_._ (p((l)-‘-‘ ol v(s)v, lds) =1
/(PUH':I

fort C J. Soift C 10, So we've got
ey sANQl; =10 .

Againift C I, So we've got

W)l s 4l (' \(r) X; ) (|o|1 - ' ola,x(s), %, Jd:l)
< /(|f(;l-§-‘-)->-) £(£,0,0)] + U‘(i.0.0)I)

X ( 19 e+ [ .lg(s, x(8), x| d:)
Y9 ¢

b
s REmax{ix(eLl = 1) + F] (E 0+ ‘ lgCe.x(). 2,01 di)
\ Yo ,

4 H
£ kOmax(lx() 0~ 0,) (E Qg+ " | gls xs) x,00 d:)

0 \
+F (101c+ [ 1 gGo.xte) )1 d
Jo

= 0k ) mex{IxE)L 0 Ud @l 1 BANG) | Fl¢lc

+F ‘ : y @)Gmaxi|x(e) LIl x5 1)) da.
o

Put #(% =) for t C  J. So we had max
X "t"Cy= uln) for all t C J, There's a point, then t*
C [-r, t] such that *(* =" This is the result of

ult) = |x(r+))
S0k N xE)Che e+ Rl

- C}'Y‘Cg’ ;u)n u(:) )d:
+F(II ¢le ‘ y () QCmax{ixCe) LI x Il })d:)
v

SHEDwE() @ be <0 alp )+ r(w I | ;'u_.\u(m_i,l)d:)
\ -g' /

Where

G= AX1. and €5 = 3
SN I B ST I

Let
() = C; + C; ‘; (8) ﬂ(u(s’))’) ds.
/o ’

Then u(t) < m(t) and a direct differentiation of m(t)
yields

' (2) < C; y(0)0 (ax2))
w(0) = C
that is
[ —?%d:sﬁ‘ Y@)ds <G Iy I

A shift in the above integral variables means that

Wit dg ¥ de
LGyl _—
L ) Flas | am

Now an application of mean value theorem yields
that there is a constant M > 0 such that w(t) < M for
all t C J. This further implies that

x(t)] = w(t) £ w(t) = M,

for all t C J. Thus the conclusion (ii) of Corollary
does not hold. Therefore the operator equation Ax
Bx = x and consequently the FDE has a solution on
J. This completes the proof.
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