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Abstract - As a result of its wide range of applications in science during the past several years,
academics have focused a great deal of attention on fractional calculus (FC). Multivariate Mittag—Leffler
functions are considered strong extensions of the traditional Mittag—Leffler functions in fractional
calculus. An integral operator with a multivariate Mittag—Leffler (M-L) function is introduced in this study.
For example, we show that an infinite series of Riemann—Liouville integrals can be expanded, the
Laplace transform (LT), semigroup property can be shown, and composition with Riemann-Liouville
integrals can be proved for the proposed operators. Also, we discuss the features of fractional
differential operators. The suggested operators like the fractional kinetic differential and the time-
fractional heat equation are also explored.
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INTRODUCTION where _ _
xo.feC. Ray-B)>0: la) (i=12..p) and (&, ) (j=
A new contemplate fractional integral operator are the Pochhammer notation. The above equation
employing K4 mapping is the focus of this chapter. (1) is only valid when none one of the variables j b
For the suggested generalized operator, the Mellin is zero or integer (negative) and if any num.
and Laplace transforms as well as the research of variable i a is zero or negative integer, the series
boundedness and the development of novel changes to a polynomial in variable x. The series is
composite qualities are also addressed. K4 mapping convergent if g +1< p .
and Hilfer differentiations are utilized to decipher the
fractional derivative equation based on the results Beg—f8. v=lec=1:.
reached. Using the K4 mapping as a generalization If we replace , Pl “in (1), we
of the M-series, we may conclude that various obtain the subsequent result:
outcomes described before are gladly followed as
specific findings in our inquiry. Recent research in Klenalbollnde g5, b x)
applied sciences, engineering, and technology has
discovered new uses for generalized special s T Lo A ST T . Rt |
functions. These conclusions must be "validated" by T 2
the establishment of several corollaries and lemmas.
: _ _ _ 2 arh
Several fractional integral and differential operators where ¥ 9 s the well known generalized M-
have been investigated in detail due to the series which was explored by Sharma and
widespread use of fractional calculus by researchers
including Kilbas, Kalla, Khan, McBride, Kumar and Jain, is denoted as power series:
Saxena, and Kiryakova, amongst others. It was '
Sharma who first created the K4 function.:
IMPlayayna,iby by b z)=0 ME(z)=2 ME(a, )1 (b, F: 2)
Kpprledieala a b b x)
_ =\“M7|uﬁ-c Rz )= 0)
(), g, L (p) ey ametmriest = (by),.Ab, ), Tlem+B,) ’
=, )-A8, ) (m) Tln+ye-g) 3
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{.ﬂi }n‘ibj ] .
where, " are the  recognized
Pochhammer symbols. The series given in (3) is
described as only when none of the variable

, IS zero or a negative integer;

if any numerator variable i a is zero or a negative
integer, then the series changes to a polynomial in z.

|fp£g'

, The equation (3) is confluent for all

variable z, if p = g +1, it is concurrent for
|: <5=a"
and if p > g +1, it is divergent. When p
=0
=q+ 1 and , equation will converge on

conditions based on varibles values.

Prabhakar introduced the generalized Mittag-Leffler
mapping which may be found from

a=yeC p=l=qg b =1
a

(3) for; s

E;.’.,|:!=“_ () = sih =

i =IME(y 11 2)
,,,__c],—fu.'u + I15‘:I m I:],].v Tlmer + ﬁ] |

The induced M-series represent by (3) can be
revealed as a particular case of Wright

generalized hypergeometric function and Fox H-
function as

- [ la. 1)l . 10k ]
MG : )=k z
PMe e ) 2) *"*""-_45:.11....1{:;.nm:.ak |
Lo | 1=a 1) (01)
=kH 0 -2 i .
[ fo.tkl-b, 1f. (1= B a)|

.16,
[

Mellin-Barnes type integral such that m, n, p, ¢ are integers satisfying0=n=p:0=m=gq,

where k= and H7 () is H function discussed by Fox [6]. is presented by

for a,, by e Cand for &, f, €M, =(0.). (=12..p: j=1 2..q)as

Hp(2)=H}) -

‘ﬂf.al}?-‘ 1 - B
. (=5 Hy s)="ds,
{b."'ﬁJr.l_! =m

[ 1
t“;"".’]i

] _ n:.r[f’, < B [TLT-a,-as)

HM(s)=H™ 5 - .
- I TT..Cla, ~esT,  T-b-4,)

a |_fb_, B [,T

7

together with the convergence conditions as known
by Mathai, Braaksma, Kilbas and Saigo, Ram J. and
D. Kumar. Wright given generalized hypergeometric
function by resources of the sequence representated
in the type given as

[May.4)..la,.4,)
PWalzl=, v z|=

(6B ), B) T

l_[:_l'[n,. +id, )="
[T, <nB,

[
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where 4. B eM, . z.a,.b, =C. 4#0.B #0: j=l...q.i=l...p

Hilfer gave fractional differential operator with two

variables of order O<ty <l0<v<l
form as mantion below:

n the

(D" Nlxr)=| 124 (15 v ) |
- & /
:

The preliminary value term Iil_ﬂ'*‘”""“ 'f(0+) incndes the fractional integral (R-L) of order

U-v)-g).

Lemma:

If
o, f,7.26C, Rlay-Pp)>0, Ry)>0R(z)<0:a,), (i=1.2..p)
and

i

b.] (j=L2..

\ ’ ']” J 9) are the  Pochhamer
notations, the functions represented by (1) can
easily be expressed by the Mellin-Barnes types
integral as given below:

e, &7 Mo Olp o)
KAt aib.byiz)

3 w ¥ P .
_ kE |.rx rl.- '1—[ - bI_I‘.]r*ﬂf —% ) {-c l—;L_ '- wm-g-ljak)
2ml )= T b, =< (e - B)-a)

[T.10,)

[T.0a)

where k= . ‘arg(:)| < and figure of integral starts at —joo and end at +ix0 and
separate the poles at the point & =—n(n€ N, ) to the left and all the poles of T(y—£) at the

Ve —

point £=p+n(ieN,) and the poles of T(yor—f—af) at the point &= . ’B-H'i are put

to the right.uu

The goal of this section is to find different qualities
like Mellin and Laplace transform of the suggested
extended integral operator with function written as
follows:

e s ) e 21000 oo e,

"

where

o7, B. 8.1, @, xeC and Rlay—B)>0.%(u)>0.R(5)>0.
.The operator was studied by Shukhla and
Prajapati. It includes special cases.
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P [p Ufﬂ- g b by a.":‘i:l-‘}=mf;_l

_l:!.\'—r]""ﬂxa"‘j’] ;\»{f-'o’l’.\'—.r}‘h Vo (¢ ), 12
where R(u+356,—35)>0, R(da)>0,

By=1l a=5b., p=g=1
On setting : ,
equation (12) it capitulates the foIIowmg operator

linked with Mittag Leffler
Kiryakova.

function studied by

|\E E le®(x-1¢ = ]_.‘n[r]n'r,

- HON TRy

phx)= [ =r)
13

where R(u)>0.R(e)>0. c. . weC. x> a

MELLIN TRANSFORM OF THE PROPOSED K,
INTEGRAL OPERATOR

Theorem:

If ap.r.xoeC Ray—B)>0. R(u)>0.R5)=>0.Ry)>0

R(1-s—pu—0lay - B-1))>0, %(a,)> 0, %, )>0and Ru+5(yor - F-1))>0. x>0 the

following conclusions helds true:

M“K ; Me. CEHF llaya, 'é;’_:tx):fl

(=g, 1) (=r 0 M= p=d(m-F-1hda )

, 1), (=, iimp-dra-5-1)da) wtdla=pt
(0N 1-sope-50a-p-1)da b, 1) (v p Q:J' Mpsrteig()|

14

ya=g=1
_r:\(J}rll L [ cotu®
5

"~ and H}7(e) is the Fox H-Function explored by Fox

and using eq.(11), we obtain left hand side of (14)

¢, 0tp. glay -

;\!H.K;i's;vj';;__‘:_ (x=r)" K{Uh t) ),5(1‘}:1’.“ |dx.

- 15

“ w|\tsJ J'

By replacing the order of integral, as admissible
under the same conditions stated in theorem

MHK,,‘: 5a:rcllfql¢ .n,.l{rﬁ}‘ “_J: ir;ih'] i‘];-l{_\ _i

=0 a=t

KJ[(-J(_\ —r}'5 }!.\ dr.

16

If we replace x =t + u on the R.H.S. of the equation
(4.16), we obtain

Lic, 0tp. gllar...a, |.

‘H{\_(K:a xi'sJ _fmh T 1+u)‘c_lu"""Kﬁl[(auﬂ-]a’u dr.

4|:qoms

At the present on indicating K4 function in reference
of its Mellin-Bernes contour integration of equation
(10), we see

M HA. i

£ Iy"}rtsJ

X f r(&)r(y - 21, e, -£)
A7) ST, -2 (e - B)-2)

(=¢)* (@) Hrlay

= [dr)dr

[ 51 pebi-sasra-p-i)
.l_clr‘u) Maadn i o )
e

While using following formula to solve u’s integral
at right hand side in equation (17)

{r_i_ﬂ}-ﬁrf—ldr { ]1_{;5 —T ] a’
Ji=0 r(gB)

Pl

with R(r)>0. R(B—71)> argl—a)|< ..

Now by goodness of definition of H function in
terms of Mellin-Bernes contour integration(6, 7)
resist the desired results (14).

Corollary:

f=a—-p0.y=1 c=1«
On setting equation
(14) yields the following result

Mt o2, o b, g’ I]

. Bl

Ky
——H* ,-m u®
Til-s) ** °|

bea 1) (BARI==i4=1) 0 1 .
mpieb el f1eb, 1] (1=f r"”r #ir)l

18
Hj:lr(b.t' )
Hi‘. Hﬂf ] .

LAPLACE TRANSFORM OF PROPOSED K,
OPERATOR

where k=
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Theorem

If R(u)>0, Rs)>0.NS5)>0 Ry)>0.a. f.7.0eC. Rlay—pB)>0. we

L EEC -{.J—‘Ut-'.: T (sh
i) Y
19
[T.10,)
where k=—""—"— and i (e)
[T.T(a) R , .
= is  Wright function as

given by eq.( 8).

Proof: By applying the result (11), we obtain

th4:: ;.J‘ ';UIPEEMMCD[\} SJ _ I»e_"[ ji[xir)u—l X, [ca(x i ]G)(f )dr:| dx.

7
1) (e Oh T, s
K!:_*a’ \(r E ;;T.i'm‘--ﬁ,'[“ _a]o—l]l_'=m HJII . J m""“'l_{_\' _a:uﬁ\- w=f=1jp-l

a rly) Hiﬂai!

Ly ;I';" 1 a=Fipa-E-1) fa )

o (x-a)®
,—..‘Uq-i 18;,0]  (re=g, a¥p+dira=g-1)ep, da)° 2\
W

21

Proof: On making use of equation (1) and (11), we
see L.H.S. of equation (22)

= (a,) . da,) (v)e"  empt i N i
Vn r.-‘, },‘ [ I{‘_r]ﬂ ]-‘M—tﬁ"'i'—a]"n'r,

:.F; lbl!n...[bqlw n! Tllya=f)+na)y

after simplification of integral, we get

ansa=p-l

=\i‘ﬂ| ]_,---{ﬂ, ]“ (7)e™ @
= (b },,.‘.[bq }ﬁ ! T((ye— )+ na)

urbina+ar-1-£ fo-1

(x—a)

Tlg+Sna+ay-1-6)(p)
"Tl+8lna +ar —1- )+ o)

22
) ) ) o While taking use of series definition of Wright
by replacing the order of integration, admissible function (8) vields the result (22) after simple
under the same circumstances declared in theorem modification.
19
BOUNDEDNESS OF THE K4, OPERATOR
Ll(K',,:b ple. Ok ip. ahes-y ':,51,\'}:3-J= T.,.i{."l ?e'"h‘—rJHKJ [r-Jl'.\'—r]" i d.
T = 20 Theorem:
_ . With all constraints as stated in equation (11), and
If we replace_x =t + u on the R.H.S. of the equation the mapping g be the nth space L(ab) of the
(20), we obtain . N .
Lebesgue measurable mappings on limited interval
(e b (e 0k (o o) \ = = . a,b] (a < b) of the real line R is defined b
et okeks] = [ote) [ fou Y ablash) ’
. . =0 =l
B)= folx): }_i’- Y < -
while using series definition of K, function (1), we L{a.b)= {gh :I'|lgl||1 =1 ghj X < 2l
see e 23
i oo or el | The integral defined by (11) is given as
_\i(ai Ju"'(ap)., (r ).€" @™ me T \eag T u-1+8lan+ya-g-1)
“E)b) o T e 0T ‘ o (@B 7X@ 0:(pg)i(aya,) | Bl¢|
(a,) . . i “ (by..by)io,u.é,.a+ 1= "1
_ylahda) (et o Tlueslontra BN g, 24
(b J,,...(bql! al Ti(ye - p)+ne) g stamsraiogl B
where B is given by
- || 16
h B:(bia)él_afﬁ‘fllfl(.ew:l
which completes the proof of theorem  where 2o, [ [l Yo-a)| 1
e \ = ‘bl‘.‘.|bq|" n! Ty +na—g) |[o'[im(—;/a—l—ﬁwl—:'ri(;»']]'
p(S)
© 'is represent the Laplace transform of
{.??'[T]' ; _ o Proof: By using of (24) in L.H.S. of (25), we obtain
and k has same meaning as defined in (19).
K4 OPERATOR OF POWER FUNCTION c
e
Theorem: 3
>
If the conditions mentioned in the equation (4.11) is =
. 3 >0, x =
satisfied and i[P} 0.x>a then =
3694
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If we change the order of integration that is allowable below the same circumstances declared
earlier, we get
@5‘

< |" [J" (x—g)Reler
Jemal Jeme

(o, B.y)i(e. 0):(p. q)i(ay...a,)

X
¢ (b, )io u. 6.0+

K,E; g ;!.:rEJUJ allas..ay ], m(\ 7},)5‘{{\7]‘?’[?‘][#
Put x =f+u,we get

(ce, B ) (e, 00 (py @i (ay e ,)
+ (b Yoo, 6 a+

= Trj;rum“:'wl(_:(mr5|du}|é(rh'f‘.

On using series expressed as K, function (1), we
have

(e, B.y)i(e. 0):lp.qi(ay,..a,) .
(byyby )i i, 6,0+ f

[“1 )_‘..‘[a}, ]» (}’ );.F" A i (et pr— B-1)6+ 0 -1 .
(By),-Ab, )" n Ty —g)+ne) Ju du ‘_w(rId'r

=0

(b _t 'Imf_:rf:'w:f:"m:

5| = (“, )y [ﬂp )” (V% )"(‘" @ frirahl
:,i,{é (b1 ],,u.lbg A nl l"(['/o, - B+ nc‘z)([um +ye—B—1)8 +R(w)) ‘;J[FHG'I.

& (e, B.y):(e. 0% (P, g): Lal.‘.”apj'j
¢ (Byyby )i o0, 1, Soa+ !

< (b — ) BTN

. |ar|..“ap|" ‘[;/]”C"‘ |[:(9'""""1':' Yo—a)™
= |b_‘n‘.4bq‘ﬂ n [ye +an—p)

1
[8(en+ya—1- )+ %(u)]

Tl = 3l
This completes the proof of result shown by equation
(26).

APPLICATION OF PROPOSED K, OPERATOR IN
SOLVING FRACTIONAL DERIVATIVE EQUATION

Theorem:

With all limitations on variables as given in equation
(19) the solution of the Fractional derivative equation

{Dul:‘fh‘,= —’tK (e, B.7), (e, 0kip, q)(ay..a,) 1.\']‘-—@'[,\'}.

-Ilb‘...._i", lig, i, &, 0%

with initial constraints (75" flo+)=e

1s given by as

27
_ el L
(X)=e————
I Tl —v(1— 1))
§ rmBel g+ 145y ) lay 1L (. 1) (8011, 82 . &
+ 1_(7)[5'3)[( Byt pedlrail) p+1’r‘/q—z[1q I:A Slay-g-1) 1 +u1, ) (72-§ .z:'(‘”q'\ .
— [(x—1)* ' g )dr
Tl )y
=1r(bJ)
where 0< gy <1, 0<v=l, @eCand k= JF ( ) ¢ is whimsical constant and ,y,(e)
Ia
o\

is expanded Wright function.

Proof: Put in application the Laplace transform to
both side of (27) and applying Convolution theorem
of the Laplace transform

SUF(s)—esmiH) = /ZL[(.\""’:KA((-;\"’_) : ‘S)IL[(‘LSH +Gs),
sHF(s)—es)

k
=l

T(y)

—u-1
5

- \e-g-1 . '
[a) la;.1
=z ‘ W oa| (b,1))

;. a
urd(ra-g-116a) | @
:c:—,| }rG(_s].
s

0.a) ]
\s%)

Fls)= etk

w

oNE -

(a,.1 y.A)u+d( r-g-1), dax [ o) G
b e+ a (e \: ,c%‘:|+ (.i‘)
st

k ],"Jf'jf, —5(ya-p-1}-pi-pi -1
a4 (@ 5 p=2Va4| (b 1, re-p.a) & o

Tiy)

On imitating inverse Laplace transform and definition
of Wright function

i —v{l-pi L
S hllen

= “Tlu, (1= )

.k ] Hi;rl‘ﬂj +”}l"(;-’—n][(;f—d(yaf—ﬂ—1J+cfc5n_l
+i—(e) L
T(yec — B +cm)

I'(y) ST +n)

P Y

X
\Tly))

o™ [ [s =8 (yu=F- )=y —pu-lmetn, x]— I |:L

-L(g‘.rn}

That yields

Al
flx)J=e—"——
7t gr(,ul —v{l—py )}

‘ - -] 5(ra— 1) lay, 1) (7. 1) (ueo(ra—p-1).00)
. ya-F-1 i +u+0(pa—p- 1) a (.1} B-1).6a)
p (oY 6 xtatazolra=k »

L prWaia|(e, ) L (6(ra— gL ay + L, a5 ) pa- 8
r(») rthy |

© @ B
e X

T(ln ';F(xfr)”"lg(r)dr-

Which yields proof of theorem as required.
CONCLUSION

In this chapter, we created a generalized integral
operator that incorporates functions as well. In
many physical science equations, such as the
diffusion equation, fractional kinetic equation,
vibrations, etc., numerous abstract findings based
on differential operator theory may be deduced
from these results. The Mellin and Laplace
transforms have been examined using the
proposed fractional integral operator. Eventually,
these assumptions are utilized to solve fractional
derivative equations, including mapping and
associated with Hilfer's differentiations.
Assumptions are typically made in many ways in

the fractional integral operator of particular
mappings.
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