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INTRODUCTION

Consider the fractional differential equations with
initial conditions as given below

DY uls) =My uls) v [v..\I ru].(l-,u-il

(1.1)
Tu(y, ) =0

SHa
where P is the S time scale Riemann Liouville

fractional derivative of order &
51 . . . . .
s the fractional integral of Riemann-Liouville and
[s:%+a] js an arbitrary interval on S.

As a part of theoretical & potential applications,
theory of time lamina calculus is involved to concern
together difference and differential equation [1].
suppose that "(®) is a continuous function with right
dense. Many authors have tried and proved the life
and one-of-a-kindness of the first order differential
equations with initial and boundary time scales
conditions by various methods and criteria.

The idea of this content arises from reference papers
[10-24] in which Krasnoselskii-Krein and Nagumo
conditions on non-linear term h, excluding Lipschitz
assumption are exposed to derive the main results.

Consider the first of the following orders ordinary
differential equation with two classes

u’ (24\’)—/1(.\‘.11(»"))

, (1.2)

u(s,)=0 |
and fractional differential equation with fractional
order

Yuls)=h{suls)) x {\“.( 'u]. Ocas<l
(1.3)
' "uls,) =0

In section 2, few definitions and fundamental
statements are added in such a way to prove main
results.

In section 3, the main theorem is illustrated. We
first set up unique solution for first order problem
under Krasnoselskii-Krein conditions. Then we
extend the proof to successive approximation,
which converge to unique solution.

2. PRELIMINARIES

We recollect basic consequence and definition
from time lamina calculus.

A chronometer Let card (S)>=2 is a non-empty
closed subset of S. The forward and backward

jump operators 77°5S >3 are respectively defined
by

E(s)=inf{tesS:1>s)

&
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n(s)=supiteS:t<s| (2.4)
The point S € S is defined as follows

n(s)=s; leftdense 7(s)<s; leftscattered

n(s)=s; rightdense 7(s)>s; rightscattered

Let

{S" =S \{max S}; whenS admitsa leftscattered maximum

S¥=S§ ; otherwise

Denote A=A"S. Is js interval of S where | is an

interval of R.

Definition 2.1. Delta Derivative [1]

Assume NS =R and let S€S". pefine

h(s)= l{ill] h(:!;[):_h(\) sz &(1) (2.5)

provided the limit exist. Here ") is called delta
derivative of h atS: Also, N is referred as delta
differentiable on S* provided " exists for all ses".
The function h*:s* =R s called the delta derivative
of h on s*.

Definition 2.2. [6]

A function h:S—>R Only if it is rd-continuous is it
considered rd-continuous right dense point

continuous in S and its left sided limits exists at left

dense points in S. Cu denotes a Banach space with
norm and a set of rd-continuous functions. Similarly,

a function NS =R is called Id-continuous only if it
is continuous at left dense point in S . The set of Id-

continuous function h:S—R s represented by Co .
For NeCudefine [ =Sup, n(s).

Definition 2.3. Delta antiderivative [6]

A function "=l >R A function's delta antiderivative
is referred to as a function's delta

antiderivative, H [ #); » R provided H is continuous
on (@5 delta-differentiable on [*#)s and H’(s)=(s)

for all *<[*A):- Then we define the A- integral oh h
from @ 5 py

]Ir(.s")s\\'llfl(/l)—h’((z) (2.6)

Scale

Definition 2.4. Fractional integral on time scales [6]

Suppose ° is a time scale, [*/] is an interval of & &
f is an integrable function on [=/} Let 0<a<l Then
the left fractional integral of order & of f is defined
by

S f(s)= J'( /(I)Ar ; (2.7)

where I' isa gamma function

Definition 2.5. [Fractional Riemann Liouville
Derivative on time Scale]

Let S be a time scale, $<5.0<a<l and f:$—>R And
there was the left. Fractional derivative of order

Riemann-Liouville & of f is defined by

”]vj’(_\ r) 'ruw} (2.8)

I

g |

D f(s)=—

. ) T

Sya S| a SI

We can use s instead of % ° and S
S a

of © 5 when

instead
a=Ss,.

Lemma 2.1. Let h be a non-decreasing
continuous function on the [®/k- we define
extension N of h to the non-imaginary interval [«#]
by

= |h(1)(/ teS
h(t)=1 , : (2.9)
|() if te(s,é(s))eS
Then ’J;l"»".k\"(—:j;l’(-"lh (2.10)

hA(S):hA(S), for every Se(a,ﬂ)s.
Lemma 2.2. [5] Let *ilws+a], =¥ pe continuous.

Then the general solution of the differential
equation *'(s1 #ls}is given by (2.11)

v(s)=v(s, )—I\(I)\l .\‘&[s’l,..\', u(] (2.12)

Lemma 2.3. [6] For any function h integrable on
[s+al we have the following

(307317 )(h)=h (2.13)
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Lemma 2.4. [6] Let "cCllmsral)&o<a<i
L, =0 then

(5r-3D" )(h)=h. (2.14)

Lemma 2.5. [6] Let 0<a<l and Mw%+alxR>R The

function V is a solution of problem (1.2) if and only if
it is a solution of the following integral equation

1 ! \ .
l(\):ﬁjljl.\_” IJ(I.\'I()J‘\/ "[‘1"\-"’]‘. (2.15)

Lemma 2.6. [22] The of the equation
wDLR(s)=[ R(s)] (2.16)

is given by
R(s)=L(s—s,) (2.17)

T oand e L . . .
where UERfT@diTREwDl s the  fractional
Riemann-Liouville derivative of order 2<(0) on the
interval [s%+al-

3. MAIN RESULTS

To prove the main result, define

Toz{(s,y); Se[so,so+a], y\gﬂ, a,ﬂeR*},

3.1. Results of Uniqueness for first order
Ordinary Differential Equation:

Theorem 3.1.1. (Conditions of Krasnoselskii-Krein)

Let "sY) be non-discontinuous in = and for all
(:v).(59)<Te satisfying

(A1) |h(s.y)=h(s,7)sk|s=s,|" [y=7]. 525,

(A2) |h(s.y)=h(s.D l[ <els—s,| I ‘.\'—fr, ’

|

for some positive constants ¢ and k; also the non-
imaginary number ¢ which lies between 0 and 1
such that ¥=9)<l Then, the first order initial value
problem (1.2) has only one solution on [%:%*ak-

Proof:

Suppose p and g are two solutions of (1.2) in [s%*l.
We have to prove that P=9

Let us define ¥(*) and ?() by

wis)=lp(s)—q(s )I for every s C[\”..\,, +u]‘_ ‘

' ) (3.18)
Ofs)= I( y " (1)dt for every s e [.\',,..\,, v-a] ‘

Such that ¥ is the extension of ¥ to the real interval
[s:%+2]- From condition (A2) that

wis)=(] [ile. plr))-h(r.g(r)) ] ar

J h(1, pl0)) =t () A {3.19)

< [ elp(e)-ale) A< [ elpie)-g (o) de=01(r)

Consequen“y' since Q(s,)=0,Q(s)>0for s>s;,and Q*(s) =cy(s),
for every s<[%s*ak- It is concluded from (3.18) and
(3.19) that ¥(5)=R’(s). for every

se[s,.s, +a)- (3.20)

That is [@-9)Q*"(5)Q(s)ds=[e(1-0R""Q"(s)¢s |t js reduced to

0" (s)<e(1-8)(s-5,) (3.21)

Hence
p(s)s ™ (1-8)"" (s=5,)""" (3.22)
Dewots (1) =L)< 0¢pnps L) (o very sefaunsal,  (323)

|r=n) ‘ (1-4)

That is the exponent of S in the above constraint is
1
>1

non-negative, since (-9

Hence ")~ Therefore if we define #(%)=0 then
the function is rd-continuous in [&%*2k- To prove
¥ =0 on [%s+ak- Assume that ¢ does not disappear
at some points s; that is ¢()>° on [%*¢] Then
there arise a maximum ">° when S equals to
some si%<s<s+e gych that #M)<n<é(s) forte[s,s),.
From condition (A1), we have

n=@ly 1=y, -5, ¥iv)

<lg -5 )" [kir-5) " wirlars(s,—x,) I-‘u | ele)Ar (3.24)

which is a contradiction. Hence, there exist unique
solution.

Theorem 3.1.2. Kooi’s Condition

T

Let "sY) be non-discontinuous in and for all

(s:¥).(s¥)eTy satisfying
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(B1) In(s, y)—h(s,y)‘gk\s—so\’1 ly=9. s=s,

s

b — —
(B2) [s=sil'|n(s.y)-h(s.y) <cly-y". for some positive

constants ¢ and k from real line.

Also, real numbers P9 are defined as

O<b<d<Landk(1-8)<1-b. Then the first order initial
value problem (1.2) has only one solution on [%+al-

Proof. Similar procedure from theorem 3.1.1 is
followed here to prove the given statement.

3.2. Existence of Solution on Time Lamina by
Krasnoselskii-Krein Conditions

Theorem 3.2.3. Assume that conditions (Al) and
(A2) are satisfied, then the consecutive estimations
given by

o5 _fh[:,,n_(rn\: puls) =0,  m=0,1., (3.25)
Converge uniformly to the unique solution p of (1.2)
on [%+7)l where #=min{a AN} and N is the bound
for h on To

Proof: Since we proved uniqueness in theorem

3.1.1, it is enough to prove existence of solution by
Arzela-Ascoli theorem.

Step:1 The consecutive approximations (P} m=012..
given by (3.25) are well defined and continuous.

[ |
P ()] ‘jhw.w.(nnr!:ﬂhu./».mnv (3.26)

| |
This gives the following result for

m=10, ’p,(x )l < H/l(l.p'.{lj};:\l <Ns<b (3.27)
By induction, the sequence (")} is well defined and
uniformly bounded on [%*~k-

Step: 2 To prove X is continuous function in [ss+~k.
where X is defined by

x(s)=limsup|p, (s)-p,.,(5) (3.28)
For
51552 €[ 50550 + 2] »
we have
e, (s)= 2, (s b= e (s:) =y (s )]+ 2N s, = (3.29)

Scale

Also

[ s =p s X=lo, s ) = pAs s |p () =pds )= e s ) v e, ()

3 . |
< [ a0 o, () =alep, () A= [T h{ep, () =kt ()N | e]
(330

In (3.29), the right side expression in inequality is at
most X(s)+e+2N(s-3) for large M i€ >0 provided
that 1<z

For some arbitrary € and interchangeable %% we
get

Y(5)-X(s)| <2N(s,—5,) (3:31)

. . Sy, Sy + .
Hence X is continuous on [0 0 p]S By
condition (A2) and definition of successive
approximations, we get

1py(5)- 2, (N <ef |, (1) (1) (332)

The sequence P} s equicontinuous: that is
s <l%%+L for each function P and some

positive € If there exist “~~N such that %~%<7 then

‘» | #
I (s b= = (e, e ()| j;ulr.,-_n{vt;‘,\z Nis -8 )4a (3.33)

The family {Pi} fulfills all conditions of Arzela Ascoli
theorem in %[%%*rk- Hence there exists a

subsequence (P converging uniformly on
[o%+rl s i >= | et us assume

A (s)=limlp, (s)-pui(s)  (334)

if {lPi-p~0asio= hen the limiting case of any
subsequence is the only one solution [unique
solution] P of (3.25). It follows that the entire
sequence ("} converges uniformly to P-

To show that X =00 1"(s) js null. Set

(__)(w)_j. Y(¢)dt  (3.35)

and by denoting 2 (=5"X(): To show that

im#(9)=% Hence ¢ =0 by absurdity.

Assume that ¢ (9)>0 for s<ls:s+r,L: then there exists

S such that

Dr. R. Prahalatha™ Dr. M. M. Shanmugapriya®

www.ignited.in

m ‘
o



Journal of Advances and Scholarly Researches in Allied Education
Vol. 16, Issue No. 11, November-2019, ISSN 2230-7540

O<fAi=¢ (s,)= max ¢ (s).

se[so.So+2]s
By condition (A1),

A=g(s,)=s"X(s)<ns, <n (3.36)

Which is contradiction. So ¢ =9 Hence (3.25)
converge uniformly to a unique solution ¢ of (1.2) on

[s:5:+~; by successive approximation.

3.3 Fractional order ODE and its uniqueness of
Solution

Theorem 3.3.1. [Conditions of Krasnoselskii-Krein]

Denote C([ss+al R)={pIp<C[[s5 +al, R} and
(s=%) " peC([sys +a] . R).

Let "5Y) be continuous in ™ and satisfying for all
(s.¥).(s,¥)eT,

(1) In(s,y)—h(s,¥)| <kl T(a)[s—s,| *|ly-¥]. s #s,

(C2) h(sy)-h9)<ely-5"  ypere  clk  are
1
negative constants such that k>Lkl<a gng wa,

and all real numbers ¢ lies between 0 and 1. Then
the fractional order initial value problem (1.3) has

only one solution on [%%+]-

Proof: Suppose p and g are two solutions of (1.3) in
[ +ak- 1o show that P =0

To prove the result, define ¥(5)29Q(s) py

ws)= |[1(.\‘ )—g(s). for every s €[s,.5, + ], l

¢ 4 Y. - (3.37)
) Tt s—=t) wir)dr forevervsels .y |
Qls)= I'(‘:)I( t) o (r)dr tor every [ o .u]!

Such that ¥ is the extension of ¥ to the real interval
[%%+a]- From condition (B2), it follows

| \
wix) [ Th(r ple)}-=Mrglr))]ar
Fla)?

Also :D'Q(s)=y"(s)=Q’(s), for every se[sy. 5 +a),- for every

Se[sy:8 +al;-

By (3.37) and (3.38) and using lemma 2.6, we get for
every

s :—[.s;,..\', 4 rl]_ Lw(s)20(s)=L(s—s,) (3.39)

where Lad ¢ are defined in lemma 2.6.

Moreover, define

We get

0<d(s)<L(s—s,) . (3.40)
for every

se[sy, S, +a].
Hence

SILnsq0 #(s)=0.

Therefore, if we define #(%)=° then the function is
rd-continuous in [%%+als-

Next to show that ¥ =9 Assume contrarily ¥ does

not disappear at few points S that is v(s)>0 on
Joorsy +al;. Then there exists a maximum n>0

attained when S is equal to some S % <S<S%+a
such that #(t)<n=é(s). forte[s,s,);.

By hypothesis (B1), we have

[341)

which is contradiction. Hence the solution is
unique.

Theorem 3.3.2. Conditions of Kooi's

T

Let "(%Y) be non-discontinuous in and for all

(s:¥). (29)<T gatisfying

(D1) [(s.y)—h(s, )| <KIT(a)[s—s,| * |y-¥]. s =5,

(2) [=slhy)-nesyl<ely-7  for some non-
negative constants ¢ and % also the non-
imaginary positive numbers P9kl are such that
0<b<5<l gng K@-9)<1-b& <a Then, the first
order initial value problem of first order FDE (1.3)
has at most one solution on [%%*al-
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Proof: The proof of this theorem is similar to the last
theorem 3.3.1.

3.4. Krasnoselskii-Krein Conditions on Time
Lamina and Existence of Solution of FDE

Assume that (C1) and (C2) are satisfied; then the
consecutive approximation towards solution is given

by

Poils) J';.(/‘,w._m)\r po(s)=0,  m=0.1.2, (3.42)

tends to a finite limit uniformly to the unique solution

o min] e (DGR
P of (1.3) on [&%*~] where { (=5 ]]f and
N is the bound for N on ™ (3.43)

Proof: Since uniqueness of the solution have been
proved by theorem 3.3.1, we have to prove the
existence of solution by Arzela Ascoli theorem. The

successive approximation {Pral:M=012. given in
(3.42) are properly defined and continuous.

| 1 | |
{r) {x<1) N p (1))Ae] {x<a) Mo p_(r)N (3.44)
Ilan : g II:';J‘ y

By mathematical induction, the flow of sequence
RO properly defined and uniformly bounded on

[S0:8%+£]; -

Step: 2 To prove X is continuous function in [s%*~k.
where X is defined by

X(s)= mpsupll,, ()=p,.(s) (3.46)

For % €[%:% 2L+ e have

4N

2 08) ,'."\,lf'r 2 (55 2 (5. )+ {y.~2) [3.47)
/! As )=l / \ Flasl) |
That is
o ()= (s ) =pa () =p s ) =le o (s)=p0s) o ()= o, (5)
Ul : W1
S——(5=1) | hlt.p (t)) =kl p, (1)) |A-
llwl!' A |
JI‘\; r) jn'-(z.,r- (¢))=hlrp |r|j|i\f
[(5e=ey"'[ilesp, ()= le.p, . (1)) | A0
T
- H | =) )= s - A
=l ]
‘IV. | {
g (s, =) =(ss =) Jate j“ oY i (3.48)
[a)) '
2 4N

Scale

The right side of inequality (3.47) is at most

.|{,|_.-.-[I_:ﬁ_ sl for large

1

m if &> 0 given that [s, —s,| {‘grg‘:‘ﬂ)r

S.,S,

Since ¢ is arbitrary and can be

interchangeable, then

| X (s,)-X(s,)

4N
‘

S e s) G49)

+1)

That is X continuous on [%%*2k-
By condition (C2) and the definition consecutive

approximations, we get

I'(a)

[y ()=p, () = == [ [, ()= () | (3.50)

therefore the sequence (P} is equicontinuous. For

each function P» and >0 %% <[%:%+Pk: |f there
7£’al"(a+1)

. 58,-5,<7;
exists N : then

2N a
[Pra(8:)- Pw(sz)‘ﬁm(‘% -s,) <e

Let us denote " (=mPk(s)=Pui(s)) Further, if

lpi-pifj>0i>= then the limiting case of any
subsequence is the unique solution p of (3.42).

Q(s)=—E (s -t} X (1) dt ) . "
¢ Q@I d define #)=5"X() and

jka

Le
then using lemma 2.6, we get that #(8)<L(s-%)
which gives that "% )=% And also proved that
¢'=0 py absurdity. presume that #(5)>0 gt any point

in [59%+Pk' then there exist * such that
0<ni-4 (s)-_max ()

max
siefsoso+als

" For condition (C1), we obtain

n=¢(s)=(5~-5,)" 1,/|\,)"!\,fs“)"|.(.'(\ —I'l.‘lff.\“) wir)de

YU (s =r) =) pleddr <&infs, <y, I(- ) dre —a<n

this is an inconsistency. (i.e.) ¢ =% Hence Picard’s
successive approximation (3.42) tends to finite limit
(uniform convergence) to unique solution p of (1.2)
on [S0:8 + 2] -

CONCLUSION

Hence, we can establish the solution of non-linear

FDE with order 2<(® py few basic named
conditions.
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