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Abstract — This paper is basically concerned with finding the solution using formulae, existence and
uniqueness of solutions of impulsive fractional differential equations with ABC (Atangana-Baleanu-
Caputo) fractional derivative with non-singular Mittag-Leffler kernel. Our examination depends on non-
singular fractional analysis and few techniques of fixed-point theory. An example is illustrated to clarify

the proved concepts.

INTRODUCTION

Fractional calculus has taken a notable sector of
inspection on real life problems with its tremendous
application in science and engineering. It has been
extended because of global character of the
fractional operator, which relates the reminiscence
and it authorizes to learn an adjacent look at the vital
behavior and inherited things of the relevant
phenomena. We referred the monographs [1-3] to
know about current development in such field.

The purpose of fractional derivative with power law
base in the sense of Riemann Liouville was
established. A modern fractional derivative is added
has suggested by Caputo-Fabrizio [4] depending on
the augmented kernel. To through away troubles
related to Caputo-Fabrizio’'s, a new change in
version of a fractional derivative with non-singular
and global kernel of Mittag-Leffler function (MLF)
have been introduced by Atangana and Baleanu
(AB) in [5]. Generalization of MLF is noted and used
as non-singular and global kernel in later on
extension but it does not assure singularity. Also, the
ABC derivatives comes up with a magnificent
memory description [6-9]. Recently the authors [10-
14] deliberated inquisitive and numerical solution for
few fractional models by means of AB fractional
derivative with global trouble-free kernel.

We display the nature and uniqueness of solutions to
impulsive fractional differential equations with initial
and global conditions in this article.

1he D[';";f(p):h(p‘;'(p)). aom=12 n

(1.1)

and

ABC le:'\ _f(p] = 1?(,0«§_(p))‘

o

pEQ:[O,S]. P#E P m:I_fl.......n]
:Imf(pm ) m=12,....., n

s(0)+1(g)=¢ } (1.2)

ABC ya
Where °<2<1 7D refers the Atangana-Baleanu-

Caputo (ABC) fractional derivative of order
a h:QxR—R js 3 given non-discontinuous function.

Moreover, "(%¢(9)=° and also disappears at impulse
points PaM=L2,...n 1 :R=>R m=12..n¢eR, p,

satisfy

0=p <p<py<eu<p, <P, =p
gl =¢(pn)-¢len)=¢(pn)-¢(00)
g(p;)zl}ijg!é:(pm-'-h)’ é(plﬁ)zglﬂrg}g(pm_#h)

Represents the right and left limits of <(p) at P=rn
and fiPC(@R) >R s given function.

Also  [Pl=Pn P €(Pnipra]m=012,,,,,, & p,=0. By
reference from Theorem 3.11 of [24], we should

have standard condition h(0.£(0))=0 to fix the
starting data for solution. By the previous referred
articles, there are only few articles on Cauchy
problems for ABC impulsive fractional differential
equations.

The main part of this paper is to derive formula of
solutions for types of impulsive fractional
differential equations with ABC fractional operators.
Already we proved existence and uniqueness
theorem theorems by few fixed-point theorems of
Banach space, Kransosekliskii, Schader and
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Schafer for suggested problems taken in previous
papers [13-31]. We grasped that the equality

h(0.£(0)=h(pn&(pn))=0(M=12..0) s mandatory to
assure a unigue solution.

This paper is divided as follows:
Section 1 deals with survey of literature.

Section 2 comprises basic definitions, fundamental
lemmas and theorems.

The suggested formulae for taken problem is
established in section 3.

The existence of unique solution for Cauchy problem
and global Cauchy problem are acquired in 4™ and
5™ section.

Finally, examples are stated and proved to the
affirmation of our results.

2. PRELIMINARIES

Consider the space

]ﬁ Q>R E€C(pyPpu] B m=0,12,....n+1

PC(LR ’
( = land (p )& (p )exm for m=1,2,....n with ;(pm):j(p,;,) f

The space PC(Q.R)

space with the norm
Q=[0,S]and Q' =Q\{p,, p,,.reres Pp}-

is a complete normed linear
€]l =max|s (o)) Let

Definition 2.1. [5,27] Let 2<% and 7=H(@p)a<s.
Then the left AB Caputo and AB Riemann-Liouville

fractional derivatives of order & for a function "/ are
defined by

Din(p)=

M(a)p _a a

E|l—(p— ' d

l1-a £ a[a_](p (D) Jn ((0) p, p>a
and

i a M(a d A —a a ,
"BRDan(p):—()—IE,(—(p—(p) )'7 (¢)dp. p>a,

l—a dp a-1

M(a) function with

M(0)=M(1)=1and E, is

respectively, where is a
normalization convinces the results
called the MLF defined by

J

E,(x)=Y—=

—, R 0, xeC.
2T (jarT) e(a)>0,xe

(2.3)

Definition 2.2. [5,27] Let 2<(®1 and 7<t(@A)- Then
the left AB fractional integral of order & for a function
T is denoted by

l-a a 1 - N
- do. o> a.
+M((1)F(({)£(p o) n(e)de, p>a

“1zn(p)=

Definition 2.3. [5] The ABC fractional derivative with
its Laplace transformation is defined by

a1 fn(p)]- ()]

L[ABCD;n(p):I 1 a +a

where L is the Laplace transform initiating from a
defined by

L{h(s)}(t) = ]:eff(s*")h (s)a’s

o

Definition 2.4. [29] Let X be a complete normed
linear space. Then the operator I1:X —>X s a

contraction  if  IM-mefsxlx-x] o for g
X, X €X,0<x<1.

Definition 2.5. A function ¢<PC¢(®R) js a solution
of (1.1) if ¢  convinces the equation
D5, £(P)=n(,¢(P) on Q' and conditions

A‘§| _ =],T,§(P_), m=12,....n and 5(0):50,

P=Pu

To prove the main concept of this paper, we
need to remember the following lemmas and
theorems which is proved already.

Lemma 2.1. [28] Let "<"'(@A).F>a guch that
the ABC fractional derivative exists. Then we
have ABCD; ABI: U(P)=7

AB|a ABCya
a

1(P) and % n(p)=1(p)-1(2) for

0O<a<l Also, " Pin(,)=0jf 7(r) is a constant.

Lemma 2.2.[24,28]  For 2<[%Y- the solution of

the following problem

D; n(p)=w(p): n(a)=n,
is given by
l](p):z]‘,+k—u(u ]. 0)dep.

M (a) (2.4)

Theorem 2.1. [29] Let X be a complete
normed linear space and A be a non-empty
closed subset of X. If II:A—A s a contraction,
then there exists a unique fixed point of I1.

Theorem 2.2. [29] Let X be a complete
normed linear space and I:X—X be a non-
discontinuous and compact mapping (completely
continuous). Suppose

={yeXxty=anyfor 2¢(01)} po 5 pounded set,

Then I1 has at least one fixed point in X.
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Theorem 2.3. [29] Let B be a non-empty,
convex, closed subset of a complete normed linear

space X and let %% be two operators, such that

0] oa+obeB VabeB
(ii) % js compact and continuous
(iii) % s a contraction mapping. Then there exist

®eB sych that 4@+ %@ =o.

3. FORMULAE DERIVATION FOR
REPRESENTED PROBLEM

Theorem 3.1. Let 2<(®1 and let V:Q—>R pe
continuous with Y(9=° and also disappears at hasty

points ©m, for m=12...n A function £<PC(2R) js g
solution of the fractional integral equation

g o l=an
ot w(a)‘(m+ w(u)r(u I

g l-a
o0 w(mz v(p)+ M(a)

(p-0) V(e )do. if p[0.p,].

é(p)= Zj(p ) v(p)dp

(@) I'(n) d<p+;I,‘; p)ifpe(p,.pu.]m=1...n o

If and only if 4 is a solution of the impulsive ABC-
fractional FDE

D 8(p)=v(p) e =\ P o ) (3.6)

Aé| Iﬂj(pm ) m=12,....n and

P=Pm

£(0) =4 (3.8)

(3.7)

where

[p]:Pm if‘pe(Pm’an]]’ . :0‘1"2"" and pU =0.

Proof. By lemma 2.1, we can prove this again by
assuming < satisfies (3.6)-(3.8).

it 7<[0.0]: then "Bl £()=v(0).[p]-0

Using lemma (2.1), we have

E(p) =&+ L v(p)+ —2

M(a) M(a) F(a)
This implies
()= g ) s () o)

By impulse Elo)=eler)-14(n). e get

. I-a
g(pl)zé:ll-'-M( ) | J: d¢)+fr§(p|)
If ~<(eor) then V vanishes at # implies
o l-a r ¥ |’
p)=elel )P e {
17(‘ A
7‘§0+M((I)["(P1 _(': V(W
1% ’
+1¢(p L d
(o) " )r(a)i(p ) v(p)de

By impulse ¢(72)=4(r:)-14(e2). e get

]

a 1 a-1
&(py)=6+ M( )[ (p.)+v(p:)]+M(a)m{(p.—fﬂ) v(p)de

P

[ (0. -0) "v(@)dp+1£(p7 )+ 1£ ()

”

M(a)r(u)

If #<(P22) then V vanishes at #2 implies

£(0)=£(ni )+ (o) i [(o-0 v(o)to
=§.+/‘|4_(‘ [v(p)+v(p) +‘(p]+M -p)""v(p)do
P . Iji(p:fw) v(p)dp+ I(/ -0) v(p)dg

M(a)T(a);

+1é(pr)+ 15 (pr)

M( u) I'(a)

This implies that

a 1 2 .
+M(a)m;[(/’:“/)) v(p)dy

(p)=4 ﬂl;”["(/’. )+v(p:)+v(ps )]+M— (/’. 0)" v(p)de

W

—~|=a
2
=
=
=) .
Q
s3>

a 1 % a-1 a 17 a-1
¥ (o) vio)o+ i7ariay [ (o) (o)

Proceeding like this, we get the general expression
as given below:

For #<(prnal. [P1=P0 and hence we get the solution
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Solution

Hence (2.5) is satisfied.

Conversely assume that 9 satisfies the equation
(1.1).

If 7<[02] then v(0=0:¢(0)=4- By the concept that D

is the left inverse of "' | By using lemma 2.1, we
get “Di&(p)=v(p). pef0.p]

D n()=0,

If P<lompna) m=12...0 gnd py the fact that

is a constant function,
(). for each PE[PrrPoa) M=12,..c.,n.

where 7() we obtain

AECD[a/)] é(p):v
Hence <(7)-¢(pn)=1:é(py). m=12..n.
4. CAUCHY PROBLEM

We need the following hypothesis to prove our
results,

(A1)

‘h(p,@)—h(p,ﬁ*)‘s L,|0-¢"|.foreach pQ, 6,6" <R and a constant L, >0.

(A2) The function '»'R=>R are continuous and there
exist a constant - >0 such that

3,(0)-3,(¢" ) <L |o-67], m=12,..n & 6,6"<R.

(A3) There exist*<(@R such that M»2I=4(?) for
each (p.&)eQxR.

(A4) There exist N>0 such that [l+(#)<N-m=12...n 0 <R

Now let us prove main results.

Theorem 4.1.

Assume h:QxR—>R is continuous. If (Al) and
(A2) hold with
uL, +nL, <1, (4.9)

then the impulsive ABC — fractional FDE (1.1) has a
Q

solution which is unique on =~ where
(1—(1):1 p"(n+1)

= . 4.10

A= (a) T (@) () (+:10)

of Fractional Impulsive Problem under Power Law [l

Proof: By Ilemma 2.3, define
B:PC(Q,R)—) PC(Q,R) b

the mapping

M((f) 0pip o=
+M‘(In r a)nfz:”;[‘ Pu=0)" h(9.5(0))do (4.11)
ST | (o) e s(o)ae
Let
4,={EePC(QLR):¢],. <1} with 12 6+ |

1—[,uL,,+nL,]'

meax‘h((p,o)‘:A

Let o= " From (Al), we get

(.5 (0))| < [h(9:¢(9))=h(0.0) +h(.0)
<L &+ A, SLI+A,

To prove B has a fixed point, for that we need to
show that BA<A- For ¢=A we have

||B_:H:max|,B§(p)\s|§”j+:/]_”)n]gx Z h(p, +n1f1_x‘)zll ( )
M[(l(l u ;n (MZ ... P (ﬂ l ( ))‘I‘P
*ﬁﬁ 23 I(p 0)" h(.8(p))de

|B ” ‘fﬁl"' M (a }"[LI"H\ ]+HL-"+%(H+1)[L,‘/+A,;]

=[& |+ uA, +[uL, +nL, ]l
S!|l—(yL,, +nl, ]|+.’(,uLh +nl)=1

Thus B maps A into itself.

Next, we have to show that B is a contraction on
PC(QR) [ gt §¢ €PC(QR) gng re.

Then we get

BE (p)|

|. - 8. = max|52 (o)~

18,5, 4o 5 oo,

emax 3 |.8(en) 1.8 (en )\
1

ME(,N 1'(“ e U,,Z I (P =) ‘h 2.4 I' fP ¢ ((p))la'(o
1 .

M?a] 1'(“) pe sz I(’D (P ’h P> g )) h(gu.zf (4’))‘“,‘?
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Je.-51<5

)maan |§ (p)|+n39&( nL, |§(p)—§'(p)|

+_M[((l }“ Z J. P (p /,|§

0<y

2 xf(p-0)"

1 "
A L1E(o)=¢& 3
M) T (@) rn ) 1[6(0)=¢ (o) do

n+l 1

iy ke

I~ )5S oo - 2

M(a)
= (,uL,‘ +nL, ||§ - ‘:H

The inequality (4.9) shows that B is contraction on

PC(2R)- |t is proved that the impulsive fractional
differential equation with ABC (1.1) has a solution
which is unique.

Theorem 4.2. Suppose h:QxR—R is continuous and
assume (A3) and (A4) hold. Then there exists at
least one solution for fractional differential equations
with ABC fractional derivative and impulse condition

Step 1: To show that B:PC(2R)=>PC(2R) i5 compact.

Since h and '= are continuous, we have to verify that
B is continuous.

Let A=iéePc@Rikl<l} pe g
I =|&|+ o +nN +1

set(ball)  with

=sup|2
Where upli(o) and # is given by (4.10). For <€A

and P <2 we have

||B||=max|&_ | |& |+ max Z ‘Ir S0P, ‘
- peQ ped

\Ilu) 0<

+max Z |Ig ‘ (”) maxnlz J. P =) |h )|d<p

{l)

a 1
“M(a)T(a) ~8 (.[(" 0)" |h(0.£(0))de

<|& |+ pdy +nN <1,
Hence B(*%) is uniformly bounded.

Next, we have to prove B maps bounded sets into
equicontinuous set of P¢(R),

p [h(p.&)|=h,

By (A3), Let us fix via Now

|B2(p.)-B2(p)| <2

M (a)

ﬁj(ﬂ;*w]""h(wd ))de— fp‘ )" h(p.E(0))de

I(p (;p |i: GD))|¢[(D

r(]« [lta-or #)" Jl(e.2(o))de

a h, B . i
@GP A Ha-p) -(e-p)]
2 2 h, (p i )u
“M(a)T(a)

As A PaBE(R)-BE(p)|20 that is  B(A)
compact for P

relatively
The operator B is compact on A by Arzela Ascoli
theorem.

Step 2:
bounded.

To prove that the set T-EFier) om0l jg

Let $€T- Then ¢=7B: for some 7<(®), Hence for r<®
we obtain

Z’hp Py ‘

[£ (o) <[BE (o)< |<_(,]+M( ) ol

pt 1 ,
m]—_m()wl),g)

l-a | .
5‘5'[*7\7(‘,,‘)"’*' +nN +

= |E“| + ply +nN

For every 2= we get [¢le <I%l+# 0N =R popce 7
is bounded.

That is B has a fixed point which is a solution of
ABC-fractional differential equation (1.1)

5. NON-LOCAL CAUCHY PROBLEM
OF ABC-FDE:

Finally, we have to prove existence of solution for
the impulsive FDE with ABC fractional derivative.

Let T satisfying the following condition

(A5) f:PC(@R)>R s continuous and there exists a
constant %<t <! such that

|t (6)-f(6) <L |0~ for all 7 <PC(@R).

Theorem 5.1. Suppose 9-2*xR—R s continuous
and assume (Al), (A2) and (A5) hold. If

(L_!,+;,sz+nL,)<l (5.12)
where # is given by (4.10), then ABC-FDE with
impulse condition has a unique solution on Q.

Proof: Define the non-linear

B":PC(Q.R)>PC(QR) g5 follows

mapping
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BE(p)<é,-f(8)+ =2 Z /'(p,,,i(p,,,))

M(a) o

+ Z 18 (P2)+ Z f(/ -0)" h(p.E(p))dp (5.13)

a) l' (a)
a

1
"M(a)T(a) ;

I(p )" |h(0:&(0))|dep

Then B’ has a fixed point if and only if the ABC-FDE
with impulse condition (1.2) has a solution. Choose

L &l (o) + m,
e (L +puLy, +nL, )

From hypothesis (A5), it is simple to verify that
B'A-CA.,

where
={£ePC(QUR): ||, <!}
Next, we have to prove that B is a contraction.

Let &5 <PC(2R) and £ <2 then we have

|8°(6)-8'(&')|=max|B"é (p) - B¢ ( p)l

<m.1x‘/( (p))- f(.: (p))|

T nmx z ‘h h(/)m‘:.(pﬂl))i

Jrslon)-1.8 (o \

+Ml('u) “)(“”',‘Z f Pu=9)" [(0:6(9))-h(0.£ (0))|do

,o r1+l

i .
Lle-¢]

ORI B ) Ta)

N L

:(L, +uL, +nl; “g I3 ||

The inequality (5.12) proves that B” is contraction on

PC(2R)  Then the ABC-FDE with impulse condition
has a unique solution.

Theorem 5.2. Suppose h:QxR—R s continuous
and let (A1) to (A5) hold. If

R Ul LA P (5.14)
'f T M(a) h ’ .

Then the global ABC-FDE (1.2) with impulse
condition has a solution on given domain.

Proof: Let the operator B :PC(2R)>PC(QR) defined by
(5.13).

Define the operator & &8 on A as

Bl (5(p))=§(, 2 ()/Z/ [,,,g(pn’) M( )“/ ,ll(pm_g(pm))
B, (£(p))= M(a)r 2 “Z f pu-0)" h(0.8(0))do
+M(Zfl) r a).[(p*(p)“’l /,((/).cf((/)))d(/)

where B =B/ +B | et the ball A°={¢<PC(@R) |l <k} ang

. ‘§0|+|_f'(0)| + A, +nN
B 1-1,

For &.6, €Al we obtain HBIQ+Bz’szSHBIQHJrHB;sz

[5:6+ Big. | =max| 8¢ (o) + max 86, ()

S‘.f[,‘+|j'(0)|+L, max|§" (p) +max > ‘[mé:l(ﬂ-.)‘

max Z |h P& (£ )|

N
wu) =

a

1
mn) I'(a )

{Z f (pn—0) W@, (rﬂ))a‘«HI p-o) " (9.5, (0))de

(1-a)n
M (a)

=|&|+| £ (0)|+L 2, + pA, +nN <1,

pi(n+1)

|B'& + B3¢, M(a)T(a)

<& |+|f(0)|+L,l(, +

A, +nN + A

Thus B&+B&<A,  For any peQ&g‘l,/ﬁzePC(Q,R), we
have

|Bic-Bi&| =max|8ié (p)-B% (p)l
<ma\‘/(~](p )-7(& (e )]me Z ‘I ”‘-A(pm)‘

1-
:\I( a)

“max Y [h(p.E(pa))~h(pu:(02))]
PER o p<p

(1—a)n (l a)n

R I o

A L, )”.‘ &l

From (5.14), & is a contraction mapping.

Now let us show that B is continuous and
compact. h is continuous = & is continuous.

Also B is uniformly bounded on A because for
teAl, & peQ we get

”B:' (E)u = max ‘B:'E(p)‘

a

1[(:1) l'(u pec

Z I (P —0)"|1(0.8(0)) zlw+f (p—0)""|n(p.£( |dw}

Now the operator & is compactness on & since
B, cB.

Hence, the global ABC-FDE with impulse
condition possesses a solution Q.

6. ILLUSTRATION

For ae(o’l], consider the following impulsive ABC-
FDE
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1

“n f:(p):p(p 2 o peQ=[01].pz1

ol 9 1+[E(p) 615
P {0

=05 10+|§(0.5’ )‘
Scth(p,f):wlfg. for peQ, £€R* and
L (£)=——f R
kE) 01¢ orfe
Clearly h(0,£(p))=h(0.5,£(05))=0. Let

peQand &E eR".Then

5)-h(p.E & El.2 E-E
n(p.2)-h(p.2)|= o |iee 1+5236(1+§)(1+5)S|g|b gl
3 s 10l -] £_Z|

|1,,,(§)71,,,(.§)|:}mf PR St R

+E 10487 (10+£)(10+2) " 10
Also, hypothesis (A1) and (A2) hold with

L, =L and L, =i.
18 10

Also verified that the condition (4.9) holds with
1
p=1n=1, a=> and M(a)=1.

Thus, we get

_\Bl4+4
2\3.14

By theorem 4.1, the problem (6.15) has a one-of-a-
kind approach [0,1]. Also it is noted that for each

¢<R" and #<[°1 we have "< gng (5] <01

and pL, +nL, z%

Hence, condition (A3) is verified with
z(p)=§(p—0.5)ec([0,1],R+) and N =0.1

Thus, all conditions of theorem (4.2) are satisfied.
Hence theorem (4.2) implies that the given problem
has at least one solution on [*}:

7. CONCLUSION

In this paper, we'll look at, we have been derived the
formulae for solution for the Mittag — ABC for an
impulse state fractional differential equation. Also, we
established existence and uniqueness for that
problem. Hence, the prevailed results take part a
remarkable role in expanding fractional calculus
principle analysis.
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