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Abstract - In the present study we give a brief exposition of some important terminology in the theory of
rings and algebras. Examples and counter examples are also included in this study to make the matter
presented in the study self-explanatory and to give a clear sketch of the various notions.In the early
stages of general ring theory, striking success of that theory were theorems which asserted the
commutativity of the ring when the elements of a ring were subjected to certain types of algebraic
conditions.A good cross-section of such results, and the techniques needed to obtain them, can be
found where further references can be found. Later as the theory evolved, many authors investigated
the relationship between the commutativity of the ring R and certain special types of maps on R. In this
direction the concept of centralizing and commuting maps is of great importance. A mapping f of R into
itself is called centralizing if [f(X), X] €Z(R) holds for all x €R; in the special case when [f(x), X] = 0 holds
for all x €R, the mapping f is said to be commuting.
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INTRODUCTION

In the early stages of general ring theory, striking
success of that theory were theorems which asserted
the commutativity of the ring when the elements of a
ring were subjected to certain types of algebraic
conditions. Much of the initial thrust of the work in
this area was either authored by Herstein or inspired
by his work. The other significant contributors in this
direction have been Ashraf, Bell, Hirano, Kezlan,
Komatsu, Tominga, Yaqub with a variety of
coauthors. A good cross-section of such results, and
the technigues needed to obtain them, can be found
where further references can be found. Later as the
theory evolved, many authors investigated the
relationship between the commutativity of the ring R
and certain special types of maps on R. In this
direction the concept of centralizing and commuting
maps is of great importance. A mapping f of R into
itself is called centralizing if [f(x), X] € Z(R) holds for
all x € R; in the special case when [f(x), x] = 0 holds
for all x € R, the mapping f is said to be commuting.
The first result in this direction is due to Divinsky,
who proved that a simple artinian ring is commutative
if it has a commuting non-trivial automorphisms. Two
years later, Posner established that the existence of
a nonzero centralizing derivation on a prime ring
forces the ring to be commutative. Over the last few
decades, several authors have subsequently
refinedand extended these results in various
directions and have established the relationship

between the commutativity of a ring R and the
existence of certain specific additive maps like
derivations, centralizers, generalized derivations
and automorphisms of R where further references
can be found). In Lee and Lee considered
Posner’s result mentioned above when the ring R
is equipped with involution (for symmetric or skew
symmetric elements) and consequently provided
counter examples that one cannot expect to
conclude the commutativity of R even if R is
assumed to be a division ring.

On x-commuting and #-centralizing mappings
in rings with involution

With a view to make our text self-contained, we
begin with the following definition.

Definition 2.2.2. Let R be a ring with mnvelution +
R — R s sawd to be

and S be a nonempty subset of
R. A mapping f w-centralizing on S of [f(z). %] € Z(R) for
all r € S. As a special case, if [f(z),2"] = 0 for all z € S, then f is said to be

#-commuting on 5.
Definition 2.2.3. Let R be a ring with involution * and S be a nonempty subset of R.
r* € Z(R) for

ox* =0 for all x € S, then [ is said to be skew

A mapping f : R — R is said to be skew »-centralizing on S if f(z) o
all v € 5. As a special case, if f(x)

s-commuting on S.

Notice that for any central element a, the map x
7— axx is *-commuting and *- centralizing but
neither commuting nor centralizing on R. Thus, it
is reasonable to study the behaviour of such
mappings in the setting of prime and semiprime
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rings with involution. Over the last three decades,
several authors have investigated the relationship
between the commutativity of a ring and the
existence of certain specific types of maps on R. The
first result in this direction is due to Divinsky, who
proved that a simple artinian ring is commutative if it
has a commuting non-trivial automorphisms. This
result was subsequently refined and extended by a
number of authors in various directions, where
further references can be looked). In the year 1957,
Posner proved that the existence of a nonzero
centralizing derivation on a prime ring forces the ring
to be commutative.

The result which we want to refer states as follows:

Theorem 2.2.1. Let R be a prime ring with involution = such that char(R) # 2.
If d is a nenzero derwvation of R such that [d(r).z"] € Z(R) for all x € R and
d(S(R)NZ(R)) # (0), then R s commutative.

In order to develop the proof of the above theorem, we begin with following:

Lemma 2.2.1. Let R be a prime ring with involution % such that char(R) # 2. If

S(RYNZ(R) # (0) and R s normal, then R is commutative.

Proof. By the hypothesis, we have R is normal, that is hk = kh for all h € H(R) and k €

S(R). Let x be an arbitrary element of R. Then x — z* € S(R), hence

h(z —2*) = (x —2*)h for all + € R and h € H(R). (2.2.1)

Also for s € S(R) N Z(R), s(x +2*) € S(R) for all ¥ € R. This gives hs(x +
x*) = slz +x")h for all z € R and h € H(R). This can be further written as
s(h(r+ ) — (r +x")h)=0for all x € R, h € H(R). Since the centre of a prime ring
is free from zero divisors, we have either s = 0 or h(x + 2*) — (x + 2")h = 0 for all
x € Rand h € H(R). Since S(R)N Z(R) # (0), from the last expression we conclude
that

hlr+z*)=(x+z")h forall x € Rand h € H(R). (2.2.2)

Adding (2.2.1) and (2.2.2), we get 2hr = 2rh for all # € R and h € H(R). Since
char(R) # 2, we obtain hx = xh for all + € R and h € H(R). Since x + x* € H(R)

the last relation yields that

(r+ 2y =ylr+a*) forall 2,y € R (2.2.3)

Again since for s € S(R) N Z(R), s(x — z*) € H(R), we conclude that s{(z — %)y —
ylr — x*)) = 0 for all x,y € R. Using the fact that the centre of a prime ring is
free from zero divisors, we get s = 0 or (v — ")y = y(r — %) for all x.y € K. But

S(R)n Z(R) # (0), so we are forced to conclude that
(r—x"Vy=ylr—2") forallz,ye R (2.24)

Adding (2.2.3) and (2.2.4), we obtain 2uy = 2yr. Since char(R) # 2, the last expres-

sion yields that ry = yx for all .,y € R. This proves R is commutative. O

ON DERIVATIONS IN PRIME RINGS WITH
INVOLUTION

In [76], Herstein proved that a prime ring R of
characteristic not two with a nonzero derivation d
satisfying d(x)d(y) = d(y)d(x) for all x, y € R, must be
commutative. Further, Daif [54] showed that if a 2-
torsion free semiprime ring R admits a derivation d
such that d(x)d(y) = d(y)d(x) for all x, y € I, where | is
a nonzero ideal of R and d is nonzero on |, then R
contains a nonzero central ideal. Further this result
was extended by many authors (viz.; [7, 21, 78],
where further refrences can be found). In view of

Herstein’s result [76, Theorem 2] mentioned above, it
is a natural question: What can we say about the
commutativity of a prime ring if we replace y by x = in
the above mentioned condition ? In this direction, we
have succeeded in establishing the following result:

Theorem 2.3.1. Let R be a prime ring with invelution + such that char(R) # 2. Ifd is
a nonzero derivation of R such that [d(x),d(x*)] = 0 for all z € R and S(R)NZ(R) #

(0). then R is commutative.
Proof. By the assumption, we have
[d(x).d(z")] =0 for allx € R. (2.3.1)

A lineralization of (2.3.1) yields that

[d(x).d(y")] + [d(y).d(z")] =0 for all 7.y € R. (2.3.2)
Replacing y by xx” in (2.3.2), we arrive at

0 = [dz).d(z)z" + xd(a")] + [d(z)x" + zd(z"), d{x")]
= d(x)[d(z). *] + [d{zx), z]d(z*) + z[d(x), d(x*)]
iz

(

+ |d(z),d(z*)]x* +d(z)[z*, d(x*)] + [z, d(z*)]d(x*)
= d(x)[d(z). 2*] + [d{x), x]d(x*) + d(x)[z*. d(2*)] + [r.d(z*)]d(x*)

for all z € R. That is
d(x)[d(x), z*] + [d(z). z]d(2") + d(z)[z". d(z")] + [z.d(z")]d(z") =0 (2.3.3)
for all # € R. Replacing & by @ + h', where h' € H(R) N Z(R), we obtain
d(h)[d(x), 2] + [d(z), 2]d(h') + d(h')[z", d(x*)] + [z, d(x*)]d(h") = 0.
This can be further written as
:J‘(h’\t_ d(x). x| + [d(zx). z] + [2*. d(z")] + [x.d{z")]) = 0
for all b € H(R)N Z(R) and = € R. Since the centre of a prime ring is free from

zero divisors we get either d(h') = 0 for all b € H(R)NZ(R) or [d(x), 2*] + [d(z), 2] +
[z*.d(x*)] + [r.d(z*)] = 0 for all x € R. Suppose

d(h') =0 for all B’ € H(R)N Z(R). (2.34)

Replacing i by (k)2 in (2.3.4), where k" € S(R) N Z(R). we get

0=d(h') =d((k)?) = d(E) + &d(k') = 2d(E)E .

Since char(R) # 2, we arrive at
d(k )k =0 for all k' € S(R)N Z(R).

Now since the centre of a prime ring is free from zero divisors, we get for each k& €

S(R) N Z(R) either d( K)=0or k' =0. Since k' =0 implies u'f.!"J = (), we may write

d(k') =0 for all k' € S(R) N Z(R). (2.3.5)

Let x € Z(R). Since char(R) # 2, every r € Z() can be represented as 2o = h + k
where h € H(R) N Z(R) and k € S(R) N Z(R). This implies that 2d(z) = d(2z) =
d(h+ k) =dih)+ d(k) = 0. Since char(R) # 2, we get
d(z)=0for all ¥ € Z(R). (2.3.6)
Replacing y by k'y in (2.3.2), where k' € S(R) N Z(R) and using (2.3.6), we arrive at
fff(—[zf(.r'J,ff(y')] + [d(y).d(z*)]) = 0 for all k' € S(R) NZ(R)and z,y € R

Using the primeness of R and the fact that S(R) N Z(R) # (0), we get

—[d(x), d(y")] + [d(y),d(x")] =0 for all x.y € R. (2.3.7)
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On comparing (2.3.2) and (2.3.7), we obtain 2[d(z),d(y*)] = 0. Replacing y by y* and REFERENCES

using the fact that char(R) # 2, we conclude that [d(z).d(y)] = 0 for all .y € R.

Therefore in view of [T6], we get R is commutative. Now we consider the case

ld{z). "] + [d(x). z] + [2".d{z™)] + [z,d(x")] = 0 for all x € R.
Replacing = by h + k, where h € H(R) and k € S(R), we get 4[d(k).h)] = 0. Since
char(R) # 2, we obtain
[d(k).h] =0 for all h € H(R) and k € S(R) (2.3.8)

Replacing i by kok', where ky € S(R) and k' € S(R)NZ(R), we arrive at ([d(k), ko] )k =

0. Using the primeness of ff and since S(R) N Z(R) # (0), we get
[d(k). ko] = 0 for all k. ky € S(R) (2.3.9)
Now since char(R) # 2, every # € R can be represented as 2r = h+k, where h € H(R)
E € S(R), so in view of equations (2.3.8) and (2.3.9), we are forced to conclude that
[d{k).x] =0 for all k€ S(R) and z € R (2.3.10)

In the year 1995, Bell and Daif showed that if R is a
prime ring admitting a nonzero derivation d such that
d([x, y]) = 0 for all x, y € R, then R is commutative.
This result was extended for semiprime rings by Daif.
Further, for semiprime rings, Andima and Pajoohesh
showed that an inner derivation satisfying the above
mentioned condition on a nonzro ideal of R must be
zero on that ideal. Moreover, for semiprime rings with
identity, they generalized this result to inner
derivations of powers of x and y. Recently, many
authors have obtained commutativity of prime and
semiprime rings satisfying certain differential
identities. In this section, we study the above
mentioned result and some other results in the
setting of prime rings with involution.

CONCLUSION

The purpose of the present study, R will represent an
associative ring with center Z(R). As usual, the
commentator xy — yx will be denoted by [, y]. Given
an integer n = 2, aring R is said to be n-torsion free if
nx = 0 (where x € R) implies that x = 0. A ring R is
called prime if aRb = (0) (where a, b € R) implies a =
0 or b = 0 and is called semiprime ring if aRa = (0)
(where a € R) implies a = 0. An additive map x 7— x
* of R into itself is called an involution if (i) (xy) * =y
*X * and (i) (x * )* = x hold for all x € R. A ring
equipped with an involution is called ring with
involution or =-ring. An element x in a ring with
involution is said to be Hermitian if x * = x and skew-
Hermitian if x * = —x. The sets of all Hermitian and
skew-Hermitian elements of R will be denoted by
H(R) and S(R), respectively. The involution is said to
be of the first kind if Z(R) € H(R), otherwise it is said
to be of the second kind. In the latter case, S(R) N
Z(R) 6= (0). If R is 2-torsion free then every x € R
can be uniquely represented in the form 2x = h + k
where h € H(R) and k € S(R). Note that in this case x
is normal, i.e., xxx = x X, if and only if h and k
commute. If all elements in R- are normal, then R is
called a normal ring.
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