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Abstract - In this paper, we first introduce the class of partial symmetric spaces and then prove some
fixed point theorems in such spaces.We introduce an analogue of the Hausdorff metric in the context of
partial symmetric spaces and utilize the same to prove an analogue of the Nadler contraction principle in
such spaces. Our results extend and improve many results in the existing literature. We also give some
examples exhibiting the utility of our newly established results.
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- INTRODUCTION AND PRELIMINARIES

The Banach contraction principle, which Banach [1]
demonstrated to be a useful and potent tool in
nonlinear analysis, was applied in the context of fixed
point theory. Numerous approaches have been taken
to expand and generalize this idea. In the study of
fixed point theory, one may occasionally run into
circumstances where none of the metric criteria are
necessary. Numerous researchers obtained fixed point
findings in semi-metric spaces [98] (also known as
symmetric spaces) as a result of this feature. A
mapping d, on a non-empty set X is called symmetric if

ds (a, b) = 04(b, @) and 9, (a, b) = 0 if and only if a = b,
foralla, b € X.

We refer to the pair (X,0;) as symmetric space. The
uniqueness of the sequence's limit cannot be ensured
since the function "d," is not continuous in general
due to the lack of triangular inequality. Wilson [12]
proposed a number of related weaker criteria to get
around the challenges that were previously mentioned.
We have implemented weaker conditions in our
setting, which will be explained shortly in the
preliminary section. The study of fixed points for multi-
valued contractions with the Hausdorff metric was
started in 1969 by Nadler [13], who also extended the
Banach fixed point theorem to set-valued contractive
mappings.

As a generalization of partial metric spaces and
symmetric spaces, the goal of this chapter is to
present partial symmetric spaces and use them to
demonstrate fixed point solutions for both single-
valued and multivalued mappings.

We now introduce the partial symmetric space in
order to expand the classes of partial metric spaces
and symmetric spaces. This is done as follows:

Definition 1.1.: Let us assume that X be a nonempty
set. A mapping #:XxX — [0,0) is said to be a
partial symmetric if (for all x, y, z€ X):

(01) x =yifand only if o (x, X) = g (v, y) = @ (X, );
(02) o (X, x) g (X, Y);

(#3) o (X, y) = # (Y, X). Then the pair (X, ) is said
to be a partial symmetric space.

A partial symmetric space (X, ) reduces to a
symmetric space if o (x, x) = 0, for all x € X.
Obviously, every symmetric space is a partial
symmetric space but not conversely.

Example 1.1.: Let X = R and define a mapping
$:XxX = [0, 0)

as follows , for all x, y € X and a, 8> 1): ¢ (X, y) = |x
-yl a+ |x —y| B . Then the pair (X, ) is a partial
symmetric space.

Example 1.2.;: Let X = [0, =) and define a mapping
#:XxX — [0,00) as follows for all x, y € X and «, 8>
1) (x,y) = (max {x,yta+{x,y}B).

Then the pair (X, ) is a partial symmetric space.

Example 1.3. : Let X = [0, 11) and define a mapping
$:XxX - [0,00) as follows, for all x, y € X and a >
0): o (x, y) =sin |x — y| + a. Then the pair (X, ) is a
partial symmetric space.
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Let (X, ) be a partial symmetric space. Then gp-open
ball with center x € X and radius £> 0 is defined by:

By (x,€) ={y€ X: 9 (X, )< o (X, y) + ¢}

Similarly, the g-closed ball with center x € X and
radius €> 0 is defined by:

Bplx,e] H{ye X: o (X, )< $0 (X, y) + &}
The family of g-open balls, for all x € X and >0

Up = {By(x,¢): x€ Xand &> 0}, form a basis of some
topology 140 on X.

Lemma 1.4.: Let (X, T) be a topological space and F:
X — X. If F is continuous then every convergent
sequence {x,} € X such that x,, — x implies Fx,, —
Fx. The converse holds if X is metrizable.

Further down the road, we will need to define a few
terms more thoroughly. These include full partial
symmetric spaces, convergent sequences, and
Cauchy sequences.

Definition 1.5. : A sequence {x,} in (X, ) is said to be
f-convergent to x € X, with respect to 7, if g (X, X) =
lim -0 42 (2 , X).

Definition 1.6.: A sequence {x,} in (X, ) is said to be
-Cauchy if and only if lim,_,. #(x,,x,) exists and
finite.

Definition 1.7. : A partial symmetric space (X, #) is
said to be a g-complete if every g-Cauchy sequence
{x,} in (X, ) is gp-convergent with respect to T to a
point x € X such that o (X, X) = lim,_ §£(x,,x)
=limy, L0 £ (X, X))

We are now applying some definitions from the context
of symmetric spaces to the context of partially
symmetric spaces.

Definition 1.8.: Let (X, ) be a partial symmetric. For
the sequences {x,} , {y,} and {z,} and x, y in X, we
have

(A1) lim,_, 2(xy, , x) = $0 (X, X) and lim,,_,,, $2(x,,y) =
o (X, y) imply x =y.

(A2) A partial symmetric g is said to be 1-continuous if

lim, . #2(x,,%x) = (%, X) implies that

limn—»oo Jf’(xn'J’) = 80 (X' y)

(A3) A partial symmetric g is said to be continuous if
lim, ., 0(x,,¥) = g (X, y) and

limn—mo (@(xn'y) = g') (X' y)

Imply that

Theorem on Partial Symmetric Spaces ||}

1imn—>oo t@(xn :yn) = KO (X’ y)

A 4 limpep@,,x)=# (X x) and
lim,, e 0%, yn) = & (X, X) imply lim,,_,o, (3, %) =
(%, X).

(A 5 limy @, m)=€ (X x) and

llmn—)OO SO(yn :Zn) = p (X’ X) *

Remark 1.9. : It may be seen from Definition 1.8 that
(A3)=(A2), (M) =(A1),and (A2 = (A1), but
generally speaking, the opposite implications are not
true.

2. FIXED POINT PARTIAL
SYMMETRIC SPACES

RESULTS IN

Let (X, ) be a partial symmetric space and F: X — X.
Then for every x € X and for all i, j € N, we define
A, F, X) = sup{p (Fix,Fix)i,j€ N}.... (2.1)

Definition 2.1. Let (X, ) be a partial symmetric
space and F: X — X be a mapping. Then mapping
F is said to be go-contraction if

o (FX, Fy)<ap (X, ¥), VX, Y EX,
(2.2)

where a € (0, 1).

We are currently demonstrating a counterpart of the
Banach contraction principle within the context of
partially symmetric spaces.

Theorem 2.2. Let (X, ) be a partial symmetric
space and F: X — X be a mapping. Let us assume
that the following conditions are satisfied:

0] F is go-contraction for some a € [0, 1),

(i) There exists x, € X such that 2(p,F, x,)
< o0

(iii) Either

(a) F is continuous or

(b) (X, &) enjoys the (A1) property.

Then F has a unique fixed point x € X such that g
(x,x) =0.

Proof. Choose x, € X and construct an iterative
sequence {x,} by:

X1 =Fxg, Xo =Fxq, X3 =Fxp, -+ o, Xy =Fxp_q, -+ - .
Now, from (5.2.2) (for all i, j € N), we have

o (Tn+iX0,Tn+jx0)S ap (?-n—1+ix0’:7;~n—1+jx0)_

Since the above inequality holds for all i, j € N,
therefore by conditions (ii) and (2.2), we have

o (Tn+ixo'7:n+jxo)s ap (Tn_1+ix0,T”_1+jx0)_
Ap,F, F'xy) < 02(p,F, F 1x,)

Repeating this procedure, we have (for every n € N)
o, F,Fx) £ a™(p,F,x5)  cevereennnn (2.3)
Let n, m € N such that m = n + p (for some p € N).
On using (2.3), we have

P (F'xo, F™"Pxy)< 2, F, F'xo) < a™A(go,F, xo)

As J(p,F,x,) <~ and a € (0, 1), we have
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lim,, 100 82 (2, xn) = 0, sO that {x,} is a g-Cauchy
sequence in X.

In view of the g-completeness of X, there exists x € X
such that {x,,} g-converges to x. Now, we show that x
€ X is a fixed point of F.

Assume that F is continuous. Then x = lim,_q, X,41 =

T—(limxn)z}"x.AIternater , assume that (X, )
n—00

enjoys the (A1) property.
Now, we have ¢ (Fx,, Fx ) < & (x,,x ), which on
taking n — « implies that lim,,_,,, (x, 41, Fx) = 0.
Thus, from the (A1) property, Fx = X. Therefore, x is a
fixed point of F. To prove the uniqueness of fixed
point, let on contrary that x, y € X such that Fx = x and
Fy=y.
Then by the definition of g-contraction, we have g (X,
y) = o (Fx, Fy) < ag (X, y), a contradiction. Hence, x =
y, that is, X is a unique fixed point of F.
Finally, we show that & (x, X) = 0. Since F is g-
contraction mapping, hence we have g (X, X) = ¢ (FX,
Fx) < agp (X, X) , this implies that
o (X, X) < 0 implying thereby g (x, X) = 0. This
completes the proof. Now, we recall the definition of
Kannan-Ciri¢ contraction condition [14].
Definition 2.3.: Let (X, ) be a partial symmetric
space. A mapping F: X — X is said to be Kannan-
Cirié type g-contraction if
(for all x, y € X)
# (Fx, Fy) < amax{g (x, FX), & (Y, Fy)}.....(2.4)
where a € [0, 1).
Next, we prove a fixed point result via Kannan-Ciri¢
type g-contraction in the setting of partial symmetric
spaces.
Theorem?2.4.: Let (X, ) be a partial symmetric space
and F: X — X be a mapping. Assume that the
following conditions are satisfied:
(i) F is a Kannan- Ciri¢ type -
contraction mapping,
(ii) Fis continuous.

Then F has a unique fixed point x € X such that g (X,
x) =0.
Proof. Take x,€ X and construct an iterative sequence
{x,} by:
X1 =Fxg , X = F2x0,%3 = F3xg, - =+, Xp = FMxg, - - - .
Now, we assert that lim,,_,, £(x;,, x,+1) =0. On setting
X=xpandy = x,,4
in (2.4), we get
limn—mo (@(Xn,xn.,_l) =50(:Fxn—1:Txn)

sa max{go(xn_l,}"xn_l), p(xnr:rxn)}

< amax{(xX,_1, %), 8 Xn, Xng1)} coenennnn (2.5)
Assume that max {0 (1, %), 2 (xp, Xns1)}
:So(xn' xn+1) '
Then, from (2.5), we have
(%, Xne1)) < (xn, xn41), @ contradiction (since a €
(0, 1)).
Thus, max {go(xn—lﬂxn)' go(xnﬂxn+1)} :g)(xn—l: xn)-
Therefore, (2.5) gives rise (x,, Xp41) = G0 (Xp_1, Xn) ,
foralln e N.
Thus, inductively we have o(x,,, x,+1) = a™o(xq x1)
for all n € N. On taking limit as n — «, we get
lim, o 0(Xp, Xpe1) =0 oo (2.6)
Now, we assert that {x,,} is a go-Cauchy sequence.
Form (5.2.4), we have (for n, m € N)

So(xnlxm) = JO(Txn—lt“Fxm—l)
< amax{go(xn_l,f}-"xn_l), Jo(xm—lripxm—l)}
<« max{go(xn_l, xn)' Jo(xm—lr xm)}
By taking limit as n, m — « and using (2.6),
We have

limy, e (G, xm) =0 Ll (2.7)
Hence, {x,} is a go-Cauchy sequence.

Since (X, ) is gp-complete, then there exists x € X,
such that

lim,,_, £ (xp, xp) = 0.
Now, we have shown that x € X is a fixed point of F.
By the continuity of F, we have
x = lim x,,; = limF x,, =Fx.

n—-oo n—oo
Therefore, x is a fixed point of F . For the
uniqueness part, let on contrary that x, y € X are
such that Fx =x and Fy = .
Then from (2.4), we have
# (X, y) = g (Fx, Fy)

< a max{g (X, FX), &
(v, Fy)}

< a max{g@ (x, X), £ (Y,
)}

So, either g (x, y) < a@ (x, x) or @ (x, y) < ap (v, y),
which is a contradiction. Therefore, x is a unique
fixed point ofF.

Finally, to show that P(x, x) = 0. Then from (2.4), we
have

# (X, X) = g (FX, FX)
< a max{g (X, FX), & (X, Fx)}
< amax{g (X, X), £ (X, X)}.

Which implies that g (X, X) < 0 implying thereby (X,
x) = 0.

This completes the proof.

Now, we present some fixed point results for Ciri¢
guasi contraction in the setting of partial symmetric
spaces. We start with the following definition.

Definition 2.5.: Let (X, ) be a partial symmetric
space and F: X — X be a mapping. Then F is said to
be g-weak contraction if for all x, y € X and a € (0,
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1) o (Fx, Fy) < amax {@ (X, ), £ (X, Fx), o (¥, Fy), £
(X, Fy), p(y, Fx)}

.... (2.8)
Proposition 2.6. LetF be a gp-weak contraction for

any a € (0, 1). If x is a fixed point of F, then g (X, X) =
0.

Proof. Suppose x € X is a fixed point of F . Since F is
a gp-weak contraction, so that

# (X, X) = o (Fx, FX)

Ssamax { & (X, X), o (X, FX), g (X, FX), o (X, FX, £ (X,
Fx) }

= amax {g (X, X), o (X, x), £ (X, X),8 (X, X), (X, X)}
=a g (X, X)

This is implies that g (x, X) < 0 implying thereby g (X,
x) = 0.

Theorem 2.7.: Let (X, #) be a partial symmetric space
and F: X — X be a mapping. Suppose that the
following conditions hold:

0] F is a go-weak contraction for some a € [0,
1),

(ii) there exists xy,€ X such that 2 (p,F, x) <

(i) Fis continuous.

Then F has a unique fixed point.

Proof. Assume x,€ X and construct an iterative
sequence {x,} by:

X, =Fxg , Xy =F?x9,%3 =F3%g, -+, Xy = Fxg, -+ - .
Let n be an arbitrary positive integer. Since F is a -
weak contraction, for all i, j € N, we have

o (F™xg, F"xo)< amax { g (F ix,, FP it x,),

@ (F1ix,, Fitixg), g (FP iy, Fitixgy),

50 (T-n—1+ix0’j:n+jx0)’ 80 (:Fn—1+jx0’j:n+ix0)}

Since above inequality is true for all i, j € N, therefore
by the conditions (ii) and (5.3.1), we have

A, F, F'x) S0 (p, F, F" 1x,)

Continuing this process indefinitely, we have (for all n
2 1)

A, F, Fixg) < a2, F, Xg) ceveenen.. (2.9)

Now, for each n, m € N such that m = n + p (for some
p € N), we have (due to (2.9))

@(Tnxm :Fn+px0)s 3(60! T! Tnxo)

Theorem on Partial Symmetric Spaces ||}

< an:(pr T: x())
Since 2(p, F, x,) <~ and a € (0, 1), we have

limy, 100 £ (%5, X)) = 0, SO that
sequence in X.

{x,} is a g-Cauchy
In view of the go-completeness of X, there exists x € X
such that {x, }o-converges to x.

Now, we show that x is a fixed point of F . By the
continuity of F , we have

x = lim x,,; = limFx,,_Fx.
n—-oo n—oo
Therefore, x is a fixed point of F.

For the uniqueness part, let on contrary that X, y € X
are such that Fx = x and

Fy =y. Thus, by using the condition (2.8), we have
# (X, y) = o (Fx, Fy)

samax p (X, y),8 X Fx), 0 (v,
Fy), 8 (X, Fy), o (¥, Fx)

=amax{ (X, ¥),# (X, X), % Y, y), (X
y), # (¥, X) }.

By using the property (2), we have g (x, y) < agp
(X, y), a contradiction so that & (X, y) = 0 which
implies that x =y. Thus, F has a unigue fixed point.
This completes the proof.
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