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Abstract - The study presents a novel and efficient approach to solving the axisymmetric Dirichlet
potential problem by employing the one-variable Hankel transform of the I-function. The Dirichlet
potential problem, a fundamental concept in mathematical physics, arises in various fields including
electromagnetism, fluid dynamics, and heat conduction. Traditional solutions often involve complex
mathematical manipulations and extensive computational efforts.

In this research, we leverage the powerful tool of the one-variable Hankel transform applied to the I-
function, a special function in mathematical analysis. By transforming the governing equations into the
Hankel domain, we simplify the problem significantly, reducing it to a manageable form. The transformed
equations are solved analytically, leading to explicit solutions for the axisymmetric Dirichlet potential.
The efficiency and accuracy of the proposed method are demonstrated through comprehensive
numerical simulations and comparisons with existing solutions. Using the Hankel transform of an I-
function in one variable, we have solved the famous Axisymmetric Dirichlet problem for a half-space in
this study. When dealing with cylindrical coordinates and boundary value issues, the Hankel transform is
a powerful tool. We have solved the Axisymmetric Dirichlet problem in a half space defined by the
following equations:

Keywords - potential problem, hankel transform, saxena's |- function of one variable, fox's Hfunction of
one variable.

INTRODUCTION

Calculus without limits has attracted the attention of
many mathematicians and scientists. In the 1920s of
the previous centuries, this kind of calculus first
appeared. The book "Quantum Calculus" by Kac and
Cheung contains the foundations of g-calculus.
Applications in fields such as ordinary and fractional
differential equations, finding solutions to g-difference
and g-integral equations, and g-transform analysis
have boosted the profile of research into g-integrals
and g-derivatives of arbitrary order.

From the seventeenth century to the current day,
hypergeometric functions developed as a natural
unification of many other types of functions that were
already known at the time. Basic or g-analogues of
these functions may be derived by further
generalization utilizing the idea of basic number q.
Since its discovery 30 years ago, g-functions have
attracted a lot of attention due to their potential
applications in number theory, statistics, and other

branches of mathematics and science. New
generalized versions of fundamental hypergeometric
functions have emerged as a result of recent work in
their theory. Functions like those of Mac-Roberts,
Meijer, Fox, and Saxena, as well as their g-
analogues, are included here. In light of the g-
extension of the generalized H-function and I-
function, the g-gamma function, have developed the
g-analogue of the I-function.

To this end, Truesdell has proposed a theory that
has produced many conclusions for specific
functions that meet the so-called Truesdell's F-
equation. resulted in a derivation of the F-equation
for a decreasing gradient using this theory. He
derived many formulae for the F-equation, including
those based on orthogonality, Rodrigue's method,
and Schalafli's method. found many variants of the I-
function that agree with Truesdell's F-equation in
both directions. The curious reader is directed to and

www.ignited.in

Priti Pandey™*, Dr. Neelam Pandey?, Dr. Yagya Pratap Sahu®

208



Solving the Axisymmetric Dirichlet Potential using the One-Variable Hankel Transform of the I-Function [|jjil§

the references therein for other examples of such
current research.

In this study, we find novel generating functions that
conform to Truesdell's ascending and descending Fq-
equation, and we also deduce several identities for the
g-analogue of the gamma function. We have extended
the F-equation to its g-analogue, the Fg-equation, in
order to do this. We have also identified a range of I-
functions, both ascending and descending, that meet
Truesdell's Fg-equation. We have used these different
structures to derive many I-function generating
functions. The outputs are verified by obtaining certain
specific instances of these results, which also provide
some new results.

LITERATURE REVIEW

Choi, Junesang et.al (2018). Combinatorics,
astronomy, applied mathematics, physics, and
engineering are just few of the many scientific fields
that have made use of special functions for centuries.
This Special Issue's principal objective is to offer a
forum for exploring the possible applications of
recently developed concepts and formulas for special
functions. Numbers and polynomials associated with
classical functions like the Bernoulli number, the Euler
number, and the gamma function; gamma functions,
beta functions, multiple gamma functions, and their g-
extensions and other extensions; confluent
hypergeometric functions; hypergeometric functions;
generalized hypergeometric  functions;  multiple
hypergeometric functions; and their various extensions
and associated polynomials.

Du, Wei-Shih et.al (2021). This survey article's
primary objective is to provide a synthesis of the
existing literature on vector-valued virtually periodic
functions and their applications. We take into account
virtually periodic functions in two or more real variables
independently from those in one real variable. We
discuss various unanswered questions and avenues
for further research on virtually periodic functions,
citing almost two hundred sources.

Zeraoulia, Rafik. (2021). My advisor, Dr. Brahimi
Mahmoud, from EDP, University of Batna 2, Algeria,
oversaw my work for my Master's thesis. This study
expands upon my previous work on the advection
equation and its use in contemporary physics, which
may be found.

Khosravian-Arab, Hassan et.al (2017). This work
introduces the generalized-tempered Bessel functions
of the first- and second-kind, abbreviated GTBFs-1
and GTBFs-2, respectively, for the convex domain.
The GTBFs-1 and GTBFs-2 are taken into account as
two specific situations. Then, we demonstrate that
these operators are self-adjoint on appropriate
domains, establishing that these functions may be
written as solutions to two linear differential operators.
Orthogonality, completeness, fractional derivatives and
integrals, recursive relations, asymptotic formulae, and

other relevant aspects of these sets of functions are
demonstrated in detail. At last, these operations are
carried out to solve three real-world, fractional-order
differential equations.

Kumar, Yazali et.al (2020). The purpose of this study
is to develop a new generalized function, the Psi-
function, that extends the functionality of the popular
Fox H-function and I-function. Where did Saxena and
Rathie get their I-function definition? We have also
provided exceptional examples, basic features, and
circumstances under which convergence occurs.

HANKEL TRANSFORM OF I-FUNCTION OF ONE
VARIABLE

Here, we do an analysis of the one-variable Hankel
transform of an I-function and identify the one-
variable Hankel transform of an H-function as a
special instance of the former.

One-variable I-function Hankel transform =

1
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Proof: By plugging in the left-hand side of the
equation representing the Hankel transform
definition, we obtain
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The right-hand side of a contour integral of the
Mellin-Barne type may be used to define the I-
function of a single variable as follows:
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Altering the allowed sequence of integration under
the right-hand side criteria yields
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using the result replacing # by ¢ The right-hand-side
integral of has the following form on the inside
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by shuffling the letters around, we get
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The right-hand side of the equation is found by writing
the contour integral of Mellin-Barne's type as an I-
function of one variable.

=0

Substituting v , The zero-order Hankel transform

is found by solving:

se{(8) " it oo |1}

1
_2% |, (3)"
p Pit+2.apT p

Where
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AXISYMMETRIC
PROBLEM

DIRICHLET POTENTIAL

For example, in the book of Andrews, Larry C., and
Shivamoggi Bhimsen K., the Axisymmetric Dirichlet
problem for a half space is mathematically defined as

uxx+§ux+uzz =0, 0<x<o, z>0
boundary conditions are

u(x,0) = f(x),

u(x,z) = 0 as m—»oo,z>0

The transformed issue looks like this once the x-
variable is subjected to a Hankel transform of order
zero:

0<x <o

Uy,—p*U=0, z>0
Having Boundaries
U(p,0) = F(p)
U(p,z) =0 as z—w

Where

Ho{ulx,2);x = p} = U(p, 2)

Ho{f(x); p} = F(p)

clearly, the solution of is
U(p,z) = F(p)e™"*

Using the Hankel inversion formula for integration, we
obtain

u(x,z) = Hy ' [F(p)e™%p - x] = [ pF (p)e™*[y(px)dp

o 1w =(0) e |
substituting © ! The answer to the
Axisymmetric Dirichlet problem for a half space is
given in the following equation:
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Proof: When the Hankel transform of is applied to

(x ) , we have
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substituting the value of F(p) solution gives

G263

T

1

[ (2% N
u(x,z) = f p[T";ffﬂ{:r [“ (;)
0

We get the contour integral of the one-variable I-
function in terms of the Mellin-Barne type formula.

] e P [y (px)dp
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By rearranging the allowed steps of integration under
the given constraints, we get

1 [=a]
ulx,z) = 22 mL ate'(§)2% “ p"’*’e"’zjo(px)dp] d¢
0

Taking the right-hand-side solution of Eg.we get
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We have an enlargement of the Hypergeometric
function.
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rearranging the terms, we get
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The right-hand side of the equation is found by writing
the Mellin-Barne's contour integral as an I-function of a
single variable.

SPECIAL CASES

Substituting r=1 The I-function of one variable is
equivalent to Fox's H-function of one variable as
shown in with the same assumptions.

Ay, &1, biy, B;

s @ bj B as respectively. This
gives us the Hankel transform of order zero for a one-
variable H-function.

aj, bj, Bj

variable are central to the study of mathematical
physics.

REFERENCES

1. ‘Choi, junesang & shilin, ilya. (2018). Special
issue of mathematics: special functions and
applications.

2. Du, wei-shih & kosti¢, marko & pinto, manuel.

(2021). Almost periodic functions and their
applications: a survey of results and
perspectives. Journal of mathematics. 2021.
1-21. 10.1155/2021/5536018.

3. Zeraoulia, rafik. (2021). Zeraoulia function and
its application in modern physics and
probability. 10.13140/rg.2.2.33633.43362.

4. Khosravian-Arab, Hassan & Dehghan,
Mehdi & Eslahchi, mr. (2017). Generalized
Bessel functions: Theory and their
applications. Mathematical Methods in the
Applied Sciences. 40. 10.1002/mma.4463.

5. Kumar, yazali & satyanarayana, bavanari.
(2020). A study of psi-function. Journal of
informatics and mathematical sciences. 12.
159-171. 10.26713/jims. v12i2.1340.

6. Aurisicchio, marco & eng, n.l. & ortiz nicolas,
juan & childs, p.r.n. & bracewell, rob. (2011).
On the functions of products. Iced 11 - 18th
international conference on engineering
design - impacting society through
engineering design. 10. 443-455.

7. Alsoboh, abdullah & amourah, ala. A. &

darus, maslina & sharefeen, rami. (2023).

Applications of neutrosophic g-poisson

distribution series for subclass of analytic

functions and  bi-univalent  functions.

Mathematics. 11. 868.

10.3390/math11040868.

Borg, john & sathinathan, t. & xavier, g..

@

(2020). Extorial function and its properties in
discrete calculus. Advances in mathematics:
scientific journal. 9. 6241-6250.
10.37418/amsj.9.8.91.
9. Bikila, hailu. (2022). Recursive convolutions
of unit rectangle function and some
applications. Results in mathematics. 77.
10.1007/s00025-022-01733-1.
Velazquez, francisco & morales méndez,
gines. (2021). Application in augmented
reality for learning mathematical functions: a
study for the development of spatial
intelligence in  secondary  education
students. Mathematics. 9. 369.
10.3390/math9040369.
Salehbhai, ibrahim & prajapati, jyotindra &
shukla, ajay. (2013). On sequence of
functions. Communications of the korean
mathematical society. 28.
10.4134/ckms.2013.28.1.123.
Delkhosh, mehdi & delkhosh, mohammad &
jamali, mohsen. (2012). Green’s function
and its applications. Journal of basic and
applied scientific research. 2012. 8865-
8876.

1/, . _]
0 {(©)" i foxe ) = 2 o) [
Where

Va €EC a>0,p>0,aa >0
P P Obtain the 10.

desired result

R(p)+0 n min [%?) :»—% ; Rp)+an

CONCLUSION 11.

Our goal is to use a Hankel transform of order zero to
get the answer to a boundary value issue using
cylindrical coordinates. Boundary value problems and
their solutions using the Fourier Cosine transform of 12.
the inverse function of one variable, the Hankel
transform of the inverse function of one variable, and
the Hankel transform of the inverse function of one

www.ighited.in

Priti Pandey™*, Dr. Neelam Pandey?, Dr. Yagya Pratap Sahu® 211



Journal of Advances and Scholarly Researches in Allied Education
Vol. 20, Issue No. 4, October-2023, ISSN 2230-7540

13.

14.

15.

Hu, ming-xing & kong, de-peng. (2021).
Analysis of ideas changing in the history of
mathematical analysis. International journal of
scientific research in science and technology.
505-510. 10.32628/ijsrst218477.

Prathima jayarama, vasudevan nhambisan
theke madam, shantha kumari kurumujji, "a
study of i-function of several complex
variables", international journal of engineering
mathematics, vol. 2014, article id 931395, 11
pages, 2014.

Agnieszka kulawik-piéro* and malgorzata
miastkowska (2021) polymeric gels and their
application in the treatment of psoriasis
vulgaris: a review

Corresponding Author

Priti Pandey*

Research Scholar Mathematics, Awadhesh Pratap
Singh University, Rewa, Madhya Pradesh

Priti Pandey™*, Dr. Neelam Pandey?, Dr. Yagya Pratap Sahu®

www.ignited.in

212



