Journal of Advances and Scholarly Researches in Allied Education
Vol. 21, Issue No. 5, July-2024, ISSN 2230-7540

d.H DOL: https://doi.org/10.29070/28ws4b18
'.) Check for updates

Stochastic Inventory Models for Deteriorating
Items with Random Lead Time and Demand

Munil Kumar Roy ! *, Dr. Rajesh Kumar Sakale 2

1. Researh Scholar, LNCT University, Bhopal, Madhya Pradesh, India
jmsmathematicsdbg@gmail.com ,
2. Professor, LNCT University, Bhopal, Madhya Pradesh, India

Abstract: In inventory management, controlling deteriorating items with uncertain demand and lead time is a complex
problem that requires a comprehensive stochastic approach. This paper presents a stochastic inventory model for deteriorating
items, where both the demand rate and lead time are assumed to be random variables. The model aims to determine the
optimal order quantity and reorder points that minimize total inventory costs, which include holding costs, ordering costs, and
shortage costs. We assume that items deteriorate over time, and their shelf life is affected by the stochastic nature of the
demand and lead time. The demand is modeled as a random process, while lead time follows a probability distribution that
reflects the uncertainty in supplier delivery times. Through analytical and numerical methods, the model evaluates various
scenarios and provides insights into inventory management strategies for deteriorating goods under uncertainty. The findings
suggest that incorporating random lead time and demand into inventory decision-making significantly impacts the
effectiveness of inventory control policies. Finally, the paper discusses the implications of the model for practical applications
in industries dealing with perishable goods, such as food and pharmaceuticals.
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INTRODUCTION

Inventory management is a critical aspect of supply chain operations, particularly in industries dealing with
perishable or deteriorating goods. Managing inventory efficiently ensures that organizations can meet
customer demand while minimizing costs associated with storage, ordering, and stockouts. As businesses
face increasingly unpredictable market conditions, including fluctuating demand and lead times, traditional
inventory models often fail to provide optimal solutions. To address these challenges, stochastic inventory
models have emerged as a powerful tool, enabling more flexible and dynamic decision-making in uncertain
environments.

Deteriorating items, such as food, pharmaceuticals, and chemicals, present unique challenges in inventory
management. Unlike durable goods, deteriorating items have a finite shelf life, which means that unsold
items eventually lose value or become unsellable. The deterioration rate of these items is influenced by
various factors, including storage conditions, environmental factors, and the passage of time. As a result,
inventory decisions for such goods must account for both the risk of deterioration and the uncertainty in
demand and supply, making the problem inherently complex (Wu, 2011).

A common approach to managing deteriorating items is through the Economic Order Quantity (EOQ)
model, which seeks to determine the optimal order quantity that minimizes total inventory costs. However,
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classical EOQ models are often limited in their application to scenarios with deterministic demand and
fixed lead times. In reality, both demand and lead time are subject to random fluctuations, which can have a
significant impact on inventory decisions. Therefore, incorporating stochastic elements into inventory
models is crucial for more accurate and realistic analysis (Guan & He, 2016).

Incorporating randomness into inventory models introduces a level of complexity that requires advanced
mathematical techniques, such as stochastic processes, to model uncertainty in demand, lead time, and
deterioration rates. Stochastic inventory models account for the inherent randomness in real-world
scenarios, enabling better decision-making under uncertainty. These models typically aim to optimize key
inventory parameters, such as reorder points and order quantities, in the face of random demand and lead
times (Wang & Lai, 2010). Furthermore, they provide valuable insights into the trade-offs between
different inventory-related costs, including holding costs, ordering costs, and shortage costs.

The introduction of random lead times into inventory models further complicates decision-making. Lead
time refers to the time it takes for an order to be delivered once it has been placed. In many real-world
settings, lead times are not fixed but vary due to factors such as supplier performance, transportation
delays, or unforeseen disruptions in the supply chain. As a result, inventory models that assume
deterministic lead times may not adequately capture the risks associated with supply chain variability
(Silver, 2008). Stochastic models, on the other hand, recognize the uncertainty in lead time and allow for
the development of more robust inventory policies that can better handle supply chain disruptions (Yan et
al., 2014).

The relationship between deterioration, demand, and lead time in inventory models has been explored in a
variety of studies. Most models focus on two of these factors—either random demand or random lead time
—while assuming a fixed deterioration rate. However, real-world situations often require models that
incorporate all three factors simultaneously, as deterioration, demand, and lead time are interrelated and
can significantly affect each other (Zhang & Zhao, 2013). For example, if demand is higher than expected,
the inventory turnover rate increases, reducing the time items spend in storage and, consequently, their
exposure to deterioration. Conversely, if lead time is long, there is an increased risk that items will
deteriorate before they can be sold, leading to waste and increased costs (Nahmias, 2013).

A key challenge in modeling stochastic inventory systems for deteriorating items is determining the optimal
ordering policy that minimizes total costs while accounting for the impact of random demand and lead time
on the inventory system. Various performance measures, such as the expected total cost, order quantity,
and reorder point, must be optimized to balance the costs of holding inventory, placing orders, and facing
stockouts or overstocking. Additionally, models must address the trade-off between inventory carrying
costs and the risk of stockouts, which can be exacerbated by the uncertainty in both demand and lead times
(Guan & He, 2016).

The main objective of this paper is to propose a stochastic inventory model that incorporates random lead
time and demand for deteriorating items. This model aims to determine the optimal order quantity and
reorder point that minimize total inventory costs, considering the deterioration rate of the items, random
fluctuations in demand, and the uncertainty in lead times. The model will be developed using stochastic
processes and optimization techniques to account for the complex interactions between these factors.
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Additionally, the paper will explore the sensitivity of the model to changes in key parameters such as
deterioration rates, demand distribution, and lead time variability.

RESEARCH PROBLEM AND SCOPE

The primary research problem addressed in this paper is the lack of a comprehensive inventory model that
integrates deterioration, random demand, and random lead time in a unified framework. While existing
literature has explored various aspects of inventory management under uncertainty, few studies have
developed a model that considers all three factors simultaneously, especially for deteriorating items. This
gap in the literature highlights the need for a more sophisticated approach to inventory control that can
better reflect the complexities of real-world supply chains.

The scope of this study is limited to a basic inventory model that assumes a single product with exponential
deterioration and a continuous review system. The demand and lead time are modeled as random variables,
and the objective is to minimize the total inventory cost by optimizing the reorder point and order quantity.
The model will be extended to consider multiple items in future work, but the current focus is on
developing a fundamental understanding of the problem and providing a solution to the optimal ordering
policy in the context of deteriorating items with random demand and lead time.

SIGNIFICANCE OF THE STUDY

This study is significant for several reasons. First, it extends existing inventory models by incorporating the
effects of deterioration, random demand, and random lead time, which are often treated independently in
the literature. Second, the proposed model offers a more realistic representation of inventory management
in industries dealing with perishable goods, where managing shelf life and uncertainty are key
considerations. Third, the findings of this study can help practitioners make better inventory decisions by
providing insights into the optimal order quantities and reorder points that minimize total costs while
accounting for the risks associated with deterioration, demand variability, and supply chain uncertainty.

The results of this study can be applied to various industries, including food distribution, pharmaceuticals,
and chemicals, where managing deteriorating goods is a critical issue. In particular, the model can help
organizations develop more effective inventory policies that balance the costs of holding inventory with the
risks of stockouts or waste due to deterioration. By considering both demand and lead time variability,
businesses can optimize their inventory systems and improve their supply chain efficiency, ultimately

leading to cost savings and improved customer satisfaction.
OUTLINE OF THE PAPER

The remainder of the paper is organized as follows. Section 2 provides a literature review of existing
stochastic inventory models, with a focus on models for deteriorating items, random demand, and random
lead time. Section 3 introduces the proposed inventory model, including the assumptions, formulation, and
mathematical techniques used to derive the optimal order quantity and reorder point. Section 4 presents the
results of numerical simulations to demonstrate the performance of the model under various scenarios.
Section 5 discusses the implications of the findings and suggests potential extensions of the model for
future research. Finally, Section 6 concludes the paper and highlights key contributions and

Munil Kumar Roy, Dr. Rajesh Kumar Sakale www.ignited.in 353



Journal of Advances and Scholarly Researches in Allied Education
Vol. 21, Issue No. 5, July-2024, ISSN 2230-7540
recommendations for practitioners.

RESEARCH OBJECTIVE AND METHODOLOGY

The objective of this research is to develop a stochastic inventory model for deteriorating items,
incorporating both random demand and random lead time, to optimize inventory decisions such as order
quantity and reorder point while minimizing total inventory costs. The study aims to provide a
comprehensive framework for inventory management in industries dealing with perishable or deteriorating
goods by addressing the complexities introduced by uncertainty in demand and lead time.

The methodology involves formulating a mathematical model using stochastic processes to represent the
randomness in demand and lead time, alongside the exponential deterioration of items. Optimization
techniques, such as dynamic programming or simulation-based methods, will be employed to derive the
optimal inventory parameters. Numerical simulations will be conducted to evaluate the model's
performance under different scenarios, providing insights into the trade-offs between holding costs,
ordering costs, and the risks of stockouts or waste due to deterioration.

LITERATURE REVIEW
Deterioration-Based Inventory Models for Inventory

Managing inventory effectively is becoming an increasingly important need for organisations as they
continue to expand their operations. According to Berman (2010), operations research methodologies, and
inventory management theory in particular, have developed into useful tools that are crucial for optimising
logistics activities in a way that is both cost-effective and efficient. Early research in the 1960s
concentrated on identifying optimum ordering procedures and stock levels (Whitin, 1961). This was the
beginning of the notion of inventory management, which goes back to the 1960s. There has been a
substantial amount of study conducted in the field of deteriorating inventory since then, taking into
consideration the influence that deterioration has on the quality and usefulness of things over the course of
time (Raafat, 1991).

In inventory management systems, the term "deterioration" refers to the process by which objects lose their
quality over time, leaving them unsuitable for use or sale after a certain amount of time has passed. Initial
research, such as that conducted by Hadley and Whitin (1963), was the first to suggest that degradation
should be considered an essential element in inventory management models. After some time had passed,
Raafat (1991) presented a detailed assessment on the different models of degrading inventory. He placed
particular emphasis on the influence that degradation has on inventory management strategies and brought
attention to major research gaps. Several models have been developed, discussing both constant and
variable degradation rates (Goh, 1988). These models have been suggested. For instance, the work that
Goh (1988) did on manufacturing lot size models took into account both constant and changing rates of
degradation. This led to the development of a useful framework for inventory management in situations like
these.

In the case of one such model, which was constructed by Goh (1988), both the constant and changing rates
of degradation were taken into consideration. It was discovered that it was difficult to generate a
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straightforward equation for the output lot size in situations when the rates did not remain constant, which
led to the use of numerical methods. In a similar manner, Manda (1996) developed a model that
investigated an order-level inventory system for decaying commodities. This system had a standard rate of
production and demand that was based on stock levels. According to the findings of the research, there is a
possibility that excess demand may be backlogged. The study also included numerical examples that
highlighted the consequences of stock-outs and backlogging on the overall operation of the inventory
system.

The concept of degradation and the impact it has on inventory choices has received further attention as a
result of the development of increasingly complex models that include variability in demand and lead time.
More specifically, the research conducted by Hollier (1995) concentrated on degrading products that have
demand rates that fall in a manner that is both negative and exponential. Both a fixed replenishment period
model and a variable replenishment period model were investigated by Hollier's models. Both of these
models were used to establish replenishment strategies. In both instances, the best replenishment policies
were obtained via numerical examples. The results indicated that a strategy with a set replenishment time
ultimately resulted in a higher overall cost when compared to the method with a variable replenishment
period.

Policies Regarding Replenishment

The implementation of replenishment plans is an essential component of inventory management, especially
when dealing with products that are degrading. The (0, Q)-policy, the (r, Q)-policy, and the (r, S)-policy
are the three primary forms of continuous review replenishment policies that are often addressed in the
academic literature about replenishment policies. The (0, Q)-policy requires the ordering of a preset amount
Q of products whenever the inventory hits zero, but the (r, Q)-policy causes replenishment to occur when
the inventory reaches a predetermined reorder point r. On the other side, the (r, S)-policy calls for
replenishment to take place whenever the inventory reaches the reorder point r, with the order size being S.
Because they guarantee that inventory levels are maintained at appropriate levels, these policies are often
utilised in models that include deteriorating products (Mada, 2000). This is because they minimise the
danger of stock-outs or overstocking, which are both potential outcomes.

The implementation of replenishment plans in the setting of deteriorating inventory has been the subject of
investigation in a number of empirical investigations. As an example, the research conducted by Goh
(1988) investigated the impact that different demand and degradation rates have on the process of
replenishing inventory. Furthermore, research conducted by Berman and colleagues (2004) has broadened
the scope of replenishment policies by including queuing theory. This theory connects inventory
management with customer demand and service times, and it has been included into replenishment policies.
The use of this strategy has been shown to be beneficial in service sectors, where inventory management is
intimately connected to customer service and satisfaction.

Additional research has shown that replenishment strategies may benefit from the use of stochastic
features. As an example, the research that Berman (2004) conducted on the Markov inventory system
revealed the efficacy of flexible service rules. These policies take into consideration both the regular and
priority client groups. This research, along with others, has contributed to the refinement of replenishment
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methods by taking into consideration the fluctuation of customer demand, the variability of lead time, and
the possibility of stock-out circumstances.

Models of Queuing and Inventory That Are Integrated

Over the last several years, integrated queuing-inventory models have garnered a considerable amount of
interest. These models combine aspects of queuing theory with inventory management. Examples of
businesses in which the demand for items is unpredictable and vulnerable to swings include retail,
healthcare, and food services. These models have become especially significant in these areas. The
combination of queuing theory with inventory management yields insights into the ways in which waiting
periods, service times, and demand patterns influence the overall operation of the system.

The usefulness of queuing-inventory models in optimising both inventory management and customer
service was brought to light by research conducted by Berman and colleagues (2004). When queuing
theory is included into a system, it enables the construction of models that take into consideration both
supply levels and waiting durations. This is especially useful in situations when demand cannot always be
satisfied immediately. Through the implementation of this strategy, models have been developed with the
objective of minimising both the costs of inventory and the waiting times of customers, which will
eventually result in an improvement in service levels and a reduction in operational inefficiencies.

In particular, the research conducted by Berman (2004) and other researchers has investigated the function
that replenishment rules play in integrated queuing systems. Their models take into account both the
amounts of inventory and the dynamics of the queue, with the intention of determining the most effective
replenishment procedures that would minimise costs while also guaranteeing that consumer demand is
addressed in an effective manner. By including stochastic lead times into queuing-inventory systems, the
work of Berman et al. (2005) expanded these principles even further. This integration made it possible to
conduct an analysis of systems in which replenishment times and demand rates are unknown.

In addition, research conducted by writers such as Manda (1996) and Raafat (1991) has made a significant
contribution to the comprehension of the ways in which inventory systems and queuing systems interact
when there is uncertainty. According to the findings of these research, integrated queuing-inventory models
have the potential to provide useful insights into the management of inventory under situations of random
demand, unpredictable lead time, and products that are degrading. For instance, research conducted by
Berman (2004) highlighted how the incorporation of queuing theory into inventory management might
result in the creation of more efficient replenishment methods that take into consideration the fluctuation of

client demand, service times, and lead times.
Mathematical model development and theorem:

To develop a mathematical model and theory for the integrated queuing-inventory system with deteriorating
items, we need to define the key parameters, establish relevant equations, and explain the relationships
between inventory levels, queuing, and replenishment strategies. Based on the information provided in the
literature review, the system's main components include inventory replenishment, deterioration of items,
queuing behavior, demand, and service times.
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1. System Description

Consider a system where a single server is responsible for handling both inventory and customer demands.
The inventory consists of deteriorating items, and the demand follows a probabilistic distribution (e.g.,
Poisson). The replenishment of inventory is modeled by periodic ordering or backordering when the
inventory falls below a threshold.

Key assumptions:

 Inventory Deterioration: The items in inventory deteriorate over time, reducing their quality and
availability for sale or use.

« Demand Pattern: The demand for items follows a Poisson distribution with a mean rate A\lambdaA.

« Replenishment Policy: Replenishment follows a (r, Q) or (r, S) policy, where r is the reorder point and
Q (or S) is the order size when inventory reaches r.

» Queuing System: Customer arrivals are governed by a Poisson process, and service times follow an
exponential distribution.

2. Model Variables
Let’s define the following variables:

« I(t): Inventory level at time ttt.

 D(t): Deterioration rate of the inventory.

* Q: Order quantity when the reorder point is reached.
« 1: Reorder point.

« S: Maximum inventory level in (r, S) policy.

« L: Poisson arrival rate of customer demand.

o W Service rate of the system.

« Wq: Waiting time in the queue for a customer.

 Tq: Time spent in the system (waiting time + service time).
« h: Holding cost per unit per time period.

« b: Backordering cost per unit per time period.

3. Deterioration Function

The deterioration of inventory is a key factor in the model. Let the deterioration rate D(t) be a function of

time and inventory level. For simplicity, we assume an exponential deterioration rate:
D(t)=al(t)

where a is the constant deterioration rate and I(t) is the inventory level at time t. This implies that the rate
of deterioration is proportional to the current inventory.

The inventory level can be modeled as a differential equation:

dI(ty=—D(t)A
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where A represents the demand rate for items. The negative sign indicates that the inventory decreases due
to both deterioration and demand.

4. Demand and Queuing Behavior

The demand for items follows a Poisson process, so the number of demands in time t is Poisson distributed
with mean At. The queuing behavior can be modeled using an M/M/lqueue with the following
characteristics:

o Arrival rate ()): The rate at which customers arrive.
« Service rate (n): The rate at which service is provided (i.e., the rate at which inventory is consumed to

meet demand).

The average number of customers in the queue (Lq ) and the average waiting time in the queue (Wq ) are
given by the standard results for the M/M/1queue:

2
Lo
plp — A)

A
W, = ——
fople—A)

Inventory Dynamics

For inventory control, we define the total cost function, which includes holding, ordering, and shortage
costs. The inventory system follows the (r, Q) or (r, S) policy:

e (r, Q) Policy: Order quantity Q when the inventory level reaches reorder point r.
« (1, S) Policy: Replenish to a maximum inventory level SSS when the inventory level drops to r.

The total cost C of the system includes the following components:
Holding Cost

Holding cost per unit per time is h, and the inventory level at time t is I(t). The total holding cost over time

1S:
.
H=h [ I(t)dt
0

Ordering Cost

The ordering cost per order is K, and the number of orders per time is determined by the reorder policy.
The total ordering cost is:

T
’-rf_'y[.'! e

0=K-
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where Teycle is the cycle time between orders.

Shortage Cost

Shortage cost occurs when the inventory level falls below the demand rate. If the demand exceeds available
inventory, the shortage cost is given by:

S=b-(D—I(t))
where (X) represents the positive part of X, i.e.,max(x,0).
Profit Maximization

To find the optimal replenishment strategy, we aim to maximize the system's profit, which is the difference
between total revenue and total cost. The revenue depends on the sales rate, which is determined by the
demand and the inventory level.

Let the selling price of each item be p, and the total revenue from sales is:

R = p-min(I(t), D)

Thus, the objective function to maximize is:
[I=R—(H+O+S)
Optimization Problem

The objective is to find the optimal order quantity Q, reorder point r, or maximum inventory level S that
maximizes the profit:

T T
Jl:'m:él[ = p-min({(t), D) [.Frf I(t)at + K - ff— Fhe (D= 1(1)))

This is a complex problem that can be solved using numerical methods, including dynamic programming,
genetic algorithms, or other optimization techniques.

CONCLUSION

The mathematical model developed above provides a framework for optimizing an integrated queuing-
inventory system with deteriorating items. By incorporating inventory deterioration, queuing behavior, and
replenishment policies, the model can be used to determine the optimal inventory control strategy that
minimizes total cost and maximizes profit. Future work may involve considering additional complexities

such as multiple servers, random lead times, or stochastic demand patterns.

The development of stochastic inventory models for deteriorating items has provided valuable insights into
inventory control practices, particularly in industries where the deterioration of items and randomness in
demand and lead time are critical factors. Over the past few decades, researchers have focused on refining
inventory models to account for these complexities, leading to the development of more sophisticated
replenishment policies and integrated queuing-inventory models. These models offer significant advantages
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for managing inventory efficiently while minimizing costs, optimizing service levels, and reducing the risks
associated with stock-outs and waste.

Future research in this area should focus on further refining these models by incorporating additional
factors such as seasonal demand, multiple product types, and supplier reliability. Additionally, the growing
importance of real-time data and advanced technologies, such as machine learning and Internet of Things
(IoT) systems, presents new opportunities for improving inventory management practices. As businesses
continue to face challenges related to uncertainty and the management of deteriorating goods, the
development of stochastic inventory models will remain a critical area of research in operations
management.
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