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Abstract — The present investigation is fundamentally worried about a few new sorts of fixed point
theorems in various spaces, for example, cone metric spaces and fuzzy metric spaces. By utilizing these
acquired fixed point theorems, we at that point demonstrate the presence and uniqueness of the
solutions to two classes of two-point customary differential equation problems.

INTRODUCTION

After the observed Banach contraction principle
(BCP) in 1922, there have been various results in the
writing managing mappings fulfilling the contraction
conditions of different kinds including even nonlinear
articulations. One of its vital generalizations is given
by Jungck (1976) in which he built up regular fixed
point theorems for driving pair of maps. This idea of
commutativity of maps is casual to weakly
commutativity, similarity, weakly similarity, and so
forth.. Branciari (2002) acquired a fixed point
hypothesis for map fulfilling a simple of Banach
contraction principle for integral sort imbalance. This
result was additionally generalized by numerous
creators.

The motivation behind this section is to enhance and
generalize some current normal fixed point results in

generalized metric spaces and ¢—<L- fuzzy metric
spaces for the maps fulfilling integral write
contractive conditions. To begin with, we acquire
some fixed point results for half and half match of
single and multivalued maps in the settings of b -
metric spaces. From there on, we

characterize =L - fuzzy metric space and acquire
some fixed point theorems in it. Some current results
are determined as special cases.

We initially demonstrate some basic fixed point and
occurrence point theorems for half breed combine of
maps in b - metric spaces fulfilling basic property (E.
An.) and an integral disparity.

COMMON FIXED POINT THEOREM USING
INTEGRALINEQUALITY

Theorem 2.1. Let (X> Dpe

metric space and
F.G:X — CB(X) gych that

a complete b -

f,g: X>X and

(i) FXcgX, GXc X,

(i) The pairs (£-/) and (G.8) satisfy the
common property (£.4),

Gv)  forall Y- ve-L.

h(Fx, Gy) (M(x.y)
#(r) dit < (/L [¢(0) dr I
. . (2.1)

where ¢: %" =07 is Lebesgue integrable mapping
which is summable. non-negative and such that

¢(t)dt > 0, foreach >0

Sy —,

2.2)

and

M(x, v) =max{d(fx. gv), d(Fx, fx), d(Gv, gv), [d(Fx, gv)+d(Gv,

(2.3)

A =max{q. ——gb—:. 2
with gb <1, 2b <1, where "2 1f A and
&Y are closed subspace of X, then
(1) / and £ have a coincidence point.
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(2) g and G have a coincidence point,

3) 7 and F have a common fixed point provided
that / is F — weakly commuting at ¥ and
S = fu for < Cc(f, F), where, C(f.F) = {_r r

is a coincidence point of 7 and F}.

(4) g and G have a ordinary fixed point
provide that g is G- weakly commute at
v and €&V=9" for v<C(g. G).

(5) /.8 F and G have a ordinary fixed point
provided (3) and (4) are true.

Proof. Let Yo €-Y- From (i) we can construct a series
02} in Xsuch that "> = Pt €G% Vapuy = Sonar € FXppy
for all 7720

It follows from equation (2.1) that

h(¥2n+2. ¥2n+3) h(Gan+1. Fan+2) (Mx2n+1. X2n+2 )
j¢>u)m = J’¢u)m <q j¢(r) dr |,
0 0 \ 0 /
where,
h(¥2n+2. Y2n+3) max{d (¥2p+1. Y2n+2) d(V2ps2. Y2n+3). d(V2pa1. Y2ans3)/2))
j¢)(l) dt < j¢(/)d1 ’
0 \ 0 J

( h(¥2n+1. ¥2n+2) \
< A{ _[¢(r)dr [
‘ 0 )

Thus,

M(Xyg, Xppey) = AXAA (10 &Xpan) A(FX gy igyn): d(GXyi0 8¥50)-
[d(Fxppy- 8¥0pe2) +d(Gxgpins fr201)]/ 2}

=AX{d(Vap01- Vane2): A(Vanazs Vanas) A Wapars Vanes)/ 2}
Similarly,
h(Yan+1- ¥2n+2) {"(."2» Yan+1) }

[y di<a — [p)dr
0 0

9,

A =max{qg, ——}.
¢ 2—qu

where,

Thus, we have proved that for all 7=0

h(¥n+1- Yn+2) h(Vn. Yn+1) h(yo. 31)
I¢(r)drsz( j¢(r) dr]s/i"[ j¢(r) dz]_
0 0 0

hym, ¥yn) m=1h0%. Yis1) m-1 [ h0o.M) a ‘h()o n)

i |
'([¢(,)dr>z J'z/;(ir)duzle j'z/ﬁu)d/‘> J;«#(/)dr!.

i=n 0 t=n \ 0

1-4\

Then

h(¥m- ¥n)
lim  [gO)dr=0, ie, {3}
waw is a Cauchy sequence.
Since . is a Cauchy sequence, there exist
a= satisfying
limy, =z =lim f,,,, =limgx,,,,.
n—x n—xo & n—>x it
since ¥ and &Y are closed, there exist .V such
that /=== " A similar argument proves that

limFx,, , =limGx,, ,

n—w n—w

zelimFx, ,, =lhmGx, .

n—xe n—w

lim F,, , = 4 lim Gx,,,, = B,
If 7o and n—= n+2

Thus (F-Sand (¢ 9) satisfy, common property
(E.4)

then z€ANB.

We claim that &' <C" To prove it, we take =" in
(2.1),

h(Fxp. Gv) [ M(xp,v) '

[ear<q  [owar)

0 \ 0 ),
where,

M(x,,v)=max{d(fx,. gv). d(Fx,, fx,), d(Gv, gv),

[d(Fx,, gv)+d(Gv, fx,)]/ 2}

Taking the limitas 7 = %> we obtain
h(4. Gv) M(4.v)

j¢(r)(/r < q[ j¢(r) dr ]

0 0

where,
M(4, v)=max{d(fu, gv). d(4, fu). d(Gv. gv).[d(4. gv)+d(Gv, fiu))/ 2} =d(Gv, gv).

Since &=/ €4, it follows from the definitions of
Hausdorff metric that

X d(Gv, gv) < (4, Gv) <d(Gv, gv), -
Hence for all and noting, a constant, we have e L '8
which implies that gve L. =
1 7. 92 o @
mznz0 o A=mie 70 L . IS
On the other hand, by condition (iii) again we have, g
2
324
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h(Fu, Gyp) (Mu. yn)

jw(r)dr < q[ j</>m(h \!.
0 \ 0 )

where,

M(u, y,) =max{d(fu, gv,). d(Fu. fv,). d(Gv,. gv,).
[d(Fu, gv,)+d(Gv,. fu)]/ 2}

and similarly, we obtain

d(fu, Fu) < h(Fu, B) <d(fu, Fu). yance fu € Fu.

Thus / and F have a coincidence point # and £
and G have a coincidence point V- This completes
the proofs of part (1) and (2).

Furthermore, by virtue of condition (3), we obtain

fu=fu gnd fieeFf Thus =70 SFU This proves
(3). A similar argument proves (4). Then (5) holds
immediately.

If we put ¢)=1 and 2=1 in Theorem 2.1. the
following result of Liu et. al. (2005) is obtained.

Corollary 2.1. Let (- @) pe a complete metric space
and /- 8:X > X gng £ G: X > CBLY) g0y that
Q) FXcgX, GXc /X,

(ii) The pairs (F-/) and (G.2) satisfy the
common property (£-4)-

Let ¢ = (0. 1) pe a constant, such that for all ¥# in -X-
h(Fx. Gy) < gmax{d(fx, gv). d(Fx, fx), d(Gv. gv). [d(Fx, gv)+d(Gy, f)]/2}

If fX and gX are closed subspace of X, then

D f and F have a coincidence point.
(2) g and G have a coincidence point,
3) / and F have a common fixed point provided

that / is F weakly commuting at " and
Ju = fu for € C(f-F),

4) € and G have a common fixed point provided

that € is G- weakly commuting at V and
g8v=gv for Ve C(gG)

Theorem 2.2. Let (Y9 pe a complete b- metric
space and /- & X =X gpg F.G: X > CBY)

such that

0 FXcgX, GY c /X,
(ii) The pairs (F-/) and (G- &) satisfy the
common property (£-4.).

(iii) For all¥- V€ X

h(Fx, Gy) (M(x,y)

(1) dt < q .f;b(r) dt i
> )

where 9N > NRijs 4 Lebesgue integrable
mapping which is suimnable, non-negative and

@(r)dr > 0,

such that o for each ¢>0.

M(x, y)=ad(f, g)+ fmax{d(Fx, fr), d(Gy, &)}

+ymax{d(Fx, g)+d(Gy, f), d(Fx, fr)+d(Gy, @)}
: FRVRAR (2.4)

qb

A =max{g, ——}.
2-gb

If /X and &Y are closed subspace of . then
1) / and F have a coincidence point,

2) & and G have a coincidence point,

(©) / and F have a common fixed point
provided that Tis F - weakly commuting at
u and Mt = fit jor u€C(f. F),

4) € and G have a common fixed point

provided that € is G- weakly commuting at
vand &8v=g" for v<C(8.0).

(5) /-& Fand G have a common fixed point
provided (3) and (4) are true.

Proof. From equation (2.4). we have

h(Fx. Gv) < ad(f. gv)+ fmax{d(Fx. fx). d(Gv. gv)}
+ 2y max{[d(Fx, gv)+d(Gv, fx)]/2.[d(Fx. fx)+d(Gy, g)]/2}.

But,

) /& F and G have a common fixed point max{d(Fx, fx), d(Gv, gv)} = (d(Fx, fx)+d(Gy, gv))/2, c
provided (3) and (4) are true. =
so, 2
As an application of Theorem 2.1 we obtain the =
following result. =
]
=

325
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IFx, Gv) < ad(fx, gv) + fmax{d(Fx, f), d(Gy, gv)} (ii) The pairs (4.5) and (8.1 are weakly
+ 2y max{[d(Fx, gv)+d(Gv, fx)]/2,d(Fx, fx).d(Gv, gv)}. compatible,
= . o (iii) forall ¥. v X,
Let ¢=a+/F+27 <L Following (2.4), it is easy to see
that
d(Ax, By) M(x, y)
it < d
I(Fx, Gy) < gmax{d(fx. gv). d(Fx. fx). d(Gv.gv). [d(Fx. gv)+d(Gv. )]/ 2}. J d(t)dt < q[ ‘([q?(r) t]
Thus by Theorem 2.1, we arrive at the conclusions of where ¢ %" >N s a Lebesgue integrable
Theorem 2.2. mapping which is suimnable, non-negative and such
that

If we put #)=1 and » =1 in Theorem 2.2, we get the
following result of Liu et al(2005), e
. j¢(f)df > 0, for each & > 0,
Corollary 2.2. Let (X. @) be a complete metric space 0
and /&€ X2 X gpng F. G: X > CB(X)gych that
and
0 FX cgX, GX c fX,
M(x, y) = max{d(Sx, Iv), d(Sx, 4x), d(Tv, By), [d(Sx, By)+d(Iv, 4x)]/ 2}
N 2.5
(ii) The pairs (F./) and (C-8) satisfy the (2:5)
common property (£-4)- b |

7 - e S
A =max{q, }.
2-qb

with 92 <122 <1 \yhere
Let A0 D pe a constant, such that for all
x#ymn X, If 7Y or SY is closed, then A. B, 5 and T have a
common fixed point.
I(Fx, Gv) < ad(fx, gv)+ fmax{d(Fx. fx). d(Gv. gv)}
P;(?Qf- Let %<4 From () we can construct a

SO Fay X . =T = ¢
sequence WS in X such that - Bya = 4% ang

Yons2 = S‘\_lrwl = Bx

+ ymax{d(Fx, gv)+d(Gv, fx).d(Fx. fx)+d(Gy, ;

2n+1

2n+1

o) - 5
and @+ A +2y <L f fX and &Y are closed subspace

of ¥ then . o .
As in Theorem 2.1. we can prove that W) is a
. o . Cauchy sequence. Since X is complete, the
() / and F have a coincidence point. y ,?_ ) ) p_ )
sequence “'»/ converges to a point - in X.
(i) £ and G have a coincidence point. (Eon‘selqu?nt!y, S L t?e ; s:Jbsc?qu]ences
’l“l'\Zr;J'- ‘lB'\1n+lJ" 'l‘S'\JIH-lf and lTx:n-HOf Was also
(i) / and F have a common fixed point provided converge to the same limit =
that / is F - weakly commuting at ¥ and
M= fit 4o, u€C(S. F). Now suppose that /) is closed. Then since
x5 S T(X). there exists a point #€X  such that
(iv) g€ and G have a common fixed point z=Tu. Then by using (2.5), with * =¥ and ¥ =% we
provided that € is G- weakly commuting at get

Vand £2v=2V for VE C(g.G),
d(Axyy. Bu) M(xpy. u)
(v) /.& F and G have a common fixed point I ¢(f)dfi'(j[ J‘¢(f)f/f]‘
provided (3) and (4) are true. 0 0

Now we give a common fixed point result for four self where,
mappings in a b- metric space.

M(x,,, u)=max{d(Sx,,, Tu), d(Sx,,, Ax,,), d(Tu, Bu), [d(Sx,,, Bu)+d(Tu, 4x,,)]/ 2}
Theorem 2.3. Let (X-@) pe a complete 6-metric

space and & B> 5: T4 =>4 e gch Letting " > **> we get =
(&)
d(z, Bu) M(z, u) =

that
P(r)dr < q[ [#(o)dr J 5
. " TX. BX = SX 0 .0 =
0 AX cTX, BX c SX, =
=
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where,

M(z, u) =max{d(z, z), d(z, z), d(z, Bu), [d(z, Bu)+d(z, )]/ 2}.

Thus,

( M(z, Bu)

f«sunh '
0

d(z. Bu)
J #(1)dt < ¢
° \

which is a contradiction. This
implies that == Bu. Therefore 1% =2=Bul. Hence by
the weak compatibility of the pair (B-7) jt in

unediately follows that B7%=TBu. thatis. B==T= oy

we shall show that = is a common fixed point of B
and T. By setting * ~ 2 and *~~ hi (2.5) we have

d(Axyy. Bz)

I #(r)dt < g
°

M(x2p. 2)

J' #(0)dr |
0 J

where,

M(z, 2) \
[mr)dr :

0

d(z, ) d(4z, B)
'[mr)d/; j OLEY
o 0

where,

M(z, 2') =max{d(Sz, TZ'), d(Sz, 4z), d(T=', BZ'), [d(Sz, Bz")+d(T=, -

max{d(z, z'), d(z, 2), d(z', 2),[d(z, 2)+d(z', 2))/ 2} =d(z, z")

Thus we get,

d(z, =) d

Igﬂ(l)(f! <q (:J;)’(I)('/I

0 0

T.

, a contradiction. Thus of A, B. S and

z=7’ and = is a unique common fixed point

COMMON FIXED POINT THEOREM IN e-£-
FUZZY METRIC SPACE-

In 1965, Zacleh (1965) presented fuzzy set, which
is additionally generalized to intuitionistic fuzzy set

M(x,,, z) =max{d(Sx,,, Iz), d(Sx,,. Ax,,). d(I=. Bz), [d(Sx,,. B:)+(1’{£;.Alt\élugsgbv (1986) and £ - fuzzy set by Goguen

_ - ) lim 4x,, = z = lim Sx,,
Letting ” %> and noting that = - noe °

and 5= = we get

(1967), Thereafter a few creators characterized
fuzzy metric spaces in various ways. Subsequently
a few fuzzy fixed point theorems are likewise settled
in their new settings.

M(z, z) =max{d(z. Bz). d(z ). d(Bz. Bz).[d(z. Bz) +d(Bz. 2)]/ 2} =\f& Bfgst review the preliminaries required for

d(z, B:2) z, 2)

M(
o(t)dr < q[ J'</>(r)(/r

0 0

where,
Thus, " which is a contradiction, so = = B-=.

Thus we have ==B8: = I=. i.e., = is a conunon fixed
pointof Band T.

) (i %)
p(r)dt #(r)dr
I ddr<q :[.

Further, ==B: implies that = € BX C SX. Therefore
there exists a point Y€\ such that == SV.We now
show that 4v=35V. Indeed, by settng Y=V and
Y=Yua in (2.5) and taking 7 > we get 4v==.
Hence 4v=:2=5v. Then by the weak compatibility of

the pair (4. 5) we immediately have
SAv=S8z=ASv=Az. Hence 4z=S-.
Now. by settng ¥ == and ¥~ "> in (2.5) and

following the earlier arguments, it can easily be
verified that = is a common fixed point of A and S as

well. Hence = is a common fixed pomt of A.B.S and
T.

The unigueness of = as a common fixed point of A,

B. S and T can easily be verified. In fact, if =# = is
another common fixed point of the given mappings,

then by setting ¥== and ¥ =" in (2.5) we get

ensuing results.

Definition 2.1. Let @:[0.)x[0.)>[0.%) phe g
continuous map with respect to each variable. Then
@ is called a 5-action if and only if it satisfies the
following conditions

(I) 0(0.0)=0 gnd 0(’ S) = 0(5 f) for all

t,s20,

(") H(S 7) <5 0(1/. V) if < and T ors<u

and 1<y,

iy  for each 7€mM@-{0;  gng  for
each® € (%71 there exists =071 sych
that 0. s)=r, where

Im(6)=1{6(s.t):5s 20,1 =0},
(lV) 9(3 0) <5, for all 5> 0.

Definition 2.2 . Let X be a nonempty set. A
mapping e X *X =[0.9) is called a €- metric

on A" with respect to B - action, if 45 satisfies the
following

(i) dg(x.v)=0 jf X=V,
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(ii) dg(x, ¥)=ds(v. %), tor g X+ V€ X,
(iii) dg(x, ¥) = 0(dy(x. 2). dy(z. ¥): for all x. v. 2 € X.
Then (Y- ds) is called a € - metric space.

Remark 2.1. If €(s.7) =5+1. then the € - metric
space becomes a metric space.

Remark 2.2. If €(5. 1) =D(s +1). D 2 L. then the 6-
metric space is the 6-metric space.

Now we define ¢—<- fuzzy metric space following
the definition given by George and Veeramani,

Definition 2.3. The 3-triplet ‘X-.7") is said to be an
-2 fuzzy metric space, if A" is an arbitrary (non-
empty) set. 7 is a continuous 7 - norm 011 < and
M is an £ -fuzzy set 011 X x(0. %) with respect to
B~ action. € M satisfying the following conditions
for eveiy X- V- Z in X and 7> § in (0. %)

() M(x, v,1)>,0,,

(ii) M(x, . 0)=1, tor all 1> 0. iff X =V
iy ~MEy.n=MQy.x0

(iv) T M(x. y. ). M(y. z. 5)) <, M(x. z. 6(t. s)).

v) M(x, v,):(0,0)>L g
ImM(x, v, 1)=1,.

continuous and

In this case M is called a ¢-< -fuzzy metric space.
If M=M.y x is an intuitionistic fuzzy set, then the 3-

tuple (V- My x-7) is said to be a @- intuitionistic
fuzzy metric space.

Example 2.1. Let X =[-12] endowed with the
usual metric

dx, V) =|x—, Yx, veX ang 6. 5)=1+s. Let
7 (a, b)=(a,b,, min(a, +b,, 1))

for all
a=(a,a),b=(b,b)eL, where (Z,<,) is a
complete lattice and let My.v be the intuitionistic

fuzzv set on X?x(0, %) defined as follows

t d(x. y)

v (X0 3. 0) t+d(x.y) t+d(x.y))

Then XMyx-7) is an intuitionistic fuzzy metric
space.

Definition 2.4. A fuzzy metric space (X-M.7") is said
to have the property (C), if it satisfies the following

condition: M (x. ».1)=C for all >0 implies C=1.

Lemma 2.1. Let ¢ (:[0.%)=>[0.) gatisfies the
following  condition @t s nondecreasing

@

36" (1)<

and =
iterate of ? (-then ¢ (1) <7 for

for all 7~ 9 where ") denotes the 7"
allt>0.

Lemma2.2. Let Y“M-7) pea 6-L-  fuzzy
metric space. Then M. v.1)
decreasing with respect to 7, for all ¥V in -\-

iSs no

M(x, y, 1) >, M(x, y,

Proof. Suppose S) for some

T (M(x, vy, 1), M(y, v, s—1)) <, M(x, v, 6(s—1.,1)).

Now from the definition, we have, for each
reIm@) {0} and for each ¥ < 7] there exists

1€(0.7T gych  that o, s)=r, where
Im(@) ={6(s.1):5 20,1 =0}.

So, 01, s=1) =7, since s —1>0.

Then.
T M(x, v, ) My, v.s=1) < M(x, v, r)>M(x, v, 1),

since te(0,r].

M@y, y,s-1)=1

Also, we have zfor all s > 0.

Thus we have M . 1) > M(x, v. 7). 3 contradiction.

Lemma 2.3. Let ("“M.7") pe a €—2L- fuzzy metric
space. Define E, X' >R U{0) by
E, u(x. y)=inf{t >0: M(x, y. 1) >, N(2)} for  each

AeL\0,. 13 and ¥ ¥ € X Then we have

0] For any “SL\0: 100 there exists 4<L\(0,.1,)
such that
P SN ¢ P 36 ) SN - T A R N ) S DS € S A
for
any Yis Xy € X.
- f+ 1 . .
(i) The sequence /=¥ is convergent to, r with

respect to ¢-<- fuzzy metric M if and only if
it is Cauchy with £:.ac

Proof. For the first part, we can find AELNO,. 1L} for
every HeL\{0,,1,) such that
7 "HN(A), ... ,N(A) 2, N(u).

Using the definition of ¢-£ - fuzzy metric space, we

have My %25 00E;, 4% %) oo T By 1 (0 15 %.), HO))2,
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T "M M(x,. x,. (E, 3 (x,. x,). 5).
M(x5, %5, QB 4 (%50 %350,

= M(‘\-n—l‘ 'Yn‘ Q(E/'..M('\‘n—l' '\‘n)' (;))
2y T =) (N2, ... .NQ) =, N(u)
E, m(x, x,)<; O(E; 3 (%), %)+ E; 0 (X5, X3)+ o+ E; (X,

for eveiy ¢ ~ % which implies that
Since ¢ >0 s arbitrary, we have
3

E, pi(x, %,)S; O(E; po(%1, %)+ Ey pi(35, %)+ ... +E; pi(%, 45 %,))

St By (35 %)+ By p(%y, 1)+ .. + By p0(X0 45 X,).

This proves (i). For (i), note that since M is
continuous in its third place, E, m(x.7) is not an

element of the set "> 0:M(x. v.0)>, N} a5 soon as
xX#Y. Hence we have,
M(x,; %, 1) >, NQA) S E, (%, X)<7

7>0. This completes the proof.

for eveiy

Lemma 2.4. Let A, B. S. T. | and J be mappings

fromé-£ - fuzzymetric space X-M-7) into itself
satisfying

) AI(X)C T(X), BJ(X) = S(X)
M(Ak, B, (t)) | M(x, v, 1)
j d(s)ds z,r J' @(s)ds
(ii) :

M(x. y. ) =max{M(Sx. Ty.t). M(AL. Sx. 1), M(BJv. Iy, t). [M(ALx, Tv. t)+ M (BJv.

where ¢ (") satisfies condition (9) and "L—L s a
continuous function such that ">:7 for each
f:(fl. f:)EL\{O[.l[} and fOI’ a”

- s~ a | T ¢ .
x.v€X. Then the sequence /' defined by
Van =gy = Alyys Vapy = SXp0 = BJy0. = 0, 1, 2. —is a
Cauchy sequence in X Proof. For 7~ 0. we have,
M (33, Yopy- @' (1) = M(ALx,,. BJx,,,. 9"(1)) 2, rmax{M (Sx,,. Ix,,,. ¢"(1)).

M (AL,,. Sx,,. ¢"(1)). M(BJx,,.,. Tx, ;. ¢"(1)).
[M(AL,,. Tx,,,,. @" (1)) + M (BJx,,.,. Sx,,. ¢"(1))]/ 2}

=r(M(¥34. Vo @"(0))
2; M (Vypas Vans @7 (D)
2, M(¥Vapas Yangs @7 (0) . 2y M (3, 1. 1)

for =l i
AeL\{0,

which implies that, for eveiy

V3 we have

n-1°

E, it (Vans Vap) =inf{0" (1) > 0: M((31, Vapar» @" (D) >, N(A)}
=inf{@" (1) > 0: M((v. ¥,. 7)) >, N(A)}
=¢" (N {inf{r > 0: M((y,. ¥,. 1)) >, N(2)}
=@"(DE, (Vo> 1)

0,.1,)

From Lemma 2.3, for eveiy €L there

exists # €L\ 0. 1.} such that

X,). no).

Eu A1(~‘-n‘ -‘-m ) SE E'_ M(-rn‘ -\.n~1 ) * E»’_ Af(-‘.no]‘ -‘.H': ) +..+ E‘ M(-rm-l‘ -rm )
m-1

<Y @ E, pm(Vo, 1) >0 asmn >,

Thus W) is a Cauchy sequence in X. Now we
prove the following common fixed point theorem.

Theorem 2.4. Let A, B. S. T. | and Jbe mappings
from a complete -£-fuzzy metric space (X.M.7)
into itself satisfying (i), (i) of Lemma 2.4. and
property (€). Suppose that one of A. B. S, T. | and

is complete and pairs “-5) and 87-7) are
weakly compatible, then A, B. S. T. 1 and / have a
unigue common fixed point.

Proof. By Lemma 2.4. ) is a Cauchy sequence
and since A'is complete, therefore, 1. converges

to some point=€Y.  Consequently, the
f e N o ! - 0 !

subsequences  AFm)s (Svaod 1BIE gng

(Txyy) mf 1) .

s of Y7 also converges to -

Assume that S(X) is complete, so there exists a

point?/ in X such that Su=z. 1f =% Al. fom i),
we have

’ M (u,x,. t)
d(s)ds = r J.
0

M (Alu, BX,, ¢" (1))

¢ (s)ds

0

M, x,, t)=max {M(Su,Tx 1), M(4lu,Su,t), M(BJ T .0).[M(Aln.Tx, 1)+ M(BK; Su))/ 2}

On the other hand, by Lemma

2.2 M(dlu, BJx,. ¢"() <, M(dlu, BJx,. 1).

Taking the limit, 77 = % we get,

M, z, £ =max{M(z,z,1), M(Au,z,t), M(z,z,0),[M (4D, z,1)+ M(z,2,1))/ 2}

M (Alu, =, 1) M (Alu, =. 1)
I ¢ (s)ds z;r I @ (s)ds
0 0

which is a contradiction. Thus we have. 44 =Su = z.
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Since A/(X)CT(X). there exists V€X, such that
Iv=z.

If =# BJ/v. we have
M (=. BJv. ¢" (1))

M(AIu. BJv. ¢"(t)) M. v.1)

[ ¢(s)ds = d(s)ds z,r [ #(s)ds
0 0 0
where,

M(u, v, 1) = max {M (Su, Tv, 1), M(Alu, Su, t), M(BJv, Iv, t), [M(Alu, Tv, t) + M (1 M(AE. BJ. 9" (1))

But by Lemma 2.2,
M (AIu, By, @"(1)) <, M(AIu, BJv., t). Thus we have

M(z. BJv. 1) | M(z. BA.t)
[ ¢(s)ds =z, r| [ o (s)ds
0 { 0

Hence. Iv=BJv=Alu=Su=:.

Since the pairs (47:5) and (B.7) are weakly
compatible, we have A4St =SAlu. and BJIv=TBJv:
ie. AIz=8= and BJ-=T=.

If 4-#:. gnd

M(AILz, BJv, t)=max{M(Sz, Tv. 1). M(AIz, Sz, 1), M(BJv, Tv, t), [M (AL, Tv. t) + M(BJv, Sz. 1)]/2}

or.

M(AL, Blv, 1) =max{M (AL, =, 1), M(ALz, Az, 1), M(z, =, 1) [M(AL=, =. 1)+ M(z, A=, 1)]/ 2}

We get.
M(4E,z,0" (1) M(AE R‘/\ (1) [ M(4E,z.1) \ Mu],; )
pds= [ g(5)dszyr| j ps)ds (>, [ gs)ds

0 0 \ 0 / 0
By Lemma 2.2, MUL, z. ¢"(1) <, MUL, =. 1). so we
have
M(AE. 2, 1) M(AL, 2, 1)

J d(s)ds =, I o (s)ds,

0 0
which is a contradiction. Hence 4z=:=S5-. Similarly,
we can prove that BJ:=:=I=Therefore, = is a

common fixed point of A. B. S, T. | and J.

For uniqueness, let if possible ='#: be another
common fixed point of A. B. .S', T. | and J.

Then there exists >0 such that MG =+ @) <1
and

M(z. 2. 9" (1) M(AL:. BJZ' . 9" (1))

¢ (s)ds = @(s)ds

But,

M(AL, BJ'. 1) =max{M(Sz, T=".t), M(ALz, Sz. 1), M(BJZ". T=', 1), [M(AL=. T, t)+ M(BJ', §2))/ 2}
=M(z z.1)

Thus,

Mz " 9" (1)

d(s)ds =, I
0 0
(M(z,2',1) \ M(z, 2 1)

[ oeds|z [ sras

0 0

d(s)ds =, ...

2, r

’

By Lemma 2.2,M(= =, ¢"() =, M( ', 1)

Hence, M ='. 1) = C for all />0. Since, M has

the property (©): it follows that C=1r. therefore
Z=Z.je., - is aunique common fixed point of A, B.
S. T. I and J. This completes the proof

If we put B=S=1=J=id.je, the identity map
and () =kt.0<k<l, o()=1 and O(s.1)=s+t, 111
Theorem 2.4. then the following result of Mamo et al
(2012) is deduced.

Corollary 2.3.. Let A and T be mappings from a
complete fuzzy metric space Y“M-7) into itself
satisfying A =T(Y) and M(Ax, Ay, kt) = M(Tx, Ty, 1).
Suppose that either AX) or T(X) js complete and A

and T are weakly compatible on X. Then A and T
have a unique common fixed point.

In the following Theorem we relax the condition of
completeness on the space.

Theorem 2.5. Let A. B. S, T. | and J be mappings
from a €—£- fuzzy metric space (X- M. 7) into itself
satisfying (i), (i) of Lemma 2.4 and property (C).
Suppose that one of A, B. S. T. | and J is complete
and pairs (47.5) and (8/-7) are  weakly compatible,
then A. B. S. T. | and J have a unique common fixed
point.

Proof. From the proof of Theorem 2.4, we conclude
that n) is a Cauchy sequence in A'.

Assume that S(¥) is complete subspace of X. Then
the subsequence of »} must get a limit in SCY)- Let
it be ¥ and Sv=u. As Wn) is a Cauchy sequence
containing a convergent subsequence, therefore the
sequence ») also converges implying thereby the
convergence of subsequence of the convergent
sequence. Now we have,
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M (AR, B, @" (1)

M. x,.1)
@ (s)ds ZLr[ J ¢(.s-)dsJ
0

where,

7N

M(v. x,. t)=max{M(Sv. Tx,.t). M(AD. Sv. t). M(BJx,. Tx,. t). [M(4D. Tx,. t)+ M(BK,. Sv)

NOW by Lemma 2'2, M(:{]\ Bj\'”. () (”) ) M(.‘lb Bj\'nA 1).

Taking the limit 7 = > we get,

M(v, u, t)=max{M(u, u,1), M(Alv, Sv, t), M(u, u, t), [M(Av, u, 1)+ M(u, u)]/ 2}

M(@APb. u.t) M(Alv, u.t)
p(s)ds er{ ¢ (s)ds ]
0 0
which is a contradiction. Thus we have,

Alv=Sv=u. which shows that pair (4/.5) has a
point of coincidence.

Since A/(X) ©T(X), there exists ? €-X. such that
Ip=m.

If # = BJp, we have

M((u.BJp. @" (1)) M (AR, BJp. 9" (1))

_[ ¢ (s)ds = j

0 0

@ (s)ds

We have,

M(Al, BJp.1) =
= max{M (u.u.r). M(u.e.1). M(BJp.u.1).[M (u.u.t) + M(BJp.u. )]/ 2}

max{M (Sv. Tp.1). M (Al Sv.1). M(BJp. Tp.1).[M (AR, Tp. 1) + M (BJp. Sv.1)] / 2}

By Lemma 2.2, M(AD, BJP (0"([)) = M (AR, BJP 1).
Thus we have,

¢(s)ds]

M (u,BJp.t) M(u,BJp.t)

¢ (s)ds ZLI{

0 0

a contradiction. Hence, 7 = BJp = Alv=>Sv=u.

Since the pairs (47.S) and (BJ.T) are weakly

compatible, we have AISv = SAlv, and
BJIp =TBJp. ie.. Alu=Su g4nq BJu=1Tu.
If Alu # u, and

M(AIu. BJp.t) = max{M (Su,Ip.t). M (Alu. Su.t). M(BJp.Ip.t).[M (Alu.Ip.t) + M(BJp. Su.t)]/ 2}

= max{M (Alu.u.t), M(Alu. Alu.t), M(Tp. Tp. t),[M (Alu. u.t) + M(u, Alu. 1))/ 2}

We set

M (Alu, u, 9" (1)) M(Alu, Blp, 9" (1)) M(Alu, Blp, " (1) M( A, u,t)
P(s)ds = O(s)ds 2,r d(s)ds >, J B(s)ds
0 0 0 0

By Lemma 2.2, M(Alu, u. ¢" (1) <, M(Alu, u,1). g0 we
have

M(Alu,u,t) M(Ahi,u,t)

#(s)ds =, j #(s)ds,

which is a contradiction. Hence Alu=u=Su.

Similarly, we can prove that BJu=u=Tu. Therefore it
is a common fixed point of A, B. S, T, | and J.

For uniqueness, let if possible u'#u pe another
common fixed point of A, B. S. T,  and J.

Then there exists />0 such that M. ¢" ()<, 1
and

M. u', 9" ()

d(s)ds =,

M(Alu,BJu', 9" (1))

P(s)ds.

But,

M(Alu, BJu', t) = max{M (Su. Tu'. 1), M (Alu, Su.t), M(BJu', Tu', 1),

[M(AIu. Tu', 1)+ M (BJu', Su, 1))/ 2} =M(u, u', 1)

Thus,

M (Alu,BIu'. ¢" (1)) M, ', g (1)

#(s)ds =, I P(s)ds =, ...
0 0
[ M(u,u'. 1) M(u.u'. 1)
2, rl d(s)ds =, ]Q I @(s)ds.
0 /

0

By Lemma 2.2, M@ ', @" (1)<, M(u.u'. 1).

Hence, M(u.u".1)=C for all 7>0. Since. M has the
property (O it follows that ¢~'2 therefore

W'=u, ie. uijg g unigue common fixed point of A.
B. S, T, I and J. This completes the proof.

if we put B=5=1=J= dentty map and
pO)=kt,0<k <L, o()=1 gpq O(s.0)=s+1. in
Theorem 2.5, then the following result of Manro et
al is obtained.

Corollary 2.3. Let A and T be mappings from a
fuzzy metric space(X.M.7) into itself satisfying
AX) e T(X)angM(4x, Ay, kt) = M(Ix, Ty. 1). Supp
ose that either 4(X) or 7(1) is complete and A and
T are wejakly compatible on X. Then A and T have
a unique common fixed point.

www.ignited.in

w
w
=

Seema Devi** Dr. Ashwani Kumar?



A Research on Common Fixed Point Theorems with Generalized Spaces ||}

Theorem 2.6. All the statements of the Theorem 2.4
remains true if a weakly compatible property is
replaced by any one of the following:

0] 5-weakly commuting property,

(ii) 5-weakly commuting property of type 4

(iii) 5-weakly coimnuting property of type ()-

(iv) weakly coimnuting property.

Proof, (i) Since all the conditions of Theorem 2.4 are

satisfied, the existence of coincidence points for both
the pairs (47.5) and (B/.7) are ensured. Let X be an

arbitrary point of coincidence for the pair (4/-5) and
(BJ.T), Then using 5-weakly commutativity, one gets

M(AISx, SAIx, " (1)) =z, M(AIx, Sx,t/R)=M(Sx, Sx, t/R)=1,
and

M(BJTx, TBJx. ¢ (1)) 2, M(BJx. Tx. 1/ R)= M(Tx, Tx. 1/ R) =1,
From Lemma 2.2,

M(AISx, SAIx, ¢"(1)) <, M(AISx, SAIx, 1)

and

M(BJTx, TBJx, ¢" (1)) <, M(BJIx, TBJX, 1)

So we have AISx=S4Ix and BJIx=TBJx. Thus the

pairs(4Z: S)and (BJ.T) are weakly compatible. Now
applying Theorem 2.4, we conclude that A, B, S. T. |
and J have a unique conunon fixed point.

(ii) In case pair (41.5) satisfying property 5-

weakly commutativity of type (4;): we have
M(SSx, AISx. @"(1)) =z, M(Sx. AIx. 1/ R)= M(AIx, AIx. 1/ R) =1,

and we have AISx= SSx.

So,

M(AISx, SAIx, t) 2, 7T (M(AISx, SSx. t/2), M(SSx, SAIx. t/2))

=7 (M(AISx, AISx, t12), M(x, x,1/2))2, 7 (1;,1;)=1,.
This implies that A4/Sx = S4Ix.

Similarly, if pair (8/.71) satisfies property 5-weakly
commutativity of type ) we get B/7x=1BJx.

(iii) In case pair (4/.5) satisfying property 5-
weakly commutativity of type ) we have

M(AIAIx, SAIx. @' (1)) 2, M(AIx, Sx, t/R)= M(AIx, AIx,t/R) =1,

and we have AIAIx = SAIx.

From Lemma 2.2, M(AISx, SAIx, ¢" (1) <, M(AISx, SALx, 1).

M(AISx, SAR, 1) 2, 7 (M(AISx, AIdlv. t12), M(AIAk, SAk, t/2)

:,7 . v i ) v - 9 7 )=l
So, T (M(x,x.t/2), M(AIAR, A4E, t/2))2, 7 (1, 1;) =1,

This implies that 4/5v = SAIx.

Similarly, if pair (/.1) satisfies property 5-weak
commutativity of type 4 we get B/Ix=TBJx.

Similarly, we can show that, if pairs (4/. ) and (87.7)

are weakly commuting then (A1.5) and (B/.1)als0
commutes at their point of coincidence. Now, in view
of Theorem 2.4. in all five cases, A. B, S. T. land J
have a unique common fixed point. This completes
the proof.

CONCLUSION

In this examination, we have displayed the most
critical fixed point theorems in the expository
investigation of problems in the connected science:
Banach's and Schauder's fixed point theorem. In our
unique situation, Brouwer's fixed point might be
considered as a result which empowers us to proof
the Schauder fixed point theorem. The fixed point
theorem of Darbo is the focal result of a bound
together approach for Banach's and Schauder's
theorem.
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