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Abstract — This work addresses the question of the efficient numerical solution of time-domain boundary
integral equations with retarded potentials arising in the problems of acoustic and electromagnetic
scattering. The convolutional form of the time-domain boundary operators allows to discretize them with
the help of Runge-Kutta convolution quadrature. In the work it is shown how this property can be used in
the recursive algorithm to construct only a few matrices with the near-field, while for the rest of the
matrices the far-field only is assembled. The resulting method allows to solve the three-dimensional wave
scattering problem with asymptotically almost linear complexity. The efficiency of the approach is
confirmed by extensive numerical experiments.

INTRODUCTION

Our approach is conceptually different from the one
used in the study of W. Hackbusch, W. Kress, and S.
A. Sauter (2007). We construct the new method
based on the algorithm of linear complexity, rather
than back substitution of quadratic complexity. This
approach allows us to avoid the actual evaluation of
the convolution weights, thus enabling the use of fast
technigues based on analytic expansions.
Computational and storage costs of the improved
algorithm scale linearly, up to logarithmic factors.

FAST RUNGE-KUTTA CQ ALGORITHM

Let us come back to the recursive algorithm. Recall
that for this algorithm O(N) Galerkin discretizations of
boundary single-layer operators for the Helmholtz
equation with decay need to be constructed. A
straightforward application of the data-sparse
techniques (i.e. FMM and *-matrices) would on its
own lead to the algorithm of almost linear complexity.
However, a significant drawback of this approach is
large constants involved in complexity estimates. Our
goal is to design a method that would reduce them.

The data-sparse techniques in question have two
main bottlenecks:

We overcome the first problem by the use of fast
decay of convolution weightsi away from the
neighborhood of 7= 7t We show that within the whole
recursive algorithm only a few matrices (namely
Olog N)) with the near-field need to be constructed,
while for the rest we can assemble the far-field only.
To motivate this strategy.

In the end of this section we demonstrate that
provided that for the approximation of different
matrices a choice between#-matrix techniques and
the HF FMM is made properly, the problem of high
matrix-vector multiplication costs of the IIF FMM
ceases to exist.

MOTIVATION

The evaluation of the near-field integrals is
commonly done with the help of coordinate
transformation techniques. Given the kernel k(x,y) of
a boundary single layer operator (that maps from

H= () 19 H (I)), the evaluation of

// k(z,y)0i(x)o;(y)dl dly, supp ¢; = i, Supp @; = 7j,

with the accuracy sufficient to preserve the stability
and convergence of the Galerkin method, requires

. Costly evaluation of singular and nearly that the quadrature or.c_ler_ icales) as ot if
singular integrals in the near-field; dist(m, x5) = 5 Ot if (h‘\””"“-’), =037 (nearly £
singular integrals) and 0 (1) if dist(m. ™) = 1. Thus 3
. High matrix-vector multiplication costs of the the computation of the near-field (singular and nearly E
high-frequency FMM. singular integrals) of one matrix is of O(Mlog'M) 2
complexity. Within the recursive convolution g
=
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quadrature algorithm ow) such matrices need to be
assembled, hence resulting in the total complexity
O (NMlog' M).

The question of the efficient evaluation of singular
and nearly singular integrals was addressed in recent
works. Particularly, such integrals were represented
as functions of multiple parameters and efficiently
computed using interpolation and  tensor
decomposition techniques. The effect of the
application of such techniques on the full H-matrix
assembly time was numerically studied. For the
Laplace boundary single layer operator on various
geometries it was demonstrated that the 50%-70%
reduction of the time required for the evaluation of
the nearly singular and weakly singular integrals
results in the 10%-20% reduction of the total -
matrix assembly time. Given the bound on the ranks
of H-matrix r, the rest of the time is spent for the
evaluation of O(rMlogM) far-field integrals within the
ACA+ procedure of the H-matrix construction. If the
evaluation of the far-field is done in a more efficient
manner, the gain can be significantly larger. And this
is the case for the fast multipole methods.

The precomputation time (i.e. time needed for the
construction of the translation operators) for the HF
FMM scales as O(MlozM) (assuming M = OUx) for
the wavenumber % = is) and the constants involved
are significantly smaller than that for the H-matrix
assembly. This can be seen in the experiments of D.
Brunner, M. Junge, P. Rapp, M. Bebendorf, and L.
Gaul (2010), where the IIF FMM precomputation
times were reported to be in practice 9-20 times
smaller than that for theH-matrix construction. This
can be also observed in the numerical experiments in
Section 2.3. In the study of M. Fischer (2004), the
time to compute the near-field for the HF FMM
accelerated Burton-Miller formulation is compared to
the time needed to construct the corresponding IIF
FMM translation matrices. The results show that for
BEM discretizations with 10° - HP triangular
boundary elements the computation of the near-field
is typically order of magnitude slower than the
assembly of translation matrices.

However the actual constants depend much on the
implementation and the desired accuracy.
Nevertheless, for large problems we should be able
to see the improvement if we skip constructing the
near-field. Asymptotic complexity estimates are
improved as well. Indeed, while the application of
ACA/ACA+ based H-matrix techniques requires the
evaluation of 4-dimensional integrals, for the use of
the HF FMM in the far-field only the evaluation of
two-dimensional integrals (for the cluster basis) is
needed. We perform this step not during the
precomputation stage, but when compute matrix-
vector products (this allows to avoid storing the
cluster basis for all matrices and thus improves
memory costs). Therefore the relative improvement

in the precomputation time if the near-field is not
constructed is even more drastic.

Since in the course of the recursive algorithm, the
matrix- vector multiplication with the same matrix
block is performed multiple times, it makes sense to
precompute the corresponding discretizations of
boundary integral operators and keep them in
memory, rather than recompute them every time the
matrix-vector multiplication is needed. For the
matrices that are approximated with the help of the
fast multipole method the near-field and translation
operators can be stored. If only a small part of
matrices has the near-field, the storage costs needed
for HF FMM approximated matrices can be affected
as well. Given the HF FMM approximation of V(-
the storage for its far-field part (translation matrices
of the FMM) scales as

Spr(s) = O(|s[*log M) = O(M log M),

9
1s12

where we assumed M =), while for the near-

field Sns(s) = O(M).

Hence, as M =+ Si js smaller than /s (though
only by a logarithmic term). The improvement in the
storage costs can be achieved only in the case
when the constants in 577 are so small that even for
rather large M, S >S5~ As our numerical
experiments in Section 4 show, in practice this is
often the case.

The presence of decay, i.e. in the case when
s=s1+is2, 81 >0, facilitates the reduction of storage
costs. If s; is large enough, for such discretizations
V() the far-field part

5[,‘ = 0,

see also Figure 1.

0 5 10
Res

Figure 1: Frequencies s for which we need to
construct discretizations of boundary single-layer
operators V(#); they are computed as eigenvalues

of A K=107"""" Here h=1.

While many
frequencies arc located close to the imaginary axis,
a significant part of frequencies has Res>1 (high-

decay case). A large part of the far-field of the
corresponding matrices V(% is negligibly small and
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can be a priori ignored when constructing these
matrices.

NEAR-FIELD REUSE

Auxiliary Relations on Leaves of a Block-Clustcr
Tree -

Before describing our strategy for dealing with the
near-field, we introduce two auxiliary relations
defined on leaves of a block-cluster tree, namely the
near-field d-admissibility and the far-field d-
admissibility. Recall that given a cluster 7 the center
of its bounding box we denote by ¢ and the
diameter of the bounding box by d-..

Definition 5.1. Given >0 we will call a leaf (™7
i ieci : —ca|l < e
near-field d-admissible if ==l < =5 =5

Definition 1. Given D > 0. a leaf (7:79) is far-field D-

admissible if llor = coll < D45+ 5
Remark 1. The following properties hold:

N} If (m.o) is near-field d-admissible then
(Ve € Q;)(Vy € Q,), |lz—y| < d.

(2) If (T.0) is not far-field D-admissible then
(Vz € Q)(Vy € Q5), |lz—y| > D.

We will denote the set of near-field d-admissible
leaves ofa block-cluster tree 7zxz by £i(7z.2) and the
set of far-field D-admissible leaves by 5(7z.2)-

Remark 2. The following observation is crucial for
our algorithm. Recall that £-(7zx1) is defined as the
set of all non-admissible block-clusters of the block-
cluster tree 7z.z- Then it. is possible to choose d s.t.

L_(Tzxz) C Li(TzxT). 1)

This follows from the definition of the admissibility
condition. Namely, given 7> 1. non-admissible leaves
(T.7) satisfy

n
ller — eo| < _—)(r!,— +ds),

where ¢: ¢ are the centers of bounding boxes of
7.0 and % 9 are their diameters. The choice

d=~ sup (dr+d,), s n+1

(r.o)el 2

2
ensures that (1) holds true.

Now we have all the ingredients needed to describe
fast Runge-Kutta convolution quadrature.

Main Ideas and Algorithmic Realization-

Consider the matrix-vector product, namely

ho wp owh, ... W Ao
hy Wh, Wi ... W} A1

By W Wiy, = Wh

£+1 ’\’: 1 (3)

After the discretization in space with the help of the
Galerkin  method (with trial and test basis

J MM
functions((‘)J('I ))j=1 )'the

equations can be rewritten as:

hj, X§
h} M Af
( ' ) = //Z’”“ )| 7 | e)os(@)dTeary,  j=1,....M,
; fxr =1 .
hy,_¢ i (4)

where

above system of

hi_ = /Iu-{.r)(:;_,(.r)11[‘,. k=0,..., n—4¢ j=1,...,1 M,
I

and 7" is the kernel function

Rillae o .
wi(llz—yl) --- wh(||z - yl)

wh y(lz—yll) --- wi([lz - i)

T""(|lz -yl =

u',’f( lz—uvl]) --- u'f:

ex1(lz —yl) (5)

Let d he chosen as in (2). The double integral in (4)
can be split into a sum of two double integrals: one
over the leaves of the block-cluster tree belonging to
the set 4(7:z) and the other being the remainder.
Namely,

// T (||l — y| )0j(x)ok(y)dl zdl'y = N ji + Fji,
ta (5.6)

Nji = // T“"(|lz — | )oj()dr(y)dl zdTly,
Q,xQ,, (0,7)eLy (57)

) T // T (||lz — yl)o;(x)dx(y)dl I,
2o x s (0

fik=1,.:0:d M,

where £a = La(Trxa). Lr = L(Tz:2) \ La(Tzaz)- |In this case
F = (Fo doesnot contain the near-field, since all
non-admissible block-clusters belong to
N = (Nl Since ' are matrix-valued functions,
Njk and Fi are tensors.

First, we demonstrate why such splitting may
improve storage and computational costs. The
bounds show that, for any given > - there exists L,

wh(d)|| < —, .
[ i7d" for all i1 and d<d 8)
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Let

Q= U 0y x Q.

(o7)ELy
We assume w.l.0.g. that
L <min(é,n—£€+1). 9)

Then some of the elements of the tensor N are
approximately equal to zero. Let us show

this. For * = L.

h P g ‘ [ 95(2)i( W) v e |
//,m 2 — yll)b;(x)i(y)dT=dT, | < / 165 @OW i |
| JJ Am|z—y| |

‘

Q, [ [y

Recall that the boundary single-layer operator for the
Laplacian is continuous from L2 (I') =+ L2 (I, Hence, for
some € >0 that depends only on I' it holds:

Oill Laqry 195 Lagry

// u'i‘\ x — y||)o;(x)d;(y)dl'dl'y | < Ce
.

Cepipj, $i =150 M,
where
Hi= meas(supp(#)), i, j =1,... M.

Then e can always be chosen so that up to a desired
precision N can be rewritten as

Nj= //l; "(llx - yl)0x(v)6;(x)dTzdT,y, B ST, vl M,
0 (5.11)

where

0« ”;1 r—yl) - wh(|lz-y lv‘;l;_l yl)
0 s 0 v wd(flz=yl)  wh(|r-yll)

"z -yl)={0 - 0 o wd (e -yl) wh oz =yl
0 . 0 . 0

0 0 0 0 (12)

Hence, to approximate completely the near-field part
of the matrix of the system (3), only O(L) Galerkin
matrices

(u"f-:) :// wh(lz - y])ox(v)o;(2)dlpdly,,  kj=1,... M, v=1,..,L-1,
k; L . =
Q

need to be constructed. In practice we do not
assemble these matrices, but rather evaluate the
matrix-vector product with & with the help of either
of two procedures we present below. Before
describing these procedures, we would like to show
that

L=0 (lu_f_',‘ l)
€

and does not depend on the size of the system.
Recall that the diameter of non- admissible clusters

dr = 0 (A1),

where Az is the meshwidth (this is by construction of
the admissible block-cluster tree). Hence, by (2), for
some 7' > 0.

d=+Ax.
Since 2*=Ch. for some € > 0.

d = #h, v > 0.

-~
Y

Importantly, is constant and does not depend on
h and Ar. The estimate on L can be obtained,
choosing a priori £ =+ Namely, there exist
constants 4.G.4.5>0. s t,

;Z wh(d)|

=7

G Y B4 i
< Z(1-8)FF1+A%)F, foralld <d, and k = (}—
i h

Then L can be estimated from:

Ca—s)-ta+ aP)¥ <
11( % ol Awd’

G -8)L71 + A% <

| m

4

From this it follows that for a fixed accuracy €

L=0 (]0':; l) ¢
€

Remark 3. Increasing the value of d allows to reuse
a pan of the far-field as well.

Remark 4. We do not address here the question
how ¢ >0 has to be chosen to preserve the stability
and convergence of the method. A full analysis
would require the combination of the estimates of L.
Banjai and S. Sauter (2008). In particular, it is
shown that the convergence of the sparse DDF2
convolution quadrature is preserved if the
convolution weights are cut off with the accuracy e
satisfying 10#¢ = O (logM) = O (lozN). e expect similar
estimates to hold for our case as well, since all the
errors are linear, and bounds for the errors and
operator norms depend on h, Az polynomially or as
powers (positive or negative) of h, Az.

Next the question of the efficient evaluation of a
matrix vector product with the system (5.11) is
addressed. We suggest the use of either of two
methods.
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Remarks on the Application of Data-Sparse
Techniques and Paral- lellization

In this section we would like to address several
questions on the application of data-sparse
techniques, H-matrices and the high-frequency fast
multipole method, for approximating Galerkin
discretizations of boundary integral operators in the
course of the recursive algorithm. Recall that the
setup time (i.e. the matrix assembly time) of #:-
matrices that use expansions coming from the HF
FMM is much smaller than that of *-matrices. How-
ever, the corresponding IIF FMM accelerated matrix-
vector multiplications are significantly slower than the
matrix-vector multiplications with H-matrices, even
for discretizations with about 10° boundary elements

The structure of the system of equations we need to
solve is shown in Figure 5.2.

T |1

1o

Ty | Ty

Figure 2: The structure of the matrix of the
convolution quadrature system of equations.

The solution of the small triangular system of size J
(where the matrix to is involved) has to be performed
O(%) = O(N) times. Since this operation requires the
construction of only a few matrices and performing
many matrix-vector multiplications with them, it
makes scene to approximate these matrices by H-
matrix  techniques.  Additionally,  matrix-vector
multiplications with matrix blocks at the lower levels
of the recursive algorithm (in the figure these blocks
are marked by Ti) need to be performed more often
than that with the matrix blocks located at the higher
levels of the recursive algorithm (To). Hence, for
large problems it is reasonable to employ pure *-
matrix approximations in this case. For the rest of the
Toeplitz blocks the choice whether H- or #+H* -
based approximation is to be used is done. The
advantage of the recursive algorithm is its easy
parallelizabilitv. The precomputation of Galerkin
discretizations of boundary integral operators can be
done independently in

FAST CQ
COMPLEXITY

ALGORITHM AND ITS

In this section the fast Runge-Kutta convolution
quadrature algorithm is described. Compared to the
conventional recursive algorithm, the multiplication
with Toeplitz matrix blocks is replaced by the
improved procedure.

We substitute the procedure Multiply for the
multiplication of the following matrix- vector product

hy Wwh  wh

m-1 "°° Al’
B W

rh
1
Wi Wi A

m+1 m ptl

. ”'h

: y
hl»n m ”:Izl W n—£+1 ’\p»m 1

n—1

by the two procedures.

MultiplyNF  (m. n. p. €. A, h)-performs the matrix-vector
multiplication with the near-field:

oy §
h; A
71

3 M k
’11,1 =ZJ\')L~ /\,1‘1
k=1 /\k

y J
hl‘u m p+m—1

MultiplyFF (m np. 6 A h)- performs the matrix-vector
multiplication with the far-field:

h',/ " 11‘{:‘“1 lz=wll) .. n"l‘( |z —yl)
heyq // wy, 1(llz=yll) .. u'i;‘( x-yl)

. k=1 bt y h
hl ¥ Qs x Oy, wp(llz—=vl) ... wp_pmsa(llz—yl)

- =
(o,7)€E L ;
k
AL
AL o
, P 6 (2)on(y)dT 2dTy,
k
Ap+m-1

Fm=liiieyd M.

Let the parameter J be fixed: every system of size
smaller than J is to be solved directly.

function Solve (m0. 71, A, 9)
if (n1—mno < J) then
SolveBasici (m0. 121, A, 9):

Else

Solve (no, ny, A 9):

—ng+ 1, ny —no, ng, ny +1, A, hy);

MultiplyNF "%

MU|tip|yFF (ng —no+1, n1 —no, no, ny +1, A, ho);

ny h][

ni+1,..n1 2lng +1,...,
2

(ny+1,nq, A, g);

Solve
£
end if :003
. f=
endFunction =
2
s
=
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Let us disciuss the complexity of this algorithm based
on the preliminary estimates. Compared to the
conventional recursive algorithm, the new algorithm
performs an extra block matrix-vector multiplication
with the near-field matrices. The computational
complexity of each of matrix-vector multiplication with
the near-field matrices is either
O(Llog LM) = O(log N loglog N M) (|f the near-field
matrix-vector multiplication with the diagonalization is
used) or O(L°M) = O(log?NM), see Remark 5.4.
Totally, there are O(N) matrix blocks (4), hence the
total complexity of the near-field related matrix-vector

multiplications is O(Vlog’ NA).

The number of matrix-vector multiplications with the
far-field matrices is O(NlogN), while each of this
matrix-vector ~ multiplications  requires  about
O(MlogM)  operations (here the hidden constant
depends on the accuracy of the approximation.
Hence, the total complexity of the algorithm is

O(N log N M log M + N log> NM) = O(NM log> M).

The memory costs for the near-field matrices scale
linearly, O(MlogN), while for the rest of the matrices
as ONMlogM). As pefore, for the matrices with the
far-field in this complexity estimate there is a hidden
constant that depends on the accuracy of the
approximation.

The construction times for H-matrices scale as
ONT,MlogM). where 72 is the com plexity of the
evaluation of the integrals in BEM, see also the
discussion . Since we use the technique, T4 scales
not worse than Oleg®M). for a=0 (in our case
T,=0(og' M)y The construction times for #:-
matrices scale as O(NMlogM). The hidden constants
in these complexity estimates depend on the
accuracy of the matrix approximations.

Combined with the use of data-sparse techniques
and the complexity estimates, the computational
complexity of the Solve procedure is not worse than
O(NMlog? M), the time to construct the matrices

r > k \ £
O(NM log M log™ M), for k>1, and the Storage costs
are ()(.\'.\/ ll)'_{.\/).

CONCLUSION

In this work we built up a quick recursive Runge-
Kutta convolution quadrature algorithm for the
solution of the wave scattering problem in three
dimensions. This method requires the construction of
Galerkin  discretizations of boundary integral
administrators for the Helmholtz equation with rot.

Fast Runge-Kutta convolution quadrature is based
on two ingredients: the use of fast data-sparse
technigues, namely the high-frequency fast multipole
method and H-matrices, and decay properties of
Runge-Kutta convolution weights (that are the

consequence of the Huygens principle). The use of
the data-sparse techniques allows to solve the
scattering problem in almost linear time.
Exponentially fast decay of convolution weights wh(d)

away from the neighborhood of d ~ 1l allows to
skip constructing the diagonal and near-diagonal
matrix blocks for most of the boundary integral
operator discretizations, thus avoiding the evaluation
of many singular and near-singular BEM integrals.
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