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1. INTRODUCTION

In 1922 Stefan Banach proved a common fixed point
theorem, which ensures the existence and uniqueness
of a fixed point under appropriate conditions. This
result of Banach is known as Banach fixed point
theorem or contraction mapping principle.

These contractive conditions have been used in
various fixed-point theorems for some generalized
metric spaces.

Recently, the notion of an S-metric has been studied
by some mathematicians. This notion was introduced
by Sedghi et al. in 2012 [5] as follows,

Definition 1.1[5]Let X be a non-empty set and let S:

XxXxX =[0,9) e 4 function. Then S is called
an S-metric on X if,

s1)S@D0,0) =04 . oniyit a=b=c,

(S2) S(a,b,c) <S(a,a,x)+S(b,b,x)+S(c,c, x) for
each &0:.C,xeX. (X,9)
metric space.

The pair of is called an S-

Definition 1.2 [3]Let X be a non-empty set and let
P: X x X x(0,0) -0,

oo) be a function.

P is called a parametric metric on X if,

P(a,b,t)=0 fa=bh,

(P1) if and only i

(2 P@b,)=Pb,a),

Pz P@DBD<P@Xt)+Pb). ¢ gaeh

a’b’Xexand al t> 0. The pair of (X,P) is
called a parametric metric space.

Definition 1.3 [3]Let(X P) be a parametric metric

a .
space andlet{ n } be a sequence in X :

a
{ n}converges to Xif and only if there

(1)
exist Mo < N such that P(a, x.t) < ¢, for all
n>",nqg all ts 0; that
limP(a,, x,t) =0.
iS, n—o0
{a}, -
(2) is called a Cauchy sequence if, for all
lim P(a,,a,,t)=0.
> 0, n,m—oo
3) (X,P) is called complete if every Cauchy

sequence is convergent.

Definition 1.4Let X be a non- empty set and let
Pyt Xx X x X x(0,00) >[0,00)

a

function. R is called a parametric S-metric on X if,

sy Hs@bet)=0, 4 ony ¢ a=b=c
(PS2)
P (a,b,c,t) <

Ps (@axt)+ Ps (b,b,x,t) + PS (c.c,x), for each
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abceX and all 1>0. The pair (X, PS)is called a
parametric S-metric space.

Lemma 1.1Let (X’PS)be a parametric S-metric
space.then we have

P, (a,a,b,t) =P, (b,b,a,t), for each &DeX
all t>o.

and

Proof: using (PS2), we obtain,

P, (a,a,b,t) <2P;(a,a,b,t) + P (b,b,a,t)
_P,(b,b,a,t),

P, (b,b,a,t) < 2P (b,b,b,t) + P, (a,a,b,t)
_PR.(a,a,b,1).

From the above inequalities, we have

P, (a,a,b,t) =P, (b,b,a,t).

(X

Definition 1.5Let ’PS)be a parametric S-metric

a .
space and let { n } be a sequence in X:

a
(1) { n}converges to Xif and only if there exists
Mo €N such that R (@, a, x.1) < for all 1>0;
limP; (a,,a,,xt)=0.
that is n—>=
lima, = x.
It is denoted by "o«
a
(2) { r‘}is called a Cauchy sequence if, for all
t>0

lim R (a,,a,,a,t)=0

3) (X’PS)is called complete if every Cauchy
sequence is convergent.

(X

Lemma 1.2Let ’PS)be a parametric S-metric

a . .
space. If { n}converges to X, then Xis unique.

lima, =X lima, =y

Proof: Let "o and N—w with

X#Y. Then there exists n, N, & N such that

&
PS(an’an1X1t)<E

&
Po@,an,y,t) 2.

For each e> 0, all I> 0, and N>™ ™t we take
n, =max{n,,n,}
we get

then using (PS2) and lemma 1.1 ,
P (X, X, y,t) <2R(x,x,a,,t) + P (Y, y.a,,t)

—+—=g,
< 2

> =
For each n= nO. Therefore P (x.xy,1) 0and

X=Y.

2. FIXED POINT RESULT FOR R-
WEAKLY COMMUTING MAPPINGS

In this section, we prove some fixed point results for
R-weakly commuting mappings in parametric S-
metric space.

Definition 2.1A pair (f’g)of self-mappings of a

parametric S-metric space (X, PS) is said to be R-
weakly commuting at a point aeX if

P, (foa, fga, ofa,t) <R P, (fa, fa, ga,t) for
R> 0.

some

Definition 2.2 A pair (f, g)of self-mappings of a

parametric S-metric space (X’PS) is said to be
point wise R-weakly commuting on X if given

aeX, there exists R >0 such that

P, (foa, fga, gfa,t) <R P, (fa, fa, ga,t)
(X, PS) be a complete parametric

S-metric space and let f

commuting self-mapping of X satisfying the following
conditions:

() f(X)Qg(X);

Theorem 2.1 Let
and 9be R-weakly

(ii) f or Jis continuous;
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(i) P, (fa, fa, fb,t) <q P (ga, ga, gb,t)’ for
every abeX and 0<q <1.

f

Then ' and 9 have a unique fixed point in X

Proof: Let % be an arbitrary point in X. By (i) one can
3 eX such that fa, =ga1' In

A such that b” - fa” =04

choose a point

general, choose n+l

b
Now we show that { “}is a Rs. Cauchy sequence in

X. For proving this we take a= a”’b - an+1in (i), we

have
PS ( fan’ fa‘n’ fa'n+1’t) < q PS (gan’ gan’ gan+1’t) =
q R (fa,,, fa,,, fa,,t)

Continuing in the same way, we get
P, (fa,, fa,, fa, ., t) <q" P (fa,, fa,, fai,t)_
This implies,

R.(b,.b,.b

n?!>~n?~n+l?

t)SQ”Ps(bo,bo,bpt)_

Therefore, for all "M € N, n_m ,

P, (b,.b,.b,,

CXCIN  I

n+1? ~n+1? ~n+2?

) <Py (0,5, 0,.0.1) ,

n?=n? ~n+l?

. P(b, b, by

m-1? ¥m-1? ¥m?

f)

S(qn +qn+1+

S(qn +qn+1+

n

9
- (1-q) F)s(bo’bo’bvt)_>OaS n—o

b
Thus { ”} is a Rs. Cauchy sequence in X. since

(X, I:)S)is complete S-metric space, therefore, there
limp  lim

exists a point Ce Xsuch that o= "n= no= ga, _
lim fa f
e “n=C | et us suppose that the mapping ' is
lim lim
fgan — now ﬁan — fC‘

continuous. Therefore "=«

f

Since ' and 9 are R-weakly commuting,

P, (fga,, fga,, ofa,,t) <R P, (fa,, fa,, ga,,t)

where R > 0.

lim lim

On letting N — Owe get = gfan — noo fgan - fC.
Now we prove that ¢~ fc. Suppose 7 fC then

P (c, fc, fc,t) >0

a=a,b="fa,, e nave

On setting
R (fa,, fa,, ffa, t) <q R (ga, ga, dfa, 1)

Letting limit as M — ®we get

R (c.c, fe,t) <q R (c,c, fe,t) _Ri(c,c, fe,t)

Is a contradiction.

Therefore €= fCsince f(X) <= a(X)

CleX suchthatC= fczgcl.

we can find

Now put &= 18 D=C=Ci i e have
Ps(ﬁa~|11 ﬁan1 fC11t) S q PS (gfan’ gfan’ gcl7t) .
Taking limit as M= ®we get

R, (fc, fc, fc,,t) <q R, (fc, fc,gc,,t) _q
P, (fc, fc, fc,t) =0

Which implies that ¢ = Cje., €= f6=16=0¢
Also by using the definition og R-weakly
commutativity,

P, (fc, fc, gc,t) = B (fgc,, fgc,, ofc,,t) <R
R (fc, fe, ge,, 1) =0

Implies that fe=9c=C 1hus Cis a common

fixed point of f and 9.

Uniqueness: assume that d(;tc)be another

common fixed point of f and 9.

N P (c,c,d,t)

The >0 and
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P, (c,c,d,t) =P, (fc, fc, fd,t) <q P,(gc,gc, gd,t) _

=q R (c,c,d,t)_PRi(c,c,d,t)

Which is a contradiction. Therefore C:d. Hence
unigueness follows.

Example 2.1 Let X =Rand let the function
Py X x X x X x(0,0) —)[O,OO)be defined by

PS (aablclt):g(t)(|a_b|+|b_c|+|a_C|f0r eaCh
ab,CeR g ail t>0, where 9°(0:0) = (0,0)j5 5

continuous function. Then Ps is a parametric S-metric

and the pair (R, PS) is a parametric S-metric space.
fx =x

Define self-mappings f and g on X by and

gx=2X=1 ¢ a1 X€ X Here we note that,

0 f(X)Qg(X);

(ii) fis continuous on X ;

(i) P (fa, fb, fc,t) <q P, (ga, gb, gc,t)7 holds
1 <q

for all a,b,ceX , 2 <1.

Further, the mappings f and g are R-weakly

commuting. Thus, all conditions of the theorem 2.1 are
satisfied and x = 1 is the unique common fixed point of
fand g.

3. FIXED POINT RESULT FOR VARIANTS
OF R-WEAKLY COMMUTING MAPPINGS BY
USING WEAK

Reciprocal continuity

In this section, we prove some fixed point results for R-
weakly commuting mappings by using weak reciprocal
continuity in parametric S-metric space.

Definition  3.1Apair (f,9) of self-mappings of a
parametric S-metric space (X, %) is said to be
0] R-weakly commuting of type (Ag) if there

exists some R>0 such
that P, (ffa, ffa, gfa,t) <R P, (fa, fa, ga,t)

for all @€ X.

. . A).
(i) R-weakly commuting of type ( f)lf there
exists some R>0 such

iat P (f92, fga, gga,t) <R

Ps(fa, fa’ ga1t) , for all ae X.

Definition 3.2 A pair (f’g)of self-mappings of a

parametric S-metric space (X, PS) is said to be R-
weakly commuting of type (P) if there exists some R>0
such that

P, (ffa, ffa, gga,t) <R P (fa, fa,ga,t)
aeX.

for all

Theorem 3.1Ietfandgbe weakly  reciprocally
continuous self-mappings of a complete parametric

S _metric space (X’Ps)satisfying the following
conditions:

@) f(X)gg(X);

P, (fa, fa, fb,t) <q P, (ga, ga, gb,t)

(i) for
every abeX and 0<q <1.

f

If and 9 are either compatible or R-weakly

commuting of type (Ag)or R-weakly commuting
(A)

and 9 have a unique common fixed point.

type or R-weakly commuting of type (P), then

f

Proof. Let % be an arbitrary point in X. As
f(X)<c g(X)’ therefore there exists a sequence
fa, =ga

n+1.

a
of points { n}such that

Define a sequence {b“}in X by b, = fa, = ga”+1.
(3.1)

b
Sequence { n}is R Cauchy sequence in X . (the
proof follows the same lines as in Theorem 2.1).

Now since (X, PS) is complete parametric S -metric

space, therefore there exists a point ceX such
limb, =c
that N .

limb, =lim fa, =limga, =c

Hence "M n—>e n—>e Suppose
that f and Y are compatible mappings. Weak
reciprocal continuity of f and 9 implies that
lim fga, = fc limgfa, =gc

N—o0 or n—o0 . Let

Rajvir Kaur'* Tejwant Singh® Saurabh Manro®

www.ignited.in

1394



Journal of Advances and Scholarly Researches in Allied Education

Vol. X1V, Issue No. 2, January-2018, ISSN 2230-7540

e I =9 then the compatibility of f and 9 gives:
limP; (fga,, fga,, gfa,,t) =0
m ie.,
P, (lim fga,, fga,,gc,t) =0

i . Hence,
lim fga, = gc

By (2.1) we have "=

Therefore by the use of (ii) we get

P, (fc, fc, ffa,,t) <q P, (gc, gc, gfa,,t)

Letting M — ®on both sides we have

P, (fc, fc,gc,t) <q P;(gc, gc,gc,t) =0

This gives fc= gc, Again compatibility of f and
9 implies commutativity at a coincidence point. Hence
gfc = fgc = ffc=ggc fc = ffc

Suppose fc = ffc

. Now, we claim that

, then by using (ii) we obtain,

P, (fc, fc, ffc,t) <q P (gc, gc, gfc, t)

P (fc, fc, ffc,t) < q P, (fc, fc, ffc,t)

Which is a contradicton Since 9€ [0’1).
Hence, fe = ffc=97C 3nq TCis a common fixed point
of f and 9

lim fga, = fc
Next suppose that n— .
Then T (X) = 9(X) implies fe=0Uir  some

lim fga, = gu.
U€ X and therefore "=
f limgfa, = gu

Compatibility of * and 9 implies, "= .
By virtue of (3.1), we have

lim fga,,, =lim ffa, = gu.
Using (i), we get

P, (fu, fu, ffa,,t) <q Ps(gu,gu,gfan,t)_

Letting N — o poth sides, we have

P, (fu, fu,gu,t) <q P, (gu, gu, gu,t) _ 0

f and 9 yields

that

This gives fu=gu Compatibility of
fgu =ggu = ffu=gfu

fu = ffu.
we obtain,

Finally we claim

fu = ffu

suppose that , then by using (ii)

P, (fu, fu, ffu,t) <q P (gu, gu, gfu,t)

P, (fu, fu, ffu,t) <q P, (fu, fu, ffu,t)

which again gives a contradiction, since qe [0’1).

Hence TU= fU=0MU.r0et0re Uis a common
fixed point of f and 9.
Now suppose that f and Yare R-weakly

commuting type of (A‘J) Now, weak reciprocal

f lim fga, = fc
continuity of * and g implies that n—> or
lim gfa,, = gc.

n—>e Let us first assume that
lim gfa,, = gc.

n—oo

Then R-weakly commutativity of

type (Ag)of f and 9 yields

P, (ffa,, ffa,, gfa,,t) <R P;(fa,, fa,,ga,,t)
re R>0.

whe

Letting M — ®on both sides, we have
Ps(lim ffa,, ffa,, 9¢,t) <R p (c,c,c,t) = 0.

lim ffa, = gc.

This gives N Also using (ii) we get

P, (fc, fc, ffa,,t) <q P, (gc, gc, gfa,,t) _

Letting M — ®on both sides we have

P, (fc, fc,gc,t) <q P;(gc, gc,gc,t) =0

fc=gc

Hence we get . Again by using R-weakly

commutativity of type (Ag)

P, (ffc, ffc, gfc,t) <R P (fc, fc,gc,t) =0
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This yields ffc = fgc.
ffc = fgc = gfc = ggc. e

f fc = ffc

Therefore,
claim

that '€= ﬁC'Suppose

Using (ii) we get

P, (fc, fc, ffc,t) <q P (gc, gc, gfc, t)
P, (fc, fc, ffc,t) <q PR, (fc, fc, ffc,t)

fc

fc = ffc = gfcanol is

Hence
f and g .

A contradiction.

common fixed point of

lim fga, = fc.

Similarly, we an prove if ">

f

On the other hand if and Yare R-weakly

: . A :
commuting mappings of type (A) , then by following
the similar steps as presented above, it can easily be

fc 1:and g.

proved that "~ is a common fixed point of

Finally now, suppose thatfand 9 are R-weakly

commuting of type (P). Weak reciprocal continuity of
lim fga = fc

f and 9 implies that n—>e % or

limgfa, = gc.

n—>e Let us assume that

limgfa, = gc.

n—o

since pair (f,9) R-weakly commuting
of type (P), we have

P, (ffa,, ffa,,gga,,t) <R P,(fa,, fa,,ga,,t)

where R >0.

Letting M — ®on both sides we get,

P, (lim ffa ,lim ffa ,limgga,,t) <R
n—o0 nN—o0 n—0

Ps(c,c,c,t)=0

P, (lim ffa,lim ffa,,limgga,,t) =0

This gives

Using (i) and (3.1) we have

gfa,, =gga, — gc N —> s

as gives,

ffa, —gc n — P _ Also, by using (i) we have
P, (fc, fc, ffa,,t) <q P, (gc, gc, gfa,,t)

Letting N — ®on poth sides we get

P, (fc, fc,gc,t) <q P;(gc, gc, gc,t) =0 _

This implies that fc=ge.
commutativity of type (P),

Again by using R-weakly

P, (ffc, ffc, ggc,t) <R P (fc, fc,gc,t) =0

where
R>0 .
This yields
fc = 99C. therefore ffc = foc = gfc = ggc.
Lastly, we claim that fc = ffc. Suppose that
fc = ffc

Using (ii) we have

P, (fc, fc, ffc,t) <q Ps(gc, gc, gfc,t)

P, (fc, fc, ffc,t) <q PR, (fc, fc, ffc,t)

Which is a contradiction. Therefore 1€ = ffC:
Hence 1= TC=0C 4 Cis 4 common fixed
point of f and 9.
lim fga, = fc
This results holds good even if "o is
limgfa, = gc.

considered instead of ">

Unigueness of the common fixed point in each of the
three types of mappings can easily be obtained by
using (ii).

The following example shows the validity of theorem
3.1

Example 3.1 Let(X’ F) be S-metric space, where

X = [2,20] and for all
P (a—b[+b—c|+|a—
a,b,ce X P(a-b[+b—cl+[a C|). Define f, g :
fa={2’ a,=20’ra,:=~5]
X—)be 6, 2‘:d“:ﬂ'EEF;lnd
2, a=2
12, 2=a=5
ga= ITHJ a=>5

it can be easily verified
that

() f(X)Qg(X);

(i)

f and g satisfies condition (ii) of theorem 3.1;
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(iii) f and g are R-weakly commuting of type

(A).

(iv) f and g are weakly reciprocally continuous for
1
-ty =50
sequences or for
each in X.

Thus, f and g satisfy all the conditions of theorem 3.1
and have a uniqgue common fixed point at x = 2.
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