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Abstract — In this paper we obtain some subsets of the set IR of real numbers on which fractional part
function is continuous as a real-valued function of a real variable. Every real number can be written as
the sum of its integral part and fractional part. This gives rise to fractional part function as a real-valued
function of a real variable. This function is helpful in the study of dynamics on circle. Some properties

of such subsets of IR are obtained.
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1. INTRODUCTION

Dynamics is the study of the motion of a body, or more
generally evolution of a system with time (see e.g. [2],
[3]). In dynamics on circle, motion takes place through
the points of a circle. This movement of points is tried
to be represented by a function defined on the circle.
Such functions are called circle maps. The study of
dynamics on circle also includes knowing about the
continuity of the concerned functions. A circle in the
plane IRXIR is the boundary of a disc with centre at a
point of the plane and some radius. Corresponding to
discs in IRXIR, there are spheres in IRXIRXIR, in fact,
for every natural number n, there are spheres in IR™
(=IRxIRX....... IR(n+1) times). Thus the boundary of a
sphere with centre at a point of IR™" and some radius
can be considered as a ‘circle’ in IR™". Since any two
circles in IRXIR are homeomorphic, circle in the plane
means the circle at the origin of the plane with unit
radius for the study involving dynamics on circle. Such
a circle is denoted by s'. The corresponding circle in
IR™" is denoted by S". But here we shall consider only
st A circle map is a function whose domain and
codomain both are S*. The continuity of a function at a
point assures that the points which are close to the
point of continuity (i.e. the points which are in a certain
neighborhood of the points of continuity) are mapped,
by the function, as close to each other as we want.
Dynamics on the circle and dynamics of circle maps
have been studied by many see e.g. [3], [4] and [5].

Every real number can be written as the sum of its
integral part and fractional part. Let x e IR. Using
Archimedean property of real numbers (It states that
given a real number x there exists an integer n, n = x)
and well-ordering property of natural numbers (It
states that every non-empty subset of natural numbers
has the least element), there exists smallest integer ny
such that x < n,. This integer n, is called the integral

value of x and is denoted by [x]. Since [x] < x < [X] +
1, 0<x—[x] <1 x-[x]is called the fractional part
of x, and is denoted by r,. By definition St= {(cosx,
sinx) : x e [0, 2n)}. It can be seen that S' =
{(cos2ny, sin2ny) : y € [0, 1)}. Let x € IR. Then x =
[x] + r, where r, € [0, 1). Therefore S = {(cos2nx,
sin2nx) : x € IR}. For x € IR, e = cosx + isinx is a
periodic function with periodicity 2n. There is (the
covering map) n : IR —» C = the set of complex
numbers, defined as n(x) = €™ = cos2nx + isin2nx.
As a point of IRXIR, n(x) = (cos2nx, sin2nx). Thus «
is also a function from IR to IRXIR. It can be seen
(e.g. see [1]) that n(x+n) = =(x) for every integer n.
Thus = is a periodic function with periodicity 1.
Since S' = {(cos2nx, sin2nx) : x € IR}, the function
n, maps IR onto the circle S' = IRXIR, or C. For
every integer n, « : [n, n+1) > S' is one-one and
onto. In particular, = : [0, 1) - S' is one-one and
onto. If we identify 0 and 1 of [0, 1], then S! can be
identified with [0, 1]. A circle map is a continuous
function f : S* — S*. For example, for a fixed o, 0 <
o < 27, if we define f, : S - S' as f,(cosx, sinx) =
(cos(x+m), sin(x+w)), f, is a circle map. Also, for a
fixed o, 0 < ® < 2r, if we define f, : S* — S' as
f, (cosx, sinx) = (cos(x+2Tw), sin(x+21w)), f, is a
circle map. If we define, for x € IR, F : IR —» IR,
F(x) = x + o/2x, then we note thatthat ro F =f, 0
n. Let X € IR. n(F(x)) = m(X + ®/2rw) = (cos2m(x +
®/27), SiN21(X + ®/27)) = (CoS(2TMX+w), Sin(2TTX+w)).
n(X) = (cos2nx, sin2nx). f,(n(x)) = f,(cos2nx, sin2mx)
= (cos(2mx+w), sin(2mx+w)). Such a function F is
called a lift of the circle map. If we define F:IR>
IR, F*(X) = x + o, for x € IR, then it can be seen
that t 0 F* = f," 0 . As F*(x) = x + o, M(F*(X)) =
T(X+®) = (cos2m(X+w), Sin21M(x+w)). n(X) = (cos2nX,
sin2nx). f*(n(x)) = (cos2m(x+w), Sin2T(x+®)). Thus
F* is called a lift of the circle map fw*. Thus the
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function © plays a significant role in the study of
dynamics on circle maps. In the definition of lift of a
circle map the function F : IR — IR is assumed to be
continuous. Some results about the function F are
obtained in [1] without assuming the continuity.

For each x € IR, x = [X] + r, with 0 £ r, < 1. This gives
a functionr: IR — [0, 1) taking x to ry. The function r is
called the fractional part function. The fractional part
function apart from being used in proving some
properties of subsets of IR (as seen below) is helpful in
some part of the study of dynamics of circle maps, in
particular, and functions in dynamical systems in
general.

In this article we shall study some subsets of IR where
the fractional part function is continuous.

The continuity of a real-valued function of a real
variable is defined using ¢-3. Suppose the domain Y of
a real-valued function of a real variable is a proper
subset of IR. If Y is an interval, the same ¢-5 definition
of continuity works except at the end point(s), where
we talk of left-hand/right-hand continuity depending
upon the end point. When the domain Y is not
necessarily an interval, we need an exact definition of
continuity, to be precise in our considerations. An easy
way for that is to consider subspace topology. But that
definition is theoretical and not easy to apply. We have
an equivalent definition of continuity of a real-valued
function of a real variable defined on Y, in terms of &-3,
which is easy to use.

2. DEFINITIONS AND NOTATION

IR is used to denote the real numbers. IN is the set of
natural numbers. Z is the set of integers. A circle in
the plane IRXIR is the boundary of the disc with centre
at the origin of the plane and unit radius, it is denoted
by S'. S' = {(cosx, sinx) : x e [0, 2n)} = {(cos2my,
sin2ny) : y € [0, 1)} = {(cos2nX, sin2nx) : X € IR}. A
circle map is a continuous function f : S* — S*. Lift of
a circle map f : S* — S*is a continuous function F : IR
— IR such that (i) = o F = f 0 = (ii) there exists some k
e Z such that F(x + 1) F(x) + k for every x € IR.

Archimedean property of real numbers : Given a
real number x there exists an integer n, n = x. Well-
ordering property of natural numbers : Every non-
empty subset of natural numbers has the least
element. Let x e IR. Using Archimedean property of
real numbers and well-ordering property of natural
numbers, there exists smallest integer n, such that x
< n,. This integer n, is called the integral value of x.
[x] is used to denote ny. Since [X] < x<[x]+1,0<x —
[X] < 1. x —[x] is called the fractional part of x, and is
denoted by r,. For each x € IR, x = [x] + r, with 0 <r, <
1. This gives a function r : IR — [0, 1) taking X to ry.
The function r is called the fractional part function.

Let Y < IR. cl(Y) denotes the closure of Y. A collection
{Y; 1 j € J} of subsets of IR is called separated or pair

wise separated if, for every j, k € J, j # Kk, cl(Y)nY, =
¢.LetO<s<l. LetAg=ufn,n+s]:neZ} Let AL =
U{(h,n+s):neZ}letCs=u{(h+s,n+1):neZ}
LetCs*=CouZ=u{In+s,n+1):n e Z}. Let Bs={x
e IR:r(x) <s}. Let Be* = {x € IR: r(x) 2 s}. Let Es = {x
eIR:r(x)=s}=BsBs.ForneZand0<s<1,let
A" =[n, n+s]and V" = [n, n +s). We can define A,
and A", also for s = 0; A, turns out to be Z and A," =
{n}.LetYcIR. Letg: Y > IR. Letxe Y,g:Y—>IRIis
continuous at x if g : (Y, ) — IR is continuous at X,
where t* is the induced topology of the usual topology
of IR. g : Y > IR is continuous if g : Y - IR is
continuous at every x € Y.

3. PRELIMINARIES

As seen in the introduction, for a fixed o with 0 < <
27, we have two circle maps f, and f,, defined as
f,(cosx, sinx) = (cos(X+w), sin(x+w)) and f, (cosx, sinx)
= (cos(x+2Tw), sin(x+21w)). F : IR > IR, F(X) = x +
o/2n, and F : IR —» IR, F*X) = x + o are lifts of f,
and f, respectively.

For o = n/4, n/2 and 3n/4, we have the following
graphs of f,. Since o is taking a particular value, we
can write f in place of f,.

o =mn/4

x=0:0.01: pi;

X1=C0S(X);

y1=cos(x+pi/4);

Xo=sin(x);

yo=sin(x+pi/4);

plot(x1,y1)

grid on

o =n/4
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o =n/2
x=0:0.01: pi;
X1=c0s(X);
Y1=C0S(X+pi/2);
Xo=Sin(x);
Yo=Sin(x+pi/2);
plot(X1,y1)

grid on

o =n/2
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o =3n/4
x=0:0.01: pi;
X1=c0s(X);
y1=cos(x+3*pi/4);
Xo=sin(X);
Yo=Sin(x+3*pi/4);
plot(x1,y1)

grid on

o = 3n/4

Remark.3.1. IR=uU{V,":neZ}=u{n,n+1):ne
2.

Proof. Let x € IR. x = [x] + r(x) with 0 < r(x) < 1.
Therefore x € [m, m + 1), where m = [x]. Thus IR =
U{{n,n+1):neZ}

Remark.3.2. (i) Foreverys,0<s <1, A;=U{As": n
ez} (i) IR=U{n,n+s):nez0<s< 1} (i IR
=U{A":neZ 0<s<1}.

Proof. (i) It follows by definitions of Ag and A". (ii)
Let x € IR. x = [x] + r(x) with 0 = r(x) < 1. Let t be
such that 0 < r(x) <t < 1. Therefore x € [m, m + t),
where m = [x]. Thus IR=uU{{n,n+s):ne Z, 0<s
< 1}. (i) By (i), IR=U{[n,n+s):ne Z,0<s <1}
c U{A":n e Z, 0 < s < 1}. So (i) follows.

Lemma.3.3. Foreverys,0<s<1, As = B..

Proof. Letx € As. Then x € [n, n + s] for some n €
Z.Sincen<xsn+s<n+1,n=[x]. Since x=[x] +
r(x) and n + r(x) £ n + s, therefore r(x) <s. So x €
Bs. Conversely, letx € Bg. [X]Sx=[x] +r(X)<[x] +s
as r(x) < s. Therefore x € [[x], [X] + S]. S0 X € As.

Remark.3.4. Foreverys, 0<s<1,Es={n+s:ne
Z}.

Proof. Let x € Es. Since r(x) = s, X = [X] + s.
Therefore x € {n + s : n € Z}. Conversely, let x € {n
+s:neZ} Thenx=m +s forsomem e Z. So x —
m=s.Since [x—m]=—-m + [x] and 0 <s < 1,
therefore m = [x]. This implies that r(x) = s.
Therefore x € Es.

Lemma.3.5. LetH c IR. Leth: H —» IR. Let x € H.
If there exists a 6* > 0 such that fory € (X — 8%, x +
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8%), (i) x =y = h(x) — h(y), or (i) |n(x) = h(y)] < A]x -]
for some fixed A > 0, then h is continuous at x.

Proof. (i) Let ¢ > 0. Let 8 = min{e, 6*}. Let |y — x| < 8.
Theny € (X — 8% X + &%) as 6 < &*. Therefore by the
given condition (i), |h(x) —h(y)| =[x —y| < 8 < &. (ii) Let ¢
> 0. Let 8 = min{e/A, 6*}. Let [y — x| < 8. Theny € (x —
8*, x + &%) as & < &*. Therefore by the given condition
(i), [n(X) = h(y)| S Ax —y| < 8L < e.

4, RESULTS

Lemma.4.1. Let{Y;: ] € J} be a collection of subsets
of IR such that U{Y; :j € J} is closed. Then{Y;:j e J}
are pair wise separated iff {Y; : j € J} are pair wise
disjoint and each Y; is closed.

Proof. If {Y; : j € J} are pair wise disjoint and each Y;j is
closed then clearly {Y; : j € J} are pair wise separated.
Now suppose that {Y; : j € J} are pair wise separated.
Let k € J. Let x € cl(Yy). Suppose x ¢ Y. Forje J,j#
k, since cl(Y)NY; = ¢, X ¢ Yj. Thus x ¢ U{Yj:j e J}
Therefore x € B = IR — U{Yj : ] € J}. Since B is open
and x € cl(Yy), BNYy# ¢. ButBnYy=¢dpas Bc IR -Y,.

Corollary.4.2. Let {B;:j e J}and {Y;:j € J} be such
that IR — U{Y;:je J}=uBj:je I If U{B;:]je J}is
open then {Y;:j e J} are pair wise disjoint and each Y;
is closed iff {Y; : j € J} are pair wise separated.

Proof. By the given condition U{Y; : j € J} is closed.
Therefore the result follows by Lemma.4.1.

Lemma.4.3. Let IR = U{Y; : j € J} be such that YnY, =
¢ for every j, k € J, j # k. If for each j € J, Y; = HjUK,;
with HnK; = ¢, then IR—U{H;:j € 3} = U{K :j € J}.

Proof. Let j, k € J, k #j. Since YjnYy = ¢, YjnH = ¢.
Thus YJ' c IR —Hy. So YJ' —H¢ = Y]ﬁ(lR - Hk) = Yj. This
implies that ~{Y; — H¢ : k € J, k #j} =Y. Therefore,
ﬁ{Yj—Hk:keJ}:Yj—Hj. Now |R—U{H]] EJ}:
(AYj:jedP—(HAH: ke D) =(Y,— (U{Hc: k € I}
jed=un(Yj—Her ke d)jed=u{Yj—H;:je J}
:U{Kj:j S J}, aSY]'—HJ': Kj.

Lemma.4.4. Foreverys,0<s<1,IR-A;=Cs={(n
+s,n+1);n €Z}

Proof. By Remark.3.1, IR=u{[n,n+ 1) : n € Z}. Let J
=Z. Let,forn € Z, Y, =[n, n + 1). Then Y,nY\ = ¢ for
everyn, ke Z n#k. LetHy,=[n,n+s]and K,=(n +
s, n + 1). Then Y, = H,UK, and H,nK, = ¢. Therefore
by Lemma.4.3,IR-As=Cs= U{(n+s,n+1):n €
Z}.

Remark.4.5. Foreverys,0<s<1,B*=u{ln+s,n+
1):n eZ}.

Proof. Bg* = {x : r(x) > shu{x : r(x) = s}. Therefore, by
definition of Bs, Bs* = (IR — Bg)UEs = (IR — Ag)UEs as Bs
= As by Lemma.3.3. Since, by Lemma.4.4, IR — A;= C;

=uU{n+s,n+1);n eZtandEs={n +s:n e Z}, Bs*
=U{n+s,n+1);n eZ}.

Remark.4.6. Let 0 <s < 1. Foreveryn € Z, nis a limit
point of Bs*, so Bg* is not closed.

Proof. By Remark.4.5, Bs*= U{[n+s,n+1):n e Z}.
SinceneZiffn-1e€Z, B*=uU{[n-1+s,n):n e Z}.
Forn € Z, nis a limit point of Bs*, so Bs* is not closed.

Remark.4.7. IR-AL=C=U{[n+s,n+1);n €2},
where A’ =U{(n,n+s):n e Z}.

Proof. IR=U{[n,n+1):neZ}. LetJ=Z. Letforn e
Z,Yo=[n,n+1). Then Y,nY,=¢ foreveryn,k e Z, n
#k.LetH,=(n,n+s)and K, =[n+s,n+1). Then Y,
= H,UK, and H,nK, = ¢. Therefore by Lemma.4.3, IR
—AS’=Cs#=U{n+s,n+1);n eZ}

Remark.4.8. The Lemma.4.4 can also be proved using
the function r i.e using Lemma.3.3. We give the proof
below.

Lemma.4.9. () IR-As=Cs=uU{(n+s,n+1);n
Z}. (i) As is closed.

Proof. (i) Since by Lemma.3.3, A; = Bs, we prove
that R-Bs=u{(hn+s,n+1):n € Z}.IR-Bs={x €
IR;r(x)>s}. Letx e IR=B. Sor(x) >s. x=[x] +
r(x). We claim x € ([x] + s, [x] +1). Since r(x) > s, [X]
+r(x) > [x] +s. Since r(x) < 1, [xX] + r(x) < [x] + 1.
Therefore [x] + s <x <[x] + 1. Hence x € ([X] + s, [X]
+ 1). For the converse, suppose that x e (n+s, n +
1) forsomen e Z. Sincen+s<x<n+1 n=[x]. So
r(x) = x — [X] > s. Therefore, x € IR — Bs. (ii) Since
U{in +s,n+1);n e Z}is open, by (i), IR — Ag is
open. Therefore, As is closed.

The following is the direct proof that As is closed. We
need the following Remark for that.

Remark.4.10. Let a, X, b € IR such that a < x < b.
Letd =min{x —a,b—-x}thena<x-dandx+35<bh.
So (x-9,Xx+3)c(a,b).

Proof. Sinced=min{x—a,b-x},6<x—-aandd<b
— X. Therefore a < x — 6 and x + & < b. Therefore (x —
3, X +8) < (a, b).

Proof of A is closed: Suppose x ¢ As. So x ¢ [[x],
[X] + s]. Therefore r(x) >s as x =[x] + r(x). Thus [x] +
s<x<|[x]+1. Letd=min{r(x) —s, 1 - r(x)}. Since x
—(X]+s)=r(x) —s,and [x] +1 -x =1 —r(x), by
Remark.4.10, (x — 8, x + 8) < (xX] + s, [X] + 1).
Therefore (x -6, x +8) N [[X], [X] +S] = ¢. Letn € Z,
n# [x]. Either n < [x] or [x] + 1 < n. Let n < [x]. By
Remark.4.10, s < r(x) — 8. Therefore, n + s < x — 3.
Suppose [x] + 1 < n. Using Remark.4.10, x + 3 < [X]
+1<n.Thus (x -8, x+38) n[n, n+s]=¢foreveryn
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€ Z. Therefore (x — 8, X + 8) N As = ¢. So X is not a limit
point of As. Hence A is closed.

As mentioned in the introduction, we need to have a
working definition of the continuity of a real-valued
function of a real variable is defined using -3, when
the domain Y of the function is a proper subset of IR. If
Y is an interval, the same ¢-5 definition of continuity
works except at the end point(s). When the domain Y
is not necessarily an interval, we have the following
definition which works even when Y is an interval. But
first we have the theoretical definition. Then we have
an equivalent definition of continuity of a real-valued
function of a real variable in terms of ¢-3, which we
use later.

Remark.4.11. LetYcIR.g:Y > IR. Letx e Y. (i) gis
continuous at x iff, for given ¢ > 0, there exists 6 > 0
such that fory € (x — 8, x + d)NY, |g(x) — g(y)| < &. (i) If
there exists & > 0 such that fory € (x — 8, X + 3)NY,
la(x) — g(y)| £ [x — ]|, then g is continuous at Xx.

Proof. (i) It follows as (x — 8, X + 8)nY is open in the
induced topology on Y. (ii) For given ¢ > 0, if we take
* = min{g, 8}, then g is continuous at x.

Remark.4.12. LetHc Y cIR. Letg:Y > IR. Letx ¢
H. () If g:H — IR is not continuous at x, theng:Y —
IR is not continuous at x. (i) The converse of (i) is not
true. Thatis, if g : Y — IR is not continuous at X, then
g : H — IR may be continuous at x.

Proof. (i) g : H — IR is not continuous at X, so by
Remark.4.11, there exists some ¢ > 0 such that
whatever 6 > 0 we take there exists y € (x — 8, X +
8)H such that |g(x) — g(y)| =2 &. Since Hc Y,y € (x —
8, X + d)NY. Therefore, in view of Remark.4.11, g : Y
— IRisnotat x. (ii) TakeH=Zand Y =IR. Every g :
Z — IR is continuous. But every g : IR — IR is not
continuous.

Remark.4.13. Let x, y € IR. If [X] = [y], then x —y = r(X)
—r(y). r(x) <r(y) iff x <y.

Proof. x=[x] +r(x) and y = [y] + r(y). Therefore x —y =
r(x) — r(y) as [x] = [y]. Now it follows that r(x) < r(y) iff x

<y.

Proposition.4.14. Let As = U{[n,n+s] ;n e Z}. r : Aq
— IR is continuous.

Proof. Let x € A,. First we find 8 > 0 such that fory e
(X =38, X+ 3)NAs, [Y] = [X]. X € [m, m + s] for some m
Z. Case(i) x e (m,m+s). Letd =min{x—-m, m+s —
x}. By Remark.4.10, (x - 8, x+3) c (m, m + s). Lety e
(X =8, x + 8)nAs. Theny € (m, m + s). Therefore [y] =
[x] as s < 1. Case(ii) x =m + s. Take & = ¥2(min{s, (1-
s)}). By Remark.4.10, (X — 8, X + 8) < (m, m+1). Lety €
(x -8, X+ 3)NAs. Theny € (m, m+1). Therefore [y] = m

=[x] as 0 <s < 1. Case(iii) x = m. Take & = Y2(min{s,
(1 -s)}). Now by Remark.4.10,(x — 8, X+ 8) c (m — 1,
m+s). Lety e (x =8, X + 8)NAs. Theny € [m, m + s)
as (m -1, m + s)nAs < [m, m + s). Therefore [y] = [X].
Thus in every case, fory € (X — 3, X + 3)nA, [v] = [X].
By Remark.4.13, x — y = r(x) — r(y). Now, by
Remark.4.11 (ii), r is continuous at x.

Remark.4.15. By Proposition.4.14, for every s with 0 <
s < 1, ris continuous on Ag. The collection {As : s € IR,
0 <s < 1}is a totally ordered subset of the p.o. set (IR,
c) because fors,t e IR,0<s,t<1, Asc A, or A, c A
depending upon s <t,ort<s. Letx e IR. x = [X] + r(x).
Since 0 = r(x) <1, x € A, for every t such that r(x) <

t. Therefore U{A; : s € IR, 0 < s < 1} = IR. By
definition As” = U{(n, n +s) : n e Z}. It can be seen
that U{A°:s € IR,0<s<1}=IR-Z

Remark.4.16. We have seen above that, for s = 0,
As = Z,i.e. Ay = Z. It can be seen (below) that r is
continuous also on A,.

Remark.4.17. (i) r is continuous on IR — Z. (i) r is
continuous on Z. (iii) r is continuous on H, if H c IR
—ZorZ.

Proof. (i) Let x € IR = Z. Since [X] < x < [X] +1, by
Remark.4.10 there exists a & > 0 such that (x — 5, x
+98) < ([X], [X] + 1). Therefore, fory € (X — 8, X + 9),
[yl = [X]. By Remark.4.13, x — y = r(X) — r(y).
Therefore r is continuous at Xx. Therefore r is
continuous on IR — Z. (ii) Let m € Z. Let ¢ > 0. For &
<1, (m-238, m+ 3d)nZ ={m}, therefore r(y) — r(m) =
0 for every y € (m — 8, m + 8)nZ. (iii) Restriction of
a continuous function is continuous.

5. CONCLUSION

In the above considerations there are many subsets
of IR on which the fractional part function r is
continuous. There may be other subsets of IR on
which r is continuous. But we do not have any more
information about such subsets of IR. It is worth
investigating to know other subsets of IR on which r
is continuous, or to have some information about
such subsets.

REFERENCES

[1] Babu Lal, A. Miglani, and V. Kumar (2013).
On Dynamics of Circle Maps, Proc. 2nd
International Conf. on Evolution in Science
and Technology and Eyne on Educational
Methodology March 3-4, PPIMT, Hisar, pp.
507-510.

[2] M. Brin and G. Stuck (2002). Introduction to
Dynamical Systems, Cambridge University
Press.

Anil Saini*

www.ignited.in

2099



On Continuity of a Function Concerning Dynamics on Circle ||l

[3] Siddharath Gadgil, Dynamics on the Circle 1
(preprint).

[4] Puneet Sharma and Anima Nagar (2008). On
Dynamics of Circle Maps, Far-East Journal of
Dynamical Systems, Vol.10, No.2, pp. 185-
201.

[5] Qiao Zhang, Invertible Circle Maps (preprint).

Corresponding Author
Anil Saini*

Assistant Professor of Mathematics, Pt. C. L. S. Govt.
College, Sector-14, Karnal, Haryana

www.ignited.in

Anil Saini* m



