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Abstract — Existence and uniqueness of a fixed point is proved by Banach(1922), which is known as
Banach contraction principle [1]. It is a very useful, simple, and classical tool in fixed point theory. Many
authors have studied and extended this theorem in different ways. In this paper we also prove a new result
concerning fixed point on two complete metric spaces. In this paper, we prove a common fixed point
theorems for two pairs of maps in two complete metric spaces. These theorems are versions of many

known results in metric spaces.
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1. INTRODUCTION AND PRELIMINARIES

Banach (1922) proved a theorem which ensures the
existence and uniqueness of a fixed point under
appropriate conditions. His result is called Banach’s
fixed point theorem or the Banach contraction
principle. This theorem is also applied to show the
existence and uniqueness of the solutions of
differential and integral equations and many other
applied mathematics. Many authors have extended,
generalized and improved Banach’s fixed point
theorem in different ways. Some fixed point theorems
for two metric spaces have been proved by Brain
Fisher [1], V. Popa [3], P.P. Murthy et al [4], R.K.
Namdeo [5] and Luljeta Kikina et al [7]. Now our aim is
to generalize and extend result of [3].

Definition 1.1 Let (X, d) be metric space. A sequence

(Xn} € X is said to be convergent to a point
PEX =V >0 34 nhositive integer () such that
d(x,,P)<e ¥ n=z=ng

Definition 1.2 Let (X, d) be a metric space. A

sequence a1 X i said to be Cauchy sequence if
A X, Xp) » Dasm,n — @

Definition 1.3 A metric space (X, d) is said to be
complete if and only if Cauchy sequence in X
converge to a point of X.

The following theorem was proved by V. Popa [3].
Theorem 1.1 Let (X, d) and (y, p) be complete metric

spaces. If T: X —» Y and S:Y—X satisfying the
inequalities.

(1. TS,)

< cymax{d{x, Sy)p(y, Tx),

1.1
d{(x, Sy)p(y, TSy), p(y. Tx)p(y, TSy)) (1.1}

d*(Sy,STx) < comax{p(y, Tx)d(x,Sy),

1.2
ply, Tx)d(x,5Tx),d(x,Sy)d(x,5Tx)} (1:2)

¥ x€X and ¥<¥, where Ocyca <1 then ST has

a unique fixed point point ZeX and rs has a
wey Further, Tz=w and

n

unique fixed point
Hwr =z,

2. MAIN RESULT

Theorem 2.1 Let (X, d;) and (Y, d,) be complete
metric spaces. Let A, B: X —» Y and C, D:Y—X
satisfying the inequalities.

di(Cy,DBx) < cymax{d,(y, Bx)d(x,Cy),
d,(y,Bx)d,(x,DBx), (2.1)
dy(x,Cy)d,(x,DBx)}

di(Bx,ADy) < cymax{d,(x, Dy)d.,(y, Bx),

dy(x,Dy)d,(y,ADy), (2.2)

dy(y, Bx)d,(y,ADy))

¥ xeXand YEY where 0 = 61,62 <1 f one of
mappings A, B, C, and D is continuous then CA and
DB have a unique common fixed point £ €X and
BC and AD have a unique common fixed point * &Y,
Further Az=Bz=wand Cw = Dw = z

Proof. Let x be an arbirary point in X. Let

Ax = y,Cyy = x1,Bx; = y,,
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Dy, = x3,Ax; = y3
and in general let,
CYn-1 = Xp-1,BXy_1= Yn,
Dy, = x5, Ax, = Ypseiforn =12, ..
Using inequality (2.1), we get,
di (Xp, Xn41) = di(Cyn DBxy)
< eymax{d; (yn, Bx,)d (x,, Cyy),
dy (Y, Bxn)d, (xn, DBxy),

dy (xn, Cyn)d;y (xn, DBxy)}

di (xp, Xn41) < cymax{dy (Vn, Yns1)dy (Xn, Xp),
Ay (Yns Yna1)d1 (Xn, Xpsq),
dy (e, X )dy (o, X 41)}
di (o, Xn41) < €xmax{0, da (Y, Yna1)ds (¥n, Xnsr), 0}
di (% Xn+1) < 3o (Vs Yns1)ds (Xn Xnsy)
= dy(Xn, Xn41) < 1dz(Yn, Ynat)
Now
di (Y Yns1) = d5(Bxp_y, ADY,)
< ezmax{dy (xp—1, Dyn)dz (Vn, BXp-1),
dy (X1, DY )z (Y AD YR ), dy (Vs BXy—y )z (Y, ADY,)}

dg(yn-ym )= szax{dl(xn--l-xn)dz(_)'n:)'n);

dy Vo Y )2 (Ve Y1)

d3 (Vs Y1) < comax{0, dy (X1, X )2 (Vo Vins1), 0}

dl(xn-lvxn)d2(yn'yn+l)'

d%(yn: )’n+1) = Czdx(xn-l-xn)dz()’n- yn+1)

= dy (Y Yna1) < c2dy (X1, %)

|fd1{:xﬂ’Xﬂ+ 1} #+ 0
have,

and by using inequality (2.2), we

dg()'n'ynn) . d.?z.(an-l-AD}'n)
< comax{dy (xy—1, Dyn)dy(Yn, Bxy—q),
dl(xn—l'Dyn)dz(yn'AD)'n)vdz(yn-an—l)dz(ynlAD)’n)}

dZ (V. Yna1) < camax{d (-1, 25 )dz (s Vo).

a2 (Y Y )2 (Vs Yna 1)}

diz’(}'n'y"+l) s czmax{O. dl (xn—l'xn)dz(.yn- .)'n-H)' 0}

dy (X1 X0 )2 (Vs Vs )

d3 (¥ Yn+1) S €20y (tn—1, %)z (Vs Y1)
= dy(Vn Yna1) S Cody Xy, Xp)
If 20 ¥nes) # 0 it follows that
dy(Xy Xess) € €ty (Ve Yns1) S 6oty (XKoo Xy) e € (6465) i (%, 7))
and since "=a-a <1 . js a Cauchy sequence with

limit Z€% and =} is a Cauchy sequence with limit
xeY

Now suppose that A is a continuous. Then,

limAx, = Az = limy,,, =w
n-on

n-son

andso AZ=z2=ADw=w

Now using inequality (4), we get,
d3(Bz,y,) = dy(Bx,, ADy,_;)

< comax{d, (z, x,-,)ds(Vp-1. B2),

dy (7, Xn-1)dz(Yn-1, Yn)» d2(Yn-1, BZ)dz (Yn-1, yn)}
Letting * = *, we have,
d%(Bz,w) = c,max{d,(z, z)d,(z, Bz),
dy(z,z)d,(w,w),d,(w, Bz)d,(w,w)}
d3(Bz,w) < 0
So, Bz =w = BCw = w.
Using inequality (2.1), we get,
df (CW, Xp41) = di(Cyn, DBxy)
< cymax{d,(w, Ypeq)dy (x,, CW),
dy(w, Bxy )dy (X5, DYn 1), dy (X, CW)dy (X, X5 41)}
d?(Cw, Xp41) < cymax{dy (W, Yps1)d, (Xp, CW),
dy(w, Bz)d; (X, Xn4 1), dy (xn, CW)dy (X, Xns1)}
Letting ™ — % we get,
di(Cw,z) < 0

=>Cw= z=CAz
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Again using inequality (2.1), we get,

di(z,Dw) = di(Cw,DBz)

< cymax{dy(w, Bz)d (2, Cw)dy(w, B2)d (2, DBz), dy(z,Cw)d, (2, DBx)}

fff(z, Owl< 0

=>Dw=2=0DBz

The same result of course add if one of mapping

B,C,D is continuous instead of A.

Uniqueness

!
Suppose that DB has a second fixed point % Then by
inequality (2.1) and (2.2), we have,

d?(z,2") = di(CAz DR2z")
< cymax{d,(Az, B2")d,(Z',CAz),
d,(Az, Bz")d,(2',DBZ"),d,(Z',CAz)d,(z', DBz"})}
< ¢ymax{d,(Az, Bz")d,(Z',2),
d,(Az,Bz")d,(2',2"),d,(2',z)d,(Z', 2"))
di(z,7") < c,d,(Az,Bz)d,(z,2")
dy(z,2") < c,d;(Az,Bz')
By using inequality (2.2), we get,
d3(Az, Bz') = d3(ACw,BDBZ')
< comax{d,(Cw, DBz")d.(Bz', ACw),
d,(Cw,DBz")d,(BZ',BDRZ'),d,(B2', ACw)d,(Bz', BDBZ")}
d3{Az,Bz') < ¢;max{d,(z,2)d,(BZ', Az),
dy(z,2")d, (B2, B2"),d, (B2, Az)d,(Bx', BZ"))
d%(Az, Bz') < c,{d,(z 2")d,(BZ', Az)}
d,(Az,BZ') < ¢,d,(2,2")
d(z,2") < ,d,(Az,B2") < cycdy(2,2")

Since P=e-c <1, the  uniqueness of z

follows.Similarly z is the unique fixed point of CA and
w is the unique fixed point of BC and AD. This
complete the proof of the theorem.

Corollary 2.1 Let (X, d;) be complete metric space.
Let A, B, C, D: X—X satisfying the inequality,

df((.')r. DBx) < cmax{d(y, Bx)d,(x,Cy),
dy(y,Bx)d,(x,DBx),d,(x,Cy)d,(x, DBx)}
di(Bx,ADy) < cmaxid, (x, Dy)d,(y, Bx),

d,(x, Dy)d(y. ADy). di(y, Bx)d,(y, ADy))

¥ % ¥ EX where U= ¢ < 1if one of mappings A, B, C
and D is continuous then CA and DB have a unique
common fixed point z and BC and AD have a unique
common fixed point w. Further,

Az = Bz = wandCw = Dw = z.

Corollary 2.2 Let (X,d1) and (Y, d,) be complete metric
spaces. Let A, B: X—Y and C, D:Y—X satisfying the
inequalities,

di(Cy, DBx) < aydy(y, Bx)d,(x,Cy) + byd,(y, Bx)
dy(x,DBx) + c,d{(x,Cy)d,(x, DBx)
di(Bx,ADy) < a,d,(x,Dy)d,(y, Bx) + b,d,(x, Dy)

d;(y, ADy) + c;d,(y, Bx)d;(y, ADy)

¥ xEX and YEVY where @ubycyity by, =0
and (@i + by +c)(a;+b, + ) <1 then CA and DB
have a unique common fixed point z € X and BC
and AD have a unique common fixed point w € Y,
Further,

Az = Bz = wandCw = Dw = z.
Corollary 2.3 Let (X, d;) be complete metric space.

Let 4B C:D:X = X gatisfying the inequality,

di(Cy, DBx) < a,d,(y,Bx)d,(x,Cy) + b,d,(y, Bx)
di(x,DBx) + ¢;d(x,Cy)d,(x, DBx)
di(Bx,ADy) < a,d,(x,Dy)d,(y, Bx) + byd,(x, Dy)

d(y,ADy) + c,d,(y, Bx)d,(y, ADy)
Yx¥EX  where @ @ubucnanbc; =0 gnd
w+b +o <1 and #: + b2+ 02 <1 then CA and DB
have a unique common fixed point z and BC and
AD have a unique common fixed point w. Further,

Az = Bz = wandCw = Dw = z,
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