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Abstract - Fractional calculus is the study of unique fractional orders-integral operators with useful
applications in a number of industries of engineering and research. A fractional differentiation is simply an
operator who takes a broad perspective of the normal differentiation. Fractional derivative equations, such

as real or complex order differentiation, have not defined a vital role in producing the extraordinary
complexity of various components that rely on difficult structures in some of the most diversified areas
of engineering and research. Now, here we demonstrate the most important as well as useful
improvements in nonlinear non-fractional derivative models mathematicians investigated as employed
by authors at least to represent the dynamics of ways in atypical media. Fractional calculus, in the
sense that it extends the principle of derivatives and integrals to include arbitrary order, may be seen as
extension of classical calculus. Efficient math modeling by differential equation on the order of
fractional necessitates the development of accurate and scalable computer methods. In this paper
discuss the efficient numerical methods and their applications in fractional differential equations.
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INTRODUCTION with u(0) =1

Fractional differential equations can only be solved in Let we take solution of (1) in the subsequent series
series because of the difficulty of calculating with form
fractional operators. A approach that is effective for

solving equations with fractional derivatives is the ”w,:v.f—c &
fractional power series method. M. Kurulay and M. =
Bayram provide a technique for solving fractional
PDEs using a power series.

x

I(_DEE-"- —alr [i{l=na)

. L S TT+am-1) =
The power series form (PSM) is given as follows: 3
Ziocn(‘s -5 ) =, +ole-5,) +ee-g e +ey(s -z P+
where 0Zm—1<o<m and ¢, are constants, &, =1 leads the series to fractional Maclaurin . .. E e .
By comparing coefficients of , we get

series. If the fractional power seriesz::orn(s—so)w converges whenever & is greater than recurrence relation to get all information about
or equal to zero but less thanb , where b is positive. Further if the fractional power series constants.

Z.;] c (& —En)“ diverges when & is greater thand ., whered is positive.

1
a=—,a=b=1,

3.1.1 Application of PSM to solve compound If we put 2 in eq. (1), we get
fractional relaxation equation.

Consider the following compound fractional relaxation
equation as follows:

D - aD"u —bu = 0. (g>0. 0=a=1)

Suman Khaleri**, Dr. Sudesh Kumar?

www.ignited.in

933



A Study of Efficient Numerical Methods and their Applications in Fractional Differential Equations ||}

D%~ DY i —u = 0. Subjected tou(0) =1, 1 (0) =1, nonlinear equations. As a result of the VIM method's
adaptability and durability, it has become an

with solution u(e)= :cs 2, increasingly popular tool for researchers to employ in a
n=0 wide range of applications. Setting the correlation

Now, u(0)=¢, =L u'(0)=0=¢, =¢, =0. functional; identifying the Lagrange multipliers; setting
, an initial iteration are all phases in this approach. Poor

R Lt R R convergence occurs when the approach is applied to
;QD’S ’ ‘;C"ﬁg T T4 =0, ordinary differential equations using the Lagrange
r(1+T) multiplier. For fractional differential equations with

starting values, the modified VIM technique has solved

= 1—(_“) 5 this issue by defining a Lagrange multiplier from the

-lle ? - M =0,
2 | Zl ETI EC"S Laplace transform. To further understand the MVIM
2 approach, let's look at the following nonlinear
differential problem.
by comparing coefficients of 5%. we get
I n+1 I ﬂil ml!
‘n+4yn+4 ) ( 2 1) +R{“] l[”} f[&'-'}-.
o A A1) e —2— e, -0 P
I'G+D 9
n+1
r +1 . L ..
o=l e, S )H,_‘ 4 . (0<n). with the initial conditions
1_[2_'_” (4+n)(2+n)
2 ),
Forn=0 ”I'k'I(D]:HE-....-.
) ; \ &
1 5 1
C4 =— =, =—
20T [ 2
=ufe) R .
. . for k = 0,1, 2,...m =lwhere “ ~ "“*/ "M s a
orn= linear and N; is a nonlinear bounded operator,
%’ :r_§+ ¢ |=ec. =0 fle )|s known as regular function .
= l’"_
L 2

Now take Laplace transform of equation (5), to
construct correction functional is
On solving, we get

U als)=U,(s)+ Mshs™U (s)=5"u(0)=...—u™(0)+ I_[R‘{nx )+ Nylu,, I—f!.:‘l]]
ctezecoe<too coeco VT 16 4 1
TLaTaTN0T 27 G5 =M%= g €= 105_\,"; +EC:" %= 24 Regarding the terms  L[R, (1, )+ N, (1, ) f(€)] as restricted variations to make equation
] 3 . . o fixed with r U,.
ule)=c, +(-'1'5/: +0,8 + CSEA teEl vee’t vege’ vese veget ped Wit repestiot,
U (s)=8U,(s)+ Als)fs"5U,(s))
8
o1l 3. 8 —, 16 4 | %1
itg{e) =1+ ez fHoEt AT 4 =ty [f '—_‘—_15 o
L 105z 3 : 4 From (8), we calculate Lagrange multiplier as
. N y 1
The above result is 8th approximation results of (1) Ms)=——.
1 5

when “ZE'Advantage of power series method to

freedom of choosing any point in the interval of  The successive approximations can be given by
integration with approximate solution. taking inverse Laplace transform of equation

MODIFIED VARIATION ITERNATION METHOD (7)

(MVIM)

. g)=u,le)-L7" _:\ U As)=s""wl0) == o)+ £[R b, )o 2y (1, )= Sl )N
Using Laplace transforms, Guo-Cheng Wu and
Dumitru Baleanu developed a unique variational [ o) -ﬂLr‘,lm[.re_..,,.__\-,r,.,._;.,,,.;.].'_
iteration approach that incorporates Lagrange : =/ ' !
multipliers. Nonlinear fractional derivative problems
occur often in mathematical physics and other related
fields, and Lagrange multiplier methods have been
extensively employed to solve these equations. He
developed the variational iteration method for solving

with initial conditions
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ugle)=L .
{er =11

10

3.2.1. Application of MVIM in Solution of composite
fractional oscillation equation

We now apply MVIM to solve following composite
fractional equation

D%y =aJD:n—.!Jlu—f'._.{s >0, 0<a 1)

subjected to the conditions
u(0)=0, u'(0)=0.

According to MVIM method the correction function for
equation (11) has constructed as follows:

u,,(s)=u,(s)+ Als)s™u,(s)- s u(0)- s* ' (0)+ LIbu, +¢, —a,Du, )

. 1 . R
where A(s)=-— & taking Inverse Laplace transform
s

2 1 N
u,(e)=r" |:s'lu[0]+s"u'(D]——qL(blun +¢ —aD’u, )}
s

u,,(sy=L" |:— L“L{blu“ +e, —a,D’u, )i|
PChe )

Case I: When n =

iteration.

0, above equation gives first

u,(g)= L']{—S%L(b,ua +¢, —a,D’u, }I

u,(g)=L" |:— SL-?LL{C‘ )}

g™
”1(8)=_({1131"(a1 +l}'

Case ll: Forn =1, yields

[T —L'i! —LLHI [T —a, D L
3 [T 1 1 1

o 1 " a el N
(s} = Y -—L| =B, P L LR Py P
Fro Flay, +1) D, =1 )
I 1 , I 1]
uylg = L™ —L_l! —Byley } +d l-'- a6} oy e, —1) L [
| o~ " Tla, =1} |
4 i ale) 1
gy =LY Bl )=——-¢ LY oM -—-I
: | et s Ty 5
i““' E; E;: =2
g l=hle ) . aley |
E Ve, + 1 Tl 1) VT 2a, 1)

3.2.2 Solution Of Nonlinear Fraction Equation By
MVIM.

In this section, MVIM method is applied to solve
following equation

Diyle)—yi(s)-1=0, (m-1l<a<m t=0),

13

- e (i) . B .. -
subjected to the conditions y* (0) =0, (i=0, 1, ..., m - 1, m), m is positive integer.

As per MVIM method, the correction function for equation (4.13) is given as follows:

11 Y, (5) =¥, () + A)(s7F, () = 557 ¥ (0) = s7F(0)........ J+ L= y2(e)-1))

For /A (s)= -iﬂ & taking inverse Laplace transform

Voule)= L_:i (s y(0)+s7y(0). ...]—X%L[—_rj (g)- 1)}

Let we takem=11n(4.13), (0 <o 1),
2 1 5 \

Yaal(e)= L7 - Li=yi(e) 1)}

On putting n =0

J‘l(n‘?)=L"{—%L{fl‘_)]=f‘[ 1] e
.

s Tla+1)

Forn=1

V()= L{—%Ll} 1‘5(5)71)}-
5

JEE 3
Tl+af _lﬂ'

- E[ (R o YTy 1 1)

}-'\(e_]=L'1'—lL‘ -
2 s

57\ (T(a+1)* 5 ) (Tlec+1)* 7 57
3o a
(8= 1"(20.'4—1)‘ g A
TA+ea) TBa+1) I(x+1)
Forn=2

vi(e)= L“[—S%L(—yi -l)}

- TLer Ta+)  &° & ‘ . ‘
{5 T+ TEa+D) T+
S O (T2a +1)° a0 s Lo +1) o \|+1
5° \ T(a+ 1) TGa +1)° Ta+D)® (Ta+))TBa+l) )
_|_ @@ash? TEeeh 1 T@Eash  MQesl)  IHa +1)+L1
Ta+)*TB3a+1)? 77 Ta+1)? 5% Ta+)°TBa+1l) s s

[Tea+D) Ta+) &° TQRa+l) &
| Co+D T3a+) [7a+) Ce+lf TGa+1)

yi(&)=

Aa+DEe+1) & £
Ta+1P'TRa+1) [Ga+1) e+l |

which is third approximate solution. For a = 1, in
above equation yields

- 2
yle)=e+—+—¢ +.. > tane.
3 15 »

Since (13) is an ordinary case problem, we may
12infer that the third approximation of MVIM's series
solution is an exact match with the actual answer,
making it obvious that MVIM's accuracy is improved
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by taking more components of the solution into
account.

3.2.3 Solution of Fractional Sir Model By Mvim
Method

VIM approach is now used to solve the fractional
Susceptible-Infected-Recovered model. Developed by
W.0O. Kermack, the SIR model has played a significant
role in mathematical epidemiology in calculating the
population's prevalence of various diseases and the
number of persons who have recovered.

Fractional model start with some basic notations:

S (&) indicate quantity of susceptible people at time &

| () indicate quantity of infected people at time &

R (&) indicate quantity of recovered people at time &
S(g)+I(g)+R(g)=N,

where N is overall population size.

Following the assumptions, we use a fractional order
SIR model.:

Dlx(e)=-Bxle) yle).

15
D¥yle)=p xlg) vlg)=k yls),
£ . i i 16
Dz(e)=k yle),
17

where x(g ). y(&). z(& ) represents S(g ). I(£ ), R(& ) respectively and 0< ¢, 1 for i=1,
2. 3: k=0 is the recovery rate . =0 is the average number of transmission from an

infected person in a time £.

In the fractional SIR system (equations (15) to (17)), a
sophisticated mathematical technique called the
modified VIM approach with opening scenarios was
used to achieve an approximate analytical solution

x0)=48.v(0)=7.z(0)=p. _ _

.For each fractional ordertime
derivative of FSIR, numerical computations are
performed, which are illustrated visually. The following
is how equation (15)'s correction function was
generated using the MVIM method:

X,.(s)=X,(s)+ AsJs® X, (5) - s*7x(0) + L[, (2 )y, (2)])

- 1 o
For A(s)=——— and taking inverse Laplace,
5

%pale)= 1 574(0) L2, oy, (]}

Equation (16)'s correction function can be written as
Y, (s)=1.(s)+ Als)s™ X (s)- s 3(0)- L[Bx, (), (€)= kv, (&)]).
. 1
For Als)= —— and taking inverse Laplace to equation, we get
S

rale)= L" i (&)

(e)-ky (s>]|

Further

Z . (s)=Z (s)+ /-.{SKSGSZH{S}—SRE_::(O_}—L[}O',,("; )]l

y 1 .. .
For Als)= - and taking inverse Laplace to equation, we get
5%

zale)=0" |3 :lOl——L[Fn,,(s)”
Case |: when n=0, equations give first iteration

5(e)=2 570 - 1lper] |

o

x(e)=6—-(88y )| ——.

x (&) (85 Jl"{_cfl )
( 4 4 1 z )
nle)=L ‘ sy +—L[BSy —ky] |,
\ 5

=y +[B3y —k/]

zle)=1" | sT S%L[}r;x

'7:

T(a, +1)

o
g 3

ole)=p+lky)——.
e)=p+(k; )F(o:3—l)

Case Il: when n=1, we can obtain next components
forx(s), y(=), z(= ) as

sle)=r 5L tlas(eln(e] )

2

o)= s B (5o s <[5y — i l—= ||
nle)=1L \\s 5 SR_Lho (85 )le)’;\ﬁ[ﬂ». k‘]mzﬂ]:\“-

gata R

+ 825,?
£ T(2a, +1)

2svlasy — kv
1'(&'_+a:—1) +ﬂ§"[ﬁ7’ kj

x,(5)=5- By ,Bo[ﬁﬁ —kr]

( e+

Moy, +a, +1)
Tle, +1) (e, + 1012, + o, +1)

2 =T

18

Similarly

20 @
g™ gmm

kvl
T(2e, +1)

/ =y L*/iﬁa: + B3| 8oy — ] - syl psy —ky
yole)=r+ Bor er—p+ pole B e warny Parlear k]

Tl +a,+1)

£ _ky &™ e
o + Il (o, = 0 Q2aty ~ 0y +1) o ~kr)

"Tlay +1) T2, +1)

And
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{;;-3’:

le)=u+ky

T 3+1)— klpor ~kr ]Tlu1—a1+ll

20

In similar manner, rest of components can be obtained

x, ()., »,(g) z(g)

and rapidly converges to exact

. ] o
solution as T T
few terms are required to get estimated solutions.

4. ALTERNATIVE EFFICIENT METHOD-1(AEM-1)

Consider nonlinear fractional derivative equation of the

following type

Diy(s)-y*(e)-1=0
21

subjected to the conditions y¥(0) =0, (i =0, 1., m—=1), (M= >m—1 &=0).

ak:.l'f

Taking order differentiation of (21)

D y(s)- D (y*(e))- DE*(1)=0 ”

where k=0, 1, 2,....
Let us suppose

x
1{8) - EGHEHJ

n=]

23
Putting (23) in (22), we get

- 5 L2
(= \ (= W2
ran \ k
DA D-Zﬂugm ,—Dm‘ Zanam ‘ —Dmtl)=0.
L=l J Y=l /

Tne+1 k-l r((HJ]U 1)
_ tnetl _ AW+ je+l)
Za"r[(n—k—l)a.—l) Z] Z +J—kor+1)

nzl

s\}'—j—.‘q a ﬁ,} .

|1ko}

where g, = IO R>1J

* rapidly converges it means only

in Allied Education

By comparing constant term (put & =0), we get

alla+l)=1=a =

(e +1)

By comparing coefficient of £, (put &k =0), we get

I2e+1)
a,——
T Ie+1)

By comparing coefficient ofe#®

=0=a, =0.

. (put ir=0),we get

I(po+1)
g =——"—— Y aa,
i F!{p+l —1}1Z me
put p =2,
I(2a+1) (200 +1) 1
=————qa, s =— — =
(30 +1) I(3a+1) (T{e +1))

Putting different coefficients, we get

i g Tl+2a)

e T(2e + ) (dar +1) 6™
Clee+1) (Tle+1)' T(+3a)

(Tee + 1))’ T3e + 1) (5a +1) N

yel=

24

5. ALTERNATIVE EFFICIENT METHOD-2 (AEM-
2)

AEM-2 is useful for solving following form of
nonlinear equation

y=/f+L(y)+N(y).
25

where f is a recognized function, L(y) and N(y) linear and non- linear operators.

Since Caputo fractional derivation of order & is describe as D¥ f(g)=1"" % where
=

mzo>m-1,

further 1% (6 -b)" = l'(r( D ( —by™",

(I* D" f)e) = f(s)—if”(oﬁ%.
Ea0 B
where y>—1, m—-1<a<m.

According to AEM-1, the series solution y = Z} N
Al

whose terms are determined by
Vo =S n=L(¥) + N(¥y),
Yy =L(¥)+ N(¥y + ¥) = N(¥p).

Yy =L(¥) + Ny + 3 +3,) =Ny + 1)

a|+1_£'(1' J+\F(Z1n-} V(Zln)

i=0
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Let we solve following non -linear fractional equation
by AEM 2

Déy(e)=1+y'e). (630, 0<a<l), 26
where y(0) = 0.

Equivalent integral equation of (1)

¥(8) =(0)+I* () +I7 (¥ (),

Y, =0+I(1) = r(ci m

vy, =I°(y}) = fair’ S N v i

(T(a+1)? ) TEa+)[(a+1)>

4
s

. .
Ya :Ia{f"c + :I -1 (.1"';)

_q" BN T(2e +1)s™ | 8 ‘

\Tie+1) TGa+DT@D) L(T(a+1)* )
_ £ —l“ﬂ? a+1° & Lare T2a+1) e &
(Tl +1) | T3a +1)° (C(e=1))* C(Ga+ 1) (<) (e +1))*"
() = T(2a+1)) T(6a+1) £ B T(2a+1) T(der +1) £
S CEe+ 1) @+ [(7a+)  T@Ba+DI(a+l)) IGo=l)
we)=y )+ n(e)+ v (8)+...
o = g‘:'
e T(l+o)
R [2x+1l) & T1+2:)F Db+l & . Il +2a) [4a+0) s~
Mo +Dle+1F e+l Maehf NTa+)  Ma+a+lf b=l 2?

which is in best agreement with exact result merely at
second approximate solution. Hence this new method
is comparative effective and fast converging method.

6. CONCLUSION

In order to show, appraise, and enhance the research
objectives outlined above, the most appropriate and
powerful  arithmetical techniques for nonlinear
fractional ordinary differential equations are being
developed. Several effective numerical and analytical
strategies for fractional derivative equations, both
linear and non-linear, are presented and applied in
mathematical models. Fractional derivative problems
may be solved using the MVIM and power series
techniques. In the second iteration, the proposed
approach is able to provide results in a series form that
converges quickly, and the precise results are
acquired. There is a long-term relationship between
fractional time derivatives and solution in entire
instances, according to the results. The effectiveness
of two new efficient approaches is shown by
implementing them on a class of nonlinear fractional
differential equations. Solving the composite fractional
relaxation equation using the fractional power series
approach is the focus of this section. In order to solve

the composite fractional oscillation equation and the
SIR model, the Modified variation iteration method
(MVIM) is used. Solution behavior for fractional and
classical order 1 is illustrated in graphical form. To
solve nonlinear fractional equations and fractional
order gas dynamics equations, several innovative
efficient numerical techniques AEM-1 and AEM-2 are
examined.
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