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REVIEW ARTICLE 

Let ,the hyperbolic space of dimension d+1. For d = 1 it is the upper half 

plane, known also as the Poincar eupper half plane, consisting of complex numbers with positive 

imaginary part. H
d+1

 is equipped with the Riemannian metric given by  with 

respect which it is a manifold of constant curvature -1. For  and a unit tangent direction  

at p the (unit speed) geodesic  in H
d+1

 with p(0)   and  as its tangent at t= is a 

(Euclidean) semicircle in R
d+1

 orthogonal to R
d
 (the latter is embedded in R

d+1
 as ). 

To the positive segment   there corresponds a unique  in R
d
, namely the 

endpoint of the semicircle as above, in the segment corresponding to the positive part of the 

geodesic. Conversely, given   and   there exists a unique unit tangent direction  at 

p such that  is the endpoint of the (positive) geodesic   such that   and   is its 

tangent at 0. 
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Now let M be a manifold of dimension d+1 with constant negative curvature, say -1. Then M has 

the form , where   is a group of isometries of H
d+1

. The quotient may , is 

a covering map, with H
d+1

 as the universal covering space, The action of  on H
d+1

 extends to an 

action of R
d
 as above; the latter may be viewed as the “boundary” of H

d+1
. The geodesics in M 

consist of the images of geodesics in H
d+1

. Given  and a unit tangent direction  at q and 

 such that , the geodesic in M corresponding to q and  has a unique canonical lift 

in H
d+1

 starting at p which is a geodesic (together with time orientation). 

 

Now suppose  furthermore that M  has finite Riemannian volume. Such a manifold may be 

compact or noncompact; in the latter case, which is what interests us below, there are finitely 

many “ends” in the form of tapering off pieces, referred to as “cusps” – given any  there 

exists a compact subset K of M such that the complement of M consists of finitely many subsets, 

each of which is within (hyperbolic) distance  from a geodesic ray (positive time geodesic). It is 

well-known  that for a manifold M as above, for almost all pairs  with  and  a unit 

tangent direction at q, the geodesic  is dense in M, and moreover the pairs , 

where  denotes the tangent to   at t, form a dense subset of the unit tangent bundle of M. 

There are however geodesics which are not dense and exhibit a variety of different behaviour. One 

of the interesting issues in this respect is to understand the set of geodesics with compact closure, 

when the manifold itself is not compact, but has finite volume. The following result was deduced 

in this respect. 

 

Corollary 4.1 (Dani) Let M be a Riemannian manifold of dimension d+1 with constant negative 

curvature and finite Riemannian volume. Let . Let   be the set of geodesics  on M 

such that   and the closure of   in M is compact. Then the set of   in R
d
 such that   

is an endpoint of a lift of some  in H
d+1

 is a winning set in R
d
. 
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In view of the correspondence between the directions and the endpoints of the corresponding 

geodesic this can also be thought of as a result on the multitude of directions at any point , 

for which the corresponding geodesic is bounded (has compact closure) in M. 
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