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Abstract — The study reported in this paper puts forward a framework for the analysis of steady state creep
behaviour of a thick-walled cylinder made of FGM in the presence of thermal residual stress. The problem
undertaken has significant practical importance. In order to describe yielding of FGM in the presence of thermal

residual stress, the Hoffman*s yield criterion is used.

6.1 GENERAL

Residual stress originates in metal matrix composites
during processing, involving cooling from high temperature
to room temperature. The presence of residual stress
results in difference of yield stress of composite in tension
and compression. The von-Mises vyield criterion for
isotropic material assumes that yielding under both uniaxial
tension and compression starts at the same level of stress.

However, the experimental results (Arsenault,
1987) often indicate that even in isotropic metal matrix
composite yielding does not begins at the same level of
tensile and compressive stresses under uniaxial loading.
These composites are generally reinforced with ceramic
materials having relatively lower coefficient of thermal
expansion as compared to the matrix phase. During
processing when these composites are cooled from a
higher temperature, the thermal residual tensile stresses
are induced in the matrix due to restraint imposed by the
ceramic reinforcements. A part of the matrix residual stress
is relaxed by plastic deformation, thereby, increasing the
density of matrix dislocation, which contributes in
strengthening of the composite.

The study reported in this chapter puts forward a
framework for the analysis of steady state creep
behaviour of a thick-walled cylinder made of FGM in the
presence of thermal residual stress. The problem
undertaken has significant practical importance. In order
to describe yielding of FGM in the presence of thermal
residual stress, the Hoffman"s yield criterion is used.

6.2 DISTRIBUTION OF REINFORCEMENT AND
ESTIMATION OF CREEP PARAMETERS

The FGM cylinder taken in this study is assumed to be
made of 6061Al- SiCw composite. The amount of SiCw in
the FGM cylinder is assumed to decrease linearly from
the inner (a) to outer radius (b). The content of silicon
carbide V(r) at any radius r of the cylinder is again
estimated from Eqgn. 4.1. The average and minimum
whisker contents in the cylinder are estimated respectively
from Egs. 4.4 and 4.5.

The creep parameters M(r) and [l o (r), required for
estimating the distribution of stresses and strain rates
in the FGM cylinder, are computed respectively from
regression Eqgs. (5.3) and (5.4) developed in chapter 5.
These equations are rewritten as below,

0.00879 _ 14.02666 . 0.03224 .
T Vir)

M =0.02876 - M, +dM,  (6.)

0, ==0.084P - 0.0232T +L.1853(¥ (r)) + 22207+ da, +da, (62)

In this study, the FGM cylinder is assumed to operate
at a constant temperature (288 oC) and size of SiCw is
kept constant (=1.23 um). Therefore, the creep parameters
M and (1 o will be functions of only radial distance r, due to
radially varying amount of SiCw in the FGM cylinder.

6.3 ANALYSIS OF CREEP IN FGM CYLINDER

The analysis of steady state creep in thick-walled
functionally graded cylinder may proceed in a similar
fashion as described in chapter 4 for isotropic FGM
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cylinder. However, in this study the reinforcements are
assumed to be in whiskers form rather than particle shape,
whereas the matrix is chosen as 6061Al instead of pure
aluminum. The assumptions made for the purpose of
analysis are similar to those described in section 4.5
(chapter 4) for isotropic FGM cylinder. The FGM cylinder is
subjected to internal pressure (p) and zero external
pressure.

As described earlier, the deformation compatibility equation
for a thick- walled cylinder is,

de, . .
J'd—” =£ - £, (6.3)
,
The following boundary conditions are used in this
analysis,
At r=a a. ==p (6.4)
At r=b a =0 (6.5)

where the negative sign implies compressive nature of
radial stress.

The equilibrium equation for the cylinder is,
r—=0,-0, (6.6)

Hoffman"s yield criterion for isotropic materials is capable
of taking into account the difference in yield strength under
tension and compression, which differ significantly in a
metal matrix composite depending on its processing route.
As suggested by several investigators (Pankaj et al, 1999;
Bicanic et al, 1994), the Hoffman"s isotropic yield criterion
for a material having different yield strength in tension and
compression may be expressed as,

(g|:| +CF::: +cr§3}-(cr”cru t0y 0y +040)) (6.6)
[, - f o toy +05)-f.f,=0 -

where f ¢ and f t are respectively the uniaxial
compressive and tensile yield strength of the material.
The yield criterion given above may also be written as,

(f.= 1

1.1

(T2 '0—33}: +(0y -JII}: +(ay, 'J:}:]+

21 e

(6.7)

The associated flow rule given in Eqn. (3.12) is,

de =L g

' do,

(68)

As described in chapter 3 [Eqn. (3.16)], the effective stress
and effective strain are related as,

de, =g, dA (6.9)
Using the flow rule given in Eqn. (6.8) into the vyield

criterion given by Egn. (6.7), we get the following set of
constitutive equations,

Al

o, —ou)+io, —on)+ =1
g, O T 11~ c [

g

&y =

(o3 =3 )+ (o =y ) +(f, '.fr}]:-‘ (6.10)

£

| &35 = (yy — s )+ (o9 —oy )+ (. — )]
[ Tag, R TR e T
If the principal directions 1, 2 and 3 are taken respectively
along r, 6 and z directions of the FGM cylinder, the above
set of equations become,

di, &,
£, =—=—[lt-1-y+J]g, (6.11)
dr o,
EI!I' ]
gy =—=7—[l-y-x+/lg, (6.12)
'I =
é‘!
£ =——[ly-1-1+Jlg, (6.13)
o
g
Where
w2l 2% g teoh
is the effective strain rate and %o %o Gy is

the effective stress.

The values of f ¢ and f t for 6061AI-SiCw composite are
taken from the experimental results reported by Badini
(1990). Badini (1990) observed that for extruded bars
made of 6061Al matrix composite reinforced with SiCw, the

Available online at www.ignited.in
E-Mail: ignitedmoffice@gmail.com

Page 2



Journal of Advances in Science and Technology
Vol. I1II, No. V, May-2012, ISSN 2230-9659

yield strength f c
186 MPa.

and f t are respectively 218 MPa and

According to Hoffman"s yield criterion, the effective stress (
[1e) in an isotropic cylinder is given by,

/2

0, =0 [l+X +y =x=y-p+J(1+x+))] (6.14)

Under plane strain condition (i.e. [z
gives,

[0 0), Egn. (6.13)

o = a, + J!’? _(f« B }f;) (6[5)

: b
L

Dividing Egn. (6.11) by Egn. (6.12), we get,

du r
= 0.16
il (6.16)
2x—-1-y+J
where, @(r) = )
2—yv=-x+.J
Integrating Eqgn. (6.16) from a to r, we obtain,
i = ;‘{exp [@dr} (6.17)
2 T

where ulla is radial displacement at the internal radius of
FGM cylinder.

Dividing Egn. (6.17) by r and equating it to Eqn. (6.12), we
get,

and,

1!3(.7"] _ 1"Tr.;-

,\/_-[*2 _|_J;3 —:[‘—"Lf' —,T_:L" +JT(1 + X +_V‘}

Integrating equilibrium Eqgn. (6.6) between limits ,a“ to ,b",
and using the boundary conditions given in Egs. (6.4) and
(6.5), we get,

]
[Ugdr =ap

a

(6.20)

Substituting [ [J from Egn. (6.19) into above equation and
simplifying, we obtain,

b
« Ain j“[:(i)d'i
(uﬁ = (6.21)
- If|d"' Iﬁ(r")
Using Eqgn. (6.21) into Eqn. (6.19), we get [ []
j-J:(r)a'i‘—l
o= P L) L) (6.22)
[RAGLE '[J‘(;-)m-J.

The average tangential stress in the FGM cylinder may be
obtained from Eqn. (6.20) by dividing both sides by (b - a)
as,

ap

i : [ ' * | a Vg = (623)
H_":E‘G - &, [2-}7-X+J]O'G :“_“\‘exp[wdr (6[8) 2 b—ua
¥ - 2o, ' ¥ or
Substituting the value of ap from Eqgn. (6.23) into Eqn.
Substituting e from Eqn. (3.2) and [ e from Eqgn. (6.14) (6.22), we get,
into Eqn. (6.18) and simplifying, we get; _
o [ 1o(rydr
(b=a)Tppe
0, ) L)+ 1y(r) 619) oo -4 L)+ 150 (624)
iy . | I, (r)dr | I1,(r)dr
where,
r Integrating equilibrium Eqgn. (6.6) once again between limit
I-n e ator, we obtain,
Nt L p? v p— vyt Sl v+ 1)) 2 AP
1(r)= 2x"+) xq} wy+J(l+x+1) cxp[wdr i .
M2-y-x+J] LT o, =—[o,dr —T" (6.25)
Available online at www.ignited.in Page 3

E-Mail: ignitedmoffice@gmail.com



Journal of Advances in Science and Technology
Vol. I1II, No. V, May-2012, ISSN 2230-9659

Using Egs. (6.14) and (6.15) in Egs. (6.11) and (6.12), we
may get the following relationship between effective ( [17e
), tangential ( [17171) and radial ( [177r ) strain rates,

£, ==, = 0.87¢, [I=x+J]

- — (6.26)

2 J |
1+ x~ —2x+T+2J +2x/ |

In case of FGM cylinder without residual stress (J = 0), the
above equation reduces to,

==t =08 (620)

The above equation is similar to that obtained earlier in
chapter 4 (Eqgn. 4.18).

6.4 NUMERICAL COMPUTATIONS

The stresses and strain rates in the FGM cylinder are
obtained by an iterative scheme of computation, as
described below. In order to find the first approximation of x
and y i.e. x1 and y1, we assume in Eqn. (6.25) and solving,
we get the first approximation of (I r (i.e.[1 r ) as,

_ap|r -b]

o, 6.28)
' r |b-a] (6.2
a,

X = 1 | —E
Therefore, T e !

_ O',.I + O'Qm'g - (fc - f.‘)
where 2 as obtained from Eqn.
(6.15).

The values of x1 and y1, thus obtained, are used to get
first approximations of 11(r), 12(r) and ¢(r), which are
substituted in Eqn. (6.19) to get first approximation of

oy (le gg ).

Tg =0
Using ? “ again in Egn. (6.25), we may get the

second approximation of [1 r i.e. [1 . Following procedure
described above, one may get 2 the second
approximations of 11(r), 12(r) and ¢(r) and hence may find
second approximation of (i.e. [1 [1). The process is
continues, till the difference between the values of
estimated in the current and previous steps becomes less
than 0.01, over the entire radius of cylinder. Thereafter,
one may estimate the final values of [ r and [ z
respectively from Egs. (6.25) and (6.15).

Knowing the distributions of (1 r, [1 (1 and [ z, we may
estimate (] e and [I[e respectively from Egs. (6.14) and
(3.2). Thereafter, the strain rates [/[r , L and [z in
the FGM cylinder are calculated respectively from Egs.
(6.11), (6.12) and (6.13).

6.5 RESULTS AND DISCUSSION
6.5.1 Validation

Before discussing the results obtained through current
analytical scheme, it is necessary to check the validity of
analysis as well as software developed for the purpose of
computations. For this purpose, the current analysis
and software developed is used to obtain the tangential
strain rates in an isotropic copper cylinder, as reported in
the study of Johnson et al (1961). The procedure for
obtaining the results is described in section 5.6.1. The
tangential strain rates estimated agree well with the
experimental values reported by Johnson et al (1961),
similar to those observed in Fig. 5.2.

1
6.5.2 Distribution of Creep Stresses and Creep Rates

The steady state creep stresses and creep rates have
been obtained for FGM cylinder made of 6061AI-SiCw
having thermal residual stress ( fc - ft) =32 MPa, as
derived from the experimental results reported by Badini
(1990). These results have been compared with those
obtained for a similar FGM cylinder but without residual
stressi.e.fc [Ift.

The FGM cylinder chosen in this study is assumed to
contain a maximum of 15 vol% SiCw at the inner radius
and an average of 10 vol% SiCw. The content V(r) of SiCw
in the FGM cylinder decreases linearly from the inner to
outer radius, as shown in Fig. 6.1. The cylinder is
subjected to an internal pressure (p) = 85.25 MPa and zero
external pressure. The dimensions of the cylinder used in
this study are kept similar to those reported in the study of
Johnson et al (1961) for copper cylinder (refer Table 3.2).

Figures 6.2(a)-(b) show the variation of creep
parameters M(r) and [ o (r ) with radial distance in the
FGM cylinders. The values of creep parameters in both the
cylinders are equal. Further, the value of creep parameter
M increases with increasing radial distance, Fig. 6.2(a).
The increase observed in M may be attributed to decrease
in particle content V(r), on moving from the inner to
outer radius of the cylinder. On the other hand, the
threshold stress ( [1 o ) shown in Fig. 6.2(b) decreases
linearly on moving from the inner to outer radius of the
FGM cylinders. The threshold stress is higher in locations
having more amount of SiCw reinforcement as compared
to locations having lower SiCw content.
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The radial stress, Fig. 6.3(a), remains compressive
throughout the cylinder, with maximum value at the inner
radius and zero at the outer radius, under the imposed
boundary conditions given in Egs. (6.4) and (6.5). In the
presence of residual stress, the magnitude of radial stress
in the FGM cylinder changes a little. In the middle of
cylinder, the radial stress in FGM cylinder C2 is slightly
lower than those observed in FGM cylinder C1 without
residual stress. The tangential stress in FGM cylinder C1
remains tensile throughout and is observed to increase
with increasing radius, reaches maximum (70.04 MPa) at a
radius of 46.56 mm, followed by a decrease towards the
outer radius, Fig. 6.3(b). If the yield plasticity follows the
Hoffman®s yield criterion, it is observed that the tangential
stress in the FGM cylinder C2 increases near the inner
radius but decreases towards the outer radius when
compared with FGM cylinder C1. The maximum increase
and decrease observed in tangential stress respectively at
the inner and outer radii are 6.84 MPa and 5.41 MPa. The
presence of residual stress leads to a slight shift in the
location of maximum tangential stress towards the inner
radius and it also decrease the magnitude of maximum
tangential stress by 4.06 MPa.

The axial stress changes its nature from compressive to
tensile on moving from the inner to outer radius of the FGM
cylinders, Fig. 6.3(c). The presence of residual stress in
FGM cylinder decreases the magnitude of tensile axial
stress (observed near the outer radius) but increases the
compressive stress (observed near the inner radius). In the
presence of residual stress, the compressive value of axial
stress increases by 12.58 MPa at the inner radius whereas
the tensile value of axial stress, observed at outer radius,
decreases by 17.2 MPa.

The effective stress, Fig. 6.3(d), decreases with increasing
radial distance. In the presence of residual stress, the
effective stress at the inner radius decreases a little but
exhibits a significant increase towards the outer radius.
The effective stress observed in FGM cylinder C2 exhibits
a cross over at a radius of 26.93 mm. Inspite of similar
distribution of SiCw in FGM cylinders C1 and C2, the
effective stress increases significantly in FGM cylinder C2
with residual stress as compared to FGM cylinder C1
without residual stress. The increase observed in effective
stress increases with increase in radial distance, except for
some portions near the inner radius of the cylinder. The
maximum increase observed in effective stress is 13.77
MPa at the outer radius.

The variation of strain rates, is dependent on the variation
of effective strain rate ( [1[le ), which is function of stress
difference (] e [10), as revealed from creep law, Eqgn.
(3.2). Therefore, to investigate the effect of residual stress
on creep rates, the distribution of ((1e [1[]10)is plotted

in Fig. 6.4. The stress difference ([ e 0 ) observed
in FGM cylinder C1 is relatively lower than the FGM
cylinder C2, similar to that observed in Fig. 6.3(d) for
effective stress. Since the value of (U e [ [Jo)is higher
near the outer radius of FGM cylinder C2 as compared to
FGM cylinder C1, therefore, the effective strain rates
in FGM cylinder C2 increases significantly on moving
towards the outer radius than that observed in FGM
cylinder C1. But near the inner radius, the effective strain
rate in FGM cylinder C2 are slightly lower than the FGM
cylinder C1 owing to lower stress difference ((1e [1110)
in FGM cylinder C2 than cylinder C1, Fig. 6.4.

Unlike FGM cylinder (C1) without residual stress, the FGM
cylinder C2 with residual stress exhibits minima in the
effective strain rate almost in the middle of cylinder. The
radial and tangential strain rates estimated from Eqn.
(6.26) for FGM cylinder C2 with residual stress are always
higher than the FGM cylinder C1 without residual stress,
Fig. 6.5. The extent of variation observed increases with
increase in radial distance. The maximum variation in
tangential/radial strain rate is observed at the outer radius.
Similar to effective strain rate shown in Fig. 6.5(a), the
tangential/radial strain rate also exhibits a minima in the
middle of the FGM cylinder C2 with residual stress.

It is evident from the above discussion that the presence of
residual stress in the FGM cylinder increases the
magnitude of strain rates, which may enhance the chances
of distortion in the FGM cylinder.

Legend:
- Cyl. without Residual Stress (C1)

——- Cyl. with Residual Stress (C2)
— — Average Whisker Content

V (vol%)

A A A A A MM
[\S]

B O 00 O N B~ O 0 O

IIII|IIII|IIIIIIIII|IIII|IIII|IIIIIIIII|IIII
/

254 30.5 356 40.6 457 50.8
r(mm)

Fig. 6.1: Variation of whisker content in composite cylinders.
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] Legend: Figs. 6.2(a)-(b)
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Fig. 6.2: Variation of creep parameters in FGM cylinders.
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Fig. 6.3: Variation of stresses in different FGM cylinders (7= 288 °C, Vg = 10

vol%).
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Fig. 6.4: Variation of stress difference in FGM cylinders (7= 288 °C, V=10
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Legend: Figs. 6.5(a)-(b)
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Fig. 6.5: Variation of strain rates in FGM cylinders (7= 288°C, V.= 10 vol%).
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