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In this paper, we study linear order differential-
algebraic equations with variable coefficients

Az + A0+ A(t)a(t) = fl1), tEftoty,  (3.1)

where Ailt) € Cllto, 1], €™ "), i = 0, 1.1,
Aty £ 0, f(1) € Cl[tos 1. C™)

with initial conditions

' possibly together

-

. (-2 9 -1 -1 -9 i1
olt) =ag, ..., 27Dt = b A, 20 Vg) =l Y, g, el e

(3.2)

As in the case of constant coefficients, we shall apply
very similar techniques (transforming, differentiating,
and inserting) to the system (3.1) with variable
coefficients, and obtain parallel results on the system
(3.1), and on the initial value problem (3.1)-(3.2).

In the last section we saw that DAEs differ in many
ways from ordinary differential equations. For instance
the circuit in figure 1.3 lead to a DAE where a
differentiation process is involved when solving the
equations. This differentiation needs to be carried out
numerically, which is an unstable operation. Thus
there are some problems to be expected when solving
these systems. In this section we try to measure the
difficulties arising in the theoretical and numerical
treatment of a given DAE.

Modelling with differential-algebraic equations plays a
vital role, among others, for constrained mechanical
systems, electrical circuits and chemical reaction
kinetics.

In this section we will give examples of how DAEs are
obtained in these fields. We will point out important
characteristics of differential-algebraic equations that
distinguish them from ordinary differential equations.
More information about differential-algebraic equations
can be found in [2, 15] but also in Consider the
mathematical pendulum in figure 1.1. By construction
the rows of Aa are linearly dependent. However, after
deleting one row the remaining rows describe a set of
linearly  independent  equations, The node

corresponding to the deleted row will be denoted as
the ground node.

As seen in the previous sections a DAE can be
assigned an index in several ways. In the case of
linear equations with constant coefficients all index
notions coincide with the Kronecker index. Apart from
that, each index definition stresses different aspects
of the DAE under -consideration. While the
differentiation index aims at finding possible
reformulations in terms of ordinary differential
equations, the tractability index is used to study DAEs
without the use of derivative arrays. In this section we
made use of the sequence (3.2) established in the
context of the tractability index in order to perform a
refined analysis of linear DAEs with properly stated
leading terms. We were able to find explicit
expressions of (3.12) for these equations with index 1
and 2. Let m be the pendulum’s mass which is
attached to a rod of length I [15]. In order to describe
the pendulum in Cartesian coordinates we write down
the potential energy U(x; y) = mgh = mgl j mgy where
i X(1); y(t) ¢ is the position of the moving mass at time
t. The earth’s acceleration of gravity is given by g, the
pendulum’s height is h. If we denote derivatives of x
and y by x* and y’ respectively, the kinetic energy
Some additional simple examples:

Consider the (linear implicit) DAE system:

Ey' = Ay + g(t) with consistent initial conditions and
apply implicit Euler:

E(Yn+a - Y)lh = A Ynig + g(tnea)

and rearrangement gives:

Yo = (E - AN [E yo + h g(the)]

Now the true solution, y(tn), satisfies:

E[(Y(tr+2) - Y(ta))/h + h y"(X)/2] = A y(tni1) + G(tner)
and defining en = y(t,) - y,, we have:

en1 = (E-Ah)[E e, - h? y'(X)/2]
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e = 0, known initial conditions

where the columns of Aa correspond to the voltage,
resistive and capacitive branches respectively. The
rows represent the network’s nodes, so that j1 and 1
indicate the nodes that are connected by each branch
under consideration. Thus Aa assigns a polarity to
each branch.

This detailed analysis lead us to results about
existence and uniqueness of solutions for DAEs with
low index. We were able to figure out precisely what
initial conditions are to be posed, namely D(to)x(to) =
D(to)Xo and D(to)P1(to)X(to) = D(to)P1(to)Xo in the index 1
and index 2 case respectively.

These initial conditions guarantee that solutions u of
the inherent regular ODE (3.5) and (3.10) lie in the
corresponding invariant subspace. Let us stress that
only those solutions of the regular inherent ODE that
lie in the invariant subspace are relevant for the DAE.
Even if this subspace varies with t we know the
dynamical degree of freedom to be rankGO and
rankGO0+rankG1jm for index 1 and 2 respectively
Analogous to Section 2.3, in Section 3.1 we
concentrate on the treatment of linear second-order
Differential-Algebraic Equations  with  variable
coefficients. We shall prove that the quantities de-
veloped in Section 2.3 are still invariant under local
equivalence transformations, and present a
condensed form under a set of regular conditions.
Later, in Section 3.2, based on the results of Section
3.1, we describe the solution behavior (solvability,
uniqueness of solutions and consistency of initial
values) of the higher-order system (3.1) and of the
initial value problem (3.1)-(3.2).

It should be pointed out that the work in this chapter is
carried out along the lines of the work with respect to
linear first-order Differential-Algebraic Equations with
variable coefficients in [28, 29, 34]; for a
comprehensive exposition, we refer to [34], Chapter 3.
Condensed Form

Triples of Matrix-Valued

Functions

In this section, we shall mainly treat systems of linear
second-order Differential-Algebraic Equations with
variable coefficients

v‘{?(ez,.rfo(z.), K1) € Clltg. 4] C™), J11) € Clll,

possibly together with initial value conditions

hl.C"l,

\ \

)=, =1, ma el 3

we consider the time varying coordinate
transformations given by x(t) = Q(t)y(t) and premultipli-
cation by P(1),

Where (r.)( J c CZ [t“‘ - ] Cn,xn)

Pt) € C([to. 1], mem)are pointwise nonsingular
matrix-valued functions. These changes of coordinates
transform (3.3) to an equivalent system of Differential-
Algebraic Equations

and

M)+ COilD + Kttt
= PUOMEQU() + (Pl JCUQU) + 2P () M gm) i) 35)
+ PO+ PO + PN ot = PO

Obviously, the
relation

w(t) = Q(t)y(t) (or y(t) = Q H(t)x(t))
gives a one-to-one correspondence between the two

corresponding solution sets of the system (3.3) and
the system (3.5). If we use the notation of triples

MO, CO, Kt and M CULKD)
represent the systems (3.3) and (3.5) respectively,
then we can write the equivalent relation in terms of
matrix multiplications:

i) Gl ki =Pl o ki) | 0 o) Q| 49

In the general case of order system (3.1), if we make
use of the notation of an

(L1 T-tuple (A (e, ..., A®#). Ao(B))of  matrix-
valued functions to represent the system (3.1), we
have the following definition of equivalence of

variable coefficient systems via time varying
transformations.

Definition
aq Two (14 1)-tuples (A,(1), .. ., A
nd (Bilt), ... Bi(t), By(t))

functions

with

1,(?)1 H,(f) - C(|f0f1| Cm'xn"), [ — 0._ -I_, DI [-,
are called (globally) equivalent if there arepointwise
nonsingular matrix-valued functions

P(1) € Cl[ty. 1], Cmmy
Q) € C'{[ty. t1], T

1 (") A(I({‘)) a

of matrix-valued

and

such that
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[ Al f [ f | i1t
0l ()sa0) » o(iJ%{HW
an (g0 - ()0 .
- P4 . A S
0 ()50
Q)
BN i
where [:l.) - u'r!-“ Wi FJ!F! denotes a  binomial

coefficient, Ly EN e < J.-If this is the case and the

context is clear, we still
write
(Ai(t). .. AL, Ao(t)) ~ (Bilt), ..., Bi(t), Bo(t)).

As already suggested by the definition, the following
proposition shows that relation (3.7) is an equivalence
relation.

Proposition 3.2 Relation (3.7) introduced in Definition
3.1 is an equivalence relation on the set of (/ + 1)-
tuples of matrix-valued functions.

Proof. We shall show relation (3.7) has the three
properties required of an equivalence relation.

1. Reflexivity: Let!(t) = Im and Qt) = In.
Then, we
have il A, At} ~

(D) A0, A,

2. Symmetry: Assume
that (Ao AL A0) ~ (B Byt Bult)) i
pointwise nonsingular matrix-valued functions
P(t) and Q(t) that satisfy (3.7). We shall prove
that Bl Bt Bt~ (At A At

—- 1y _
Note that, from the identity Q[f)'@ m - lrit
follows that any order

—1
QY (t)with respect to t is identically
zero. Then, by this fact, it is immediate to
verify that

derivative  of
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Qr OLew - - ()&
QO (g - (D) a=a)
Q) (gel
Qft)
QM (E (e
Qe (HEQT® (1) =0 7'(0)
: =1
Q' (Fe'®
Q)
(38)

Hence, by (3.7) and (3.8), we have

[Ailt),... Ag(t)] = PTHOBy(t),..., Bolt)]

RPN
()00

QMY ()EQ )

el (PhEetw (E-=
o (0
Q)

namely,

(Bl By(), Boll) ~ (A0} ALl Aol
3. Transitivity: Assume
that (A;(f) PR ;4(](#-)) ~ (B](T) ..... B()(f)) with
point wise nonsingular matrix-valued functions

Pit) and Q) ang thar (Bill). ... Bu(l)} ~
(C(E). ...

matrix-valued

("O(t)) with point wise nonsingular
functions /2(t)and  @2(f), which
satisfy  (3.7), respectively. We shall prove
that (@) Aa()) ~ (Ci{E). ... ColD)). gy

the product rule and Leibniz’s rule (cf. [6], p. 203) for
differentiation, we can immediately verify that

Q) Q)
Q] [f:l

(00
() (D) 4=
NI LN
t)
() &Qult)
(1) 8 0at)

Qalt) (1) 5Qa()
Q) () 50:0)
- : : (39)
Qft) () EQ()
Qult)
Q) DE@EHQRA) - ()& (@)Qal)
Q) - (IS (QuH0:()

()3 (@(1)Q2()
Q1(t)¢(t)

Thus, by the assumptions and (3.9), we have
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[Ci(t),...,Colt)] = Pu(t)Pa(t)[As(t), ..., Aplt)]

[]% (Qu(t)Calt))
[ )df T Qlu(ggm

Qult) ()E(@Qita(t) -
Q1(t)Calt)

(IJ%lQIUJQQUU
Q1(t)Qa(t)

namely,

(/h(l‘.), Caey Al(l‘.), 40({)) ~ ((w[(f), cey

In order to introduce a set of regularity conditions
under which we can get a condensed form via (global)
equivalence transformations (3.6) for the triple (M(t),
C(t), K()) in (3.3), we need the concept of (local)
equivalence relation between two triples of matrices.

Two triples (M, C, K)
and (AL, CL K, M C K M, C,K € T,
matrices are called (locally) equivalent if there exist

matrices I € €™M ang@- 4. B C™ b Q
nonsingular, such that
M=PMO, C=PCQ+IPMA, K=PKQ+PCA+PMB. (31

In general, we have the following definition of (local)
equivalence relation between two tuples of matrices.

Definition 3.3 Two (1+1)-
tuples (A Ay /“U)and

(B ..., By, By), Ay, B, € T,

=0 LT e Ny, of matrices are called
(locally) equivalent if there exist ma-

trlces P E CT)?XTI’.‘ (2 hl ----- R[ E CHXT]‘P, Q

nonsingular, such that

OOk - - (O
0 (YR (A
IB‘ """ BU: = Pl_;lh ----- A ' ' lgm
0 n
Q
Again, we
write (A Ay Ag) ~ (Br, oo By Boyg the

context is clear.

Proposition 3.4 Relation (3.11) introduced in Definition
3.3 is an equivalence relation on the set of (/ + 1)-
tuples of matrices.

Cut), CGalt))-

Proof. The proof can be immediately carried out along
the lines of the proof of Proposition 3.2.

Recalling the condensed form and the invariants for
matrix triples obtained under (strong) equivalence
transformations in Section 2.3, we can introduce a set
of invariants for matrix triples under local equivalence
transformations, as the following lemma shows.

Lemma 3.5 Under the same assumption and the same
notation as in Lemma 2.9, the quantities defined in
(2.30) are invariant under the local equivalence
relation (3.10) and (M, C, K) is locally equivalent to the
form (2.28).

Proof. Since the strong equivalence relation (2.17) is
the special case of the local equivalence relation
(3.11) by setting Hi=0i=1 ..., I!-by Lemma
2.9, itis immediate that (M, C, K) is locally equivalent
to the form (2.28). In view of the proof of Lemma 2.9,
it remains to show that the quantities defined in
(2.30) are invariant under the local equivalence

i ; : AMOK
relation (3.10). Here, again, we just take gMEL) o

an example. Indeed, let (M, C, K) and("‘w €. h)

locally equivalent, namely, identity (3. 10) holds. Let
the columns onl form a basis for A’ A ) and let
basis

the columns of Z-ﬂ form a

for“"V’("WT)m V((--"T)-Then, from (3.10)it follows

. DT
that the columns onI = P Z form a basis
- ; 1T -
for V(M ). Since, for any* € Z3,

QTMTP =0, QTCTPTi4+24TMTPT; =0,
if and only if

MIPT. =0, cTPT.=0,

. pT 5
it follows that the columns of Zy = P 2, form a
n gl eyt
basis for V(ML) N AT,
of s(MER)

Thus, the invariance
follows from
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{MCK) = dm (RO NR(CTZy) ﬂPIIxTZﬁ)

= dm (RQTMPTY AR(QFCTP 2+ 2ATMTPT )
ARIOTKTP 2y + ATCT PP 2+ BTMT PTG, ))

= dim (RQ"M PT)AR(QFCTPT Z) 1 R,((Q'fo'TP'Ti’g))

= dim (RO ) AR(CTP Z) nR(KTPT 23))

= 1111(RrUT HRI(TTZHITRU&TZgJ)

_(MCK)

Similarly, the invariance of the other quantities in
(2.30) can be proved.

Now, from the matrix triple (M, C, K) passing to the
triple (M(t),C(t),K(t)) of matrix-valued functions, we can
calculate, based on Lemma 3.5, the characteristic
quantities in (2.30) for (M(t),C(t),K(t)) at each fixed
t e [fo‘f]]

value Then, we obtain nonnegative-
integer valued functions
8 (MC)
r., SMOR) OKD b O (1K) u: [t 1] = No.

For the triple (M(t),C(t),K(t)) of matrix-valued functions,
in order to derive a condensed form which is similar in
form to the condensed form (2.28) for the matrix triple
(M, C, K), we introduce the following assumption of
regularity conditions for the triple (M(t),C(t), K(t))

on [to.f-lj:

H’f] =r t'f.rﬂ =qa. ,‘\’l.f"ﬂ.r{ fﬂ ,‘\'l.ff‘.r{:" _Hff:uf{“'['ﬂ = .‘_(F."K‘.-I )

d(p) = 4, {00 ) = (MO) (MK) ) = M) (3.12)
By (2 30) and (3.12), it immediately follows
thatd JORUGE ) are also constant on [fo-t1]-

We can see that the regularity conditions (3.12) imply
that the sizes of the blocks in the condensed form

(2.28) do not depend on te |f’Uftll'Then, the
assumption (3.12) allows for the application of the
following property of a matrix-valued function with a
constant rank, which may be regarded as a
generalization of the property of a matrix shown in
Lemma 2.6.

Lemma
3.6 (134]. p. 71} Let A(#) € C'([tg, 1], T™"),
[ € NgU{x}, Aty=  r,r e Ny,
aII!’ c [l.(_,, l,l].
therefore

rand  rank for

Then there exist pointwise unitary (and
non-singular) matrix-valued

Journal of Advances in Science and Technology

Uty € CH{|to, 1], C™™)

functions ™ and
Vi < C[ lf'“’ bl €, such that

o Y[ ,
UHH ARV () = [fj H (3.13)

where 2(0) € CH([to. 1,].€™7)
a”f = [tu,tﬂ.

is  nonsingular for

Using Lemma 3.6 we can then obtain the following
global condensed form for triples of matrix-valued
functions via global equivalence transformations
(3.6). For convenience of expression, in the following
condensed form and its proof, we drop the subscripts
of the blocks and omit the argument t unless they are
needed for clarification.

Lemma
Let M(1). C(1), K(1) € C([to, 1], C™") pe
sufficiently smooth, and sup pose that the regularity

conditions (3.12) hold for the local characteristic
values of (M(t), C(t), K(t)). Themn, (M(E),C(t),K(t)) is

globally equivalent to a triple (M), (), K ("))of
matrix-valued functions of the following condensed
form

3.7

R

e =

e e e e e s =

=

. -k N I

N RN

== e ==

\ SMTK)
SH0)
(M)
d\!]
JOK)
n‘\i]
SMTK)
SH0)

e e e T .

I
I
I
I
I
I
I
I
I
I

[

)
i)
(k)

0

L e
I

= = = = = by by b by b bm bm
= = = = = B oDmobn oBn oBn b b B
R

= e e =

U

(3.14)

All blocks except the identity matrices in (3.14) are

again matrix-valued functions on [t 1l
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Note that C5.1() = O (3.14) whereas Cs.1in (2.28) M.CK)

may be a nonzero matrix, which is the only difference

in form between condensed forms (3.14) and (2.28). L0 [CC)[K K]

This difference is due to the equivalence relation (3.5) “(\ DJ \ 0 J l KK J

via time varying transformations. Cralty =0 is

obtained by solving an initial value problem for i DJ \C o +Q|I ”J ! DH” UJ lK K J\l
ordinary differential equations; see the details of the \Loo Lo vfion o ufllo oo vk K]

proof at the end of page 48.

'IDD'CCC“KKK'\
Proof. The proof of Lemma 3.7 is given in Appendix “( Vool c o V( KK J
(on page 48) to this chapter. L s
The Solution performance of Higher-Order ([roapreo oy ‘K KK
Systems of Differential-Algebraic Equations “( VOO e K KR J

000, |(C0 0| M K K

Here, the only difference of the case of variable , , ,
coefficients from the constant case is that, in order to Fobprec ‘I 00 ‘ pono ‘K kKT
carry out the procedure to the final stage, we must “( b OOy 0T 0 ”“ 00 {'C 0o ‘N K K J
assume that at every stage of the inductive procedure, 000)lG00 0O00JLO DOD]LK K K
the regularity conditions (3.12) hold. If this is the case, ) , , ,
then it is immediate that we can obtain, finally, a [V 00 ‘ ¢ 0¢ ‘K K K1)
theorem which is parallel to Theorem 2.12. From the “( 0o { .HU ) - V( KoK J
final theorem we can directly read off the solution 00 0] LTych 0 0] [K K K|
behavior of (3.3) and of (3.3)-(3.4), and obtain a )
consequence which is parallel to Corollary 2.13. ( M Vi 00700007 ‘K K K K\
Clearly, there is no difference in form between the final o W 00O CT 0K KKK ]
theorem and Theorem 2.12 if in the former case we S I ‘ K KKK
omit the argument t in the variable coefficients, nor is 0000 rool {K KKK
there between the consequence and Corollary 2.13. ool vl LE KKK
Therefore, here, for the sake of space of writing we do o . . .
not state them again. In addition, it should be pointed [ Vo Vi 00770 C0C ‘K KKK ‘1
out that, at this writing, since we do not know whether o 000 C 00 R KKK
two different but globally equivalent triples of matrix- A LU R P R ! K KKK '
valued functions, after the differentiation-and- \ 0000 oo {K KKK J
elimination steps are applied to them respectively, will 0 0 00)L0000]LK KK K]
lead to new triples with same characteristic
values 'IDDD‘DCDC"KKKK'\
u, we can not guarantee that these values obtained in l 0000 |; 000 |K KK K J
every step of the above inductive procedure are L0000 h 00 0| M KK K
globally characteristic for the triple (M(t),C(t),K(t)).
Analogously, in the general case of higher-order I 0001700 D 0T TK KK KN
systems of Differential-Algebraic Equations with ( 0 Q00 ‘[) pQHng 0 ‘; Kk k!l
variable coefficients, we can obtain a final theorem w0000 ‘[J I .‘I KKK )
which is similar in form to Theorem 2.19, and its \ b0oo00l|r n 00 |K kK KK
consequence similar to Corollary 2.20, which can 00 00| {g 0 00 | M K K 1(_}
show the solution behavior of (3.1) and of (3.1)-(3.2).
For the same reason, we omit them here. (where pointwise nonsingular matrix w]ued function (J(t) is chosen as the solution of

the initial value problem Qu )=- Cg‘ng:'QﬁE‘e‘ tE [to,t1], Qulto)=T)

Appendix: Proof of Lemma 3.7. By the global
equivalent relation (3.6) and Lemma 3.6, we obtain the
following sequence of globally equivalent triples of
matrix- valued functions.

@ www.ignited.in
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