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Abstract – In this paper, Fuzzy Economic Order Quantity (FEOQ) model is studied to determine the 
optimal order quantity, discount backordered cost and lead-time. Whole of the study is performed in 
fuzzy environment. Even today, most of the researchers are ignoring this concept, just for the sake of 
simplicity of their models. But due to globalization and cut throat competition, it is the need of the hour to 
study the inventory model in fuzzy environment. So that they can accurately analyze inventory 
parameters and hence increase the goodwill of the organization in market. This paper is a part of my 
Ph.D. thesis and included in my thesis as Chapter-4 

---------------------------♦----------------------------- 
 

4.1 INTRODUCTION: 

Now-a-days managers of every organization 
recognize the fact that by managing risks associated 
in their business, they can successfully manage their 
inventories. One of the most common risks that have 
attracted significant attention of managers is supply 
uncertainty, especially the risk associated with direct 
material supplies and deliveries. This type of risk has 
escalated as fortune of 500 companies has sourced a 
great proportion of products from areas of the globe 
with low labor costs, such as China an India. Most of 
the companies recognize the significance of response 
time as a competitive weapon and have used time as 
means of differentiating themselves in the market 
place. 

Lead-Time is the time difference between the 
placement of the order and receipt of it. In the 
competitive business environment, if a decision-
maker can apply some means to reduce the lead-
time, it would result in efficient service from the firms' 
point of view and it also improved the customer 
satisfaction. The lead-time reduction should be 
considered as a very significant variable in inventory 
control. Although, the lead-time can either be a 
constant or a variable, it was often treated as a 
prescribed parameter in most of the inventory model 
and consequently not controllable. Generally, it 
consists of the following components: order 
preparation/ processing time, order transit time to the 
supplier, supplier lead-time, items transit time from 
the supplier, and the time taken from the order receipt 
to its availability on the shelf. By optimizing these 
variables the lead-time can be reduced to its 
minimum level. This task can be achieved by 

inventing extra crashing cost. By shortening lead-
time, the normal safety stock requirement can be 
reduced, and it is turn can minimize the out-of-stocks 
losses, improve the customer service level; and all 
these factors provide competitive advantages in 
business. Very few researchers have modified the 
traditional inventory models by incorporating 
reduction of lead-time by an extra crashing concept. 

Generally, when the system is out of stock, cost and 
operations of inventory depends on what happens to 
demand, especially, for products with high sales 
value and/or high direct profitability, the cost of lost 
demand is high. The intention of a good modeler 
should always be to explore the possibility of 
improving the current system behaviors so as to 
minimize the total cost of maximize the total profit. 
Therefore, in addition to the traditional methods of 
using safety stock, certain possible ways that may 
prevent the loss caused by stock outs should be tried. 
There are many factors that affect the customer's 
willingness in accepting the backorder. It is well 
known fact that for some most desirable products or 
fashionable goods such as certain brand gum shoes 
and clothes, customers prefer to wait, in order to 
satisfy their demands. Another factor can be the price 
discount offered on the stock out items. It is observed 
that higher the price discount from the retailer, higher 
the advantages of the customer, and hence a large 
number of backorder ratio may result. 

Table-4.1: Major Characteristics of Inventory 
Models by Selected Researcher: 
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The above survey and survey performed in chapter-2 
revealed that most of the inventory practitioners used 
Minimax-distribution free procedure to solve their 
problems. A Chebyshev approach for solving the 
problems has been present by EI-Gindy et al. (1995). 
This technique is based on the expansion of the 
controllable variable in Chebyshev series with 
unknown coefficients. Very few inventory practitioners 
apply Chebyshev approach in inventory control 
system. In literature it was found that Maity et al. 

(2007) used that approach for solving as constraint 
optimization problem. Jaggi and Arneja (2011) 
developed a continuous review inventory model in 
crisp environment by assuming that demand 
distribution during lead-time is unknown and solved 
the model by two different approaches: Minimax-
distribution free approach and Chebyshev inequality.  

In the chapter, a mixed inventory model has been 
developed by applying the fuzzy set theory to deal 
with the impreciseness of demand rate. By doing so 
the proposed inventory model captures the inventory 
situation better. In fact, the application of fuzzy set 
concepts on EOQ inventory models have been 
proposed by many authors. However, their studies 
were almost concentrated on the simple EOQ models 
with restrictive assumptions. Most of them assumed 
lead-time as a constant and took shortages either 
completely backorder or totally lost. Because of that, 
those models have very few applications in inventory 
system. To increase the applicability of proposed 
model, a combination of backorder and lost sale with 
backorder price discount is considered. Crashing 
cost is also considered in this chapter to reduce the 
lead-time and setup cost. Cost expression is fuzzy 
due to the impreciseness in demand. Equivalent 
crisp expression is obtained by employing signed 
distance and centroid method. The backorder price 
discount, the lead-time and the order quantity are 
taken as decision variables (whereas the probability 
distribution of lead-time demand is unknown but its 
first two moments are known). Chebyshev inequality 
and Minimax-distribution free procedure are 
employed to minimize the annual cost.       

4.2 ASSUMPTIONS AND NOTATIONS: 

 To develop in inventory model in this 
chapter, the following notations and assumptions are 
used.        

4.2.1 Assumptions: 

1. Time horizon is finite. 

2. Shortages allowed and backlogged partially. 

3. The reorder point r = expected demand 
during lead-time + safety stock, where safety stock = 
k* (standard deviation of lead-time) i.e., r = DL + k 

 where k is the safety factor. 

4. The lead-time Lj consists of n mutually 
independents components. The j

th
 component has a 

minimum duration aj and normal distribution bj, and 
crashing cost per unit time cj, cj have arranged such 
that c1< c2 <.............< cn for the sake of convenience, 
since it is clear that the reductions of lead-time 
should be first on component l, because it has the 
minimum unit crashing cost and then on component, 
2, and so on. 
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The lead-time crashing cost per cycle is C(L) for a 

given L  and given by C(L)  

 

6. The setup cost K consists of m mutually 
independents components. The j

th
 component has 

normal cost ej and minimum cost dj, and crashing 
cost per unit fj. fj have arranged such f1<f2<...........<fm 
for the sake of convenience, since it is clear that the 
reduction of setup cost should be first on component 
1, because it has the minimum unit crashing cost and 
then on component 2, and so on. 

 

 

 

........(4.2) 

8. Assuming that a fraction  of 
the demand during the stock out period can be 

backordered so the remaining fraction (1- ) is lost. 

The backorder ratio  is variable and is in proportion 

to the price discount  offered by the retailer per 

unit. Thus  =  where 0   

4.2.2 Notations:  

 

 

4.3 MATHEMATICAL MODEL 
FORMULATION: 

In the model developed here, the inventory level of 
retailer is reviewed continuously. The inventory level 
of retailer declines due to customer demands only 
and when it is declined to a reorder point r, a lot size 
of Q is ordered. After lead-time L, order arrives at 
retailer's place. This process is continued in each 
cycle. During lead-time there are shortages. With 

backorder ratio , the expected number of 

backorders per cycle is E(X-r)
+
, the expected 

demand lost per cycle is (1- ) E(X-r)
+
. Therefore the 

annual stock out cost of retailer is 

 E(X-r)
+
. The expected net 

inventory level just before the order arrives is r – 

DL+(1- )E(X-r)
+
 and the expected net inventory level 

at the beginning of the cycle is Q + r-DL+(1- )E(X-r)
+
     

Therefore, the expected holding cost per year  

  =h[Q/2+r-DL+(1- )E(X-r)
+
] 

The objective of the problem is to minimize the total 
expected annual cost of retailer, which is the sum of 
setup cost, holding cost, stock out cost, lead-time 
crashing cost, and setup crashing cost. 

EAC(Q, )=
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or  EAC(Q, ) = 

 

  

            .........(4.3) 

Here C(L), C(K) are calculated from equation (4.1) 
and equation (4.2) and E(X-r)

+
 is given by  

E(X–r)
+
 =  

4.3.1 Fuzzy Model and Solution Procedure: 

In the real situation, due to various uncertainties, the 
annual demand may have a fluctuation, especially, in 
a perfect competitive market. Therefore, it is difficult 
for the decision-maker to assess the annual demand 
by a crisp value D but easier to determine it by an 

interval . Taking a value D* from 

[ , ] then if D* = D, the error relative to 

D (demand in crisp case) is . Therefore 
in fuzzy sense, the confidence level is largest. On the 

other hand if D
*
  

then the error is greater than 0 and the confidence 

level will be less than l. When D
*
   or D

*
 = 

 then the error will attain to the largest and the 
confidence level be smallest. Therefore, 

corresponding to the interval  the 
following triangular fuzzy number is set  

    

The membership grade of is l at D, decreases 
continuously as the point deviates from D, and 

reaches to zero at  and . If the 
confidence level is treated as the membership grade, 

corresponding to the interval , it is 

easy to set the above triangle fuzzy number . Two 
different methods of defuzzification are employed: 
one is signed distance and other is centroid method. 

By the signed distance method  

D
*
    

    .......(4.4) 

By the centroid method 

D
0
    

    .......(4.5)  

Both D
*
 and D

0
 are regarded as the values of annual 

demand in the fuzzy sense.  

When annual demand of the retailer becomes fuzzy, 
then fuzzy annual cost of the retailer is 

EA

 

 
                
.....(4.6) 

Where , ,  and  are the fuzzy multiplication, 
division, subtraction, and addition respectively 
between two fuzzy variable as well as fuzzy with 
another real variable by Function Principle. 

Theorem 4.1: The values of total expected annual 
cost in the crisp sense are as follow: 

(a). Using the signed distance method to 
defuzzify equation (4.6) results in  

EACS =EAC

..........(4.7) 

(b). Using the centroid method to defuzzify 
equation (4.6) results in  

 

EACC =EAC
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..........(4.8) 

Theorem 4.2 : Total annual inventory cost obtained 
by signed distance is less than centroid method if 

 and if  than total annual cost 
obtained by centroid  method is lesser. 

Proof : EACC -EACS  

 = 

 

If   then EACC  > EACS  

If   then EACC  < EACS  

Remark- 4.1: If   then EACC  = 

EACS = EAC  i.e., the crisp case is 
the special case of fuzzy case. 

If the demand is more irregular or fluctuating then it is 
not necessary (as stated in Tersine, 1982) that 
demand during lead-time to follow normal distribution 
always. So the case of unknown distribution of 
demand during lead-time has to discuss. During that 
case, obviously, shortages will occur more frequently 
as the nature of demand is more varying. In the lead-
time, demand having unknown distribution, solution 
can be find by two different approaches. On the basis 
of this, two cases are raised as: 

1. Solution by using Minimax-distribution free 
procedure. 

2. Solution by using Chebyshev inequality. 

Case-1. When the lead-time demand has unknown 
distribution then the minimax distribution procedure 
can be used. Then, the upper bound to the expected 
shortages during lead-time can be given as: 

For any distribution F 

 E(X-r)
+
 

 

or E(X-r)
+
  

Hence, equation (4.7) and equation (4.8) can be 
reduced as follows to minimize it. 

From equation (4.7) 

EAC

 

 

 + 

........(4.9) 

From equation (4.8) 

 
EAC

 

 

 

........(4.10) 

Where EAC  and EAC  are 

the least upper bound of EAC  and 

EAC  respectively. 

Case-2. When the probability distribution of X is 
unknown and has only first two moments then it is 
difficult to get the exact value of E(Eg-r)

+ 
i.e., 

expected shortages during the lead-time. By using 
Chebyshev inequality, the real fluctuation in 
shortages during the lead-time is captured by 
Providing the better bound. Moreover, the inequality 
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is valid for all distributions for which the standard 
deviation exists.   

Since, it is known that expected stock out quantity 
during the lead-time is 

E(X–r)
+
 =  

Using Chebyshev inequality  

E(X–r)
+
 = 

 

Furthermore, the above inequality holds for any 
distribution. 

Hence, equation (4.7) and equation (4.8) can be 
reduced as follows to minimize it. 

From equation (4.7) 

EAC  

 

 

 

 

 

From equation (4.8) 

EAC  

 

 

 

 

 

Where EAC  and EAC  

and the least upper bound of EACS  and 

EACS  respectively. 

 

and  

 

 

  

We define 

 TCml =  

 

 

 
  .......(4.13) 

 

Where  m= 1,2 and l = 0, 1 

Where 

TC10 = Total expected inventory cost for retailer 
when defuzzification is done by using centroid 
method and Minimax-distribution free procedure is 
used for solution. (expression is given by equation 
4.10)) 

TC11 = Total expected inventory cost for retailer 
when defuzzification is done by using signed 
distance method and Minimax-distribution free 
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procedure is used for solution. (expression is given by 
equation 4.9)) 

TC20 = Total expected inventory cost for retailer when 
defuzzification is done by using centroid method and 
Chebyshev inequality is used for solution. (expression 
is given by equation 4.12)) 

TC21 = Total expected inventory cost for retailer when 
defuzzification is done by using signed  distance 
method and Chebyshev inequality is used for 
solution. (expression is given by equation 4.11)) 

 

Theorem 4.3: For fixed (Q, ), TCml is concave in L 

]. 

Proof:  

 

 

 

   

 

 

 

Theorem 4.4: For a given value of  L ], 

TCml is convex in (Q, ). 

Proof: First, the Hessian matrix H is obtained as 
follows: 

H =     

then proceed to evaluate the principle minors of H. 

Now, the first principle minor of H is  >0, since 

 

 

In order to evaluate second principle minor, the 
following partial derivatives are required. 

    

 =  =  

  

 

The second principal minor of H is  

 

 

= 

 

 

Since 0  
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Therefore, it is clear that  is convex 

function in  

For fixed L ], the minimum value of TCml 

will occur at the point  which satisfies  

  =  0 and 

 

On solving above two system of equation  

             
.........(4.14) 

 

On putting the value of  in the expression of Q and 
after simplifying  

 

       
.........(4.15) 

 

Remark-4.2: Taking m=1, , C(K) = 0, 
equation (4.15) reduces to 

 

   

This is same as equation (12) and equation (13) of 
Lin (2008). So the present model development here is 
more generalized then Lin (2008). 

 Now, the value of Q
*
, 

*
x can be obtained 

from the equation (4.15) for the known values of the 

parameters of the inventory. For each Lj (j= 0, 1, 
2,....... n), the value of corresponding total expected 
annual cost can be obtained.  

 Algorithm is provided to found the optimal 
ordered quality, lead-time and the backorder discount 
for given value of safety factor k. 

Algorithm: 

Step-1. For given value of safety factor k and for 
each  Lj (j= 0, 1, 2,...... n), perform step (2)-(4). 

Step-2. For given k, find the value of Q from the 
equation (4.15). 

Step-3. Substitute Q into equation (4.15) and 

computer the relative x. Comparing 
*
x with 0 

a. if x 0, then solution is feasible, go to 
step 4. 

b. Otherwise set x 0 and move to step 4. 

Step-4. Computer the corresponding total expected 
cost from the equation (4.13). Go to step 5. 

 

 

value for . 

4.3.2 Analysis on the Basis of Theoretical 
Results: 

1. Notice that if  =1, equation (4.15) reduces 
to  

  = 

 

When  =0, equation (4.15) reduces to  

 =  
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Hence, for fixed L and  on comparing above two 

expressions, one gets  >   i.e., 

the order quantity per cycle increases as  
decreases. So, order quantity in inversely 
proportional to upper bound of discount ratio. This 
result is also varified by Table 4.4. 

2. The effect of  on the minimum total expected 
annual cost be examined. It has minimum value when 

 = 1 and maximum value when  = 0. Hence for 0 

< <1 

 <  <   

 This result can also be seen through Table 4.4 

3. For  and k sufficiently large, we get 

, and there is no setup 
crashing cost then equation (4.13) reduces to the 
result of Ben-Daya and Raouf (1994). 

4.4 NUMERICAL EXAMPLE: 

In the model, the retailer tries to reduce the lead-time 
and setup cost by an extra investment with suitable 
price discount to the customers to convert some 
portion of lost sale into backorder case. The proposed 
model has been illustrated with help of following data 
which is taken is taken from the literature: 

D=600 units per year, K = $200 per order,  = 7 units 

per week,  = $150 per unit, h = $20 per unit per 
year. The problem has been solved for different upper 

bounds of the back order ratio = 0.2, 0.5, 0.8 and 
0.95. The lead-time has three components with the 
respective crashing cost that has been shown in Tale 
4.2 

Table – 4.2: Lead-time Data: 

Lead-time 

component j 

Normal 
duration 

(days) bj 

Minimum 
duration 
(days) aj 

Crashing 
cost cj per 
days 

1 20 6 0.4 

2 20 6 1.2 

3 16 9 5.0 

    

The Setup cost has three components with the 
respective crashing cost that has been shown in Table 
4.3. 

Table – 3: Setup Cost Data: 

 

By using the given algorithm, the optimal solution have 
been obtained by varying the value of backorder ratio 
and corresponding optimal values are tabulated in 
Table 4.4 

Observations Based on Table 4.4: 

With the use of suggested algorithm, the optimal 
solution has been obtained by varying the value of 
lead-time and the best possible outputs are tabulated 
in Table 4.4. Following observations are made from 
Table 4.4. 

1. From the Table 4.4, it is interesting to 

observe that for fixed value of  and . If the value 

of upper bound of the backorder ratio  increases, 
then the expected annual total cost, the order 
quantity, and the backorder price discount decreases. 
This shows that retailer can capture the backorders 
by increasing the price discount. It observe that if the 

value of upper bound of the backorder ratio  
increases, it results in an increase in the cost saving. 

2. If  <  i.e., the tolerance level of right is 
more than left, then the total expected annual cost in 
the fuzzy sense obtained by using the signed 
distance is less than that of centroid. It this situation, 
it is better for the decision-maker to adopt signed 
distance method for defuzzification to obtain the 
optimal solution. These numerical results verify 
Theorem 4.2. 

Table 4-4: Optimal Solution in Different 
Scenarios: 
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Table-4.5: Comparison of the Minimum Total Cost 
per Unit with Backorder Discount: 

 

4. If  <  i.e., the tolerance level of right is more 
than left, then the total expected annual cost in the 
fuzzy sense obtained by using the centroid method 
is less than that of signed distance method. It this 
situation, it is better for the decision-maker to 
adopt centroid method for defuzzification to obtain 
the optimal solution. These numerical results verify 
Theorem 4.2 

OBSERVATION BASED ON TABLE 4.5 AND 
TABLE 4.6: 

The effect of price discounts for backorders by the 
retailer to the customer on the total expected cost is 
also analyzed. As Cheng et al. (2004) did not consider 
backorder price discount, the model developed here is 
being compared to the model of Cheng et al. (2004) 

1. By offering the price discounts a retailer can 
fetch a large number of backorder. 

2. In the model developed here, inventory cost 
per unit item is less than that of Cheng et al. (2004). 
This is due to providing price discounts of backorder 
which increases the backorders and finally decreases 
the total inventory cost which is associated to per unit 
of item. 

3. Table 4.5 shows that the reduction of lead-
time accompanies a decrease of ordering quantity. 

Table–4.6: Summary of Cost Saving per Unit: 

 

4.5 SUMMARY AND CONCLUDING 
REMARKS: 

 In this chapter, Fuzzy Economic Order 
Quantity (FEOQ) model is studied to determine the 
optimal order quantity, discount backordered cost 
and lead-time. Whole of the study is performed in 
fuzzy environment. Even today, most of the 
researchers are ignoring this concept, just for the 
sake of simplicity of their models. But due to 
globalization and cut throat competition, it is the 
need of the hour to study the inventory model in 
fuzzy environment. So that they can accurately 
analyze inventory parameters and hence increase 
the goodwill of the organization in market. 

Most of the researchers assumed that Lead-time 
was zero. Needless to say, this is an unrealistic 
assumption. Lead-time is controllable which can be 
controlled by using extra crashing cost. It is 
considered that lead-time and setup cost are not 
constant but it can be reduced by an extra crashing 
cost. Assumption about the form of probability 
distribution of lead-time demand is relaxed and used 
the Minimax-distribution free procedure and 
Chebyshev inequality to solve the problem. The 
convex nature of expected annual cost functions 
helps to determine the optimal values of decision 
variables. 

To summarize the discussion, it is observed that by 
providing suitable discount to customers, the retailer 
would be able to convert lost sale to backorder case 
and reduce his expected loss. So it can conclude 
that backorder ratio depends on backorder discount. 
It is also observed from Table 5 of Lin (2008) at pp. 

124 that as the value of  decreases from 0 to -1.0, 
inventory cost per unit quantity increases from 23.51 
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to 26.41 which is much more higher than developed 
model as it is about 20 (from Table 4.6). This is due to 
consideration of crashing cost to reduce setup cost. It 
is observed that in proposed model there is a 
significant cost reduction per unit items as compared 
to the Cheng et al. (2004). The reason behind this is 
that they did not apply one of the nature phenomena 
such as backorder price discount to motivate their 
customers to wait until his/her demand as not fulfilled. 
So, it can be concluded that decision-makers focused 
his/her decisions with the capital investment in 
reducing setup cost and offering backorder price 
discount to customers, to lower the system cost, and to 
obtain a significant amount of savings increase the 
competitive edge in business. The proposed model is 
solved with the application of Chebyshev inequality, 
well known for its simplicity and generality. Ben-daya 
and Raouf (1994) model s deduced as special case, 
i.e., the developed model is better and has more 
practical applications in comparison to Ben-Days and 
Raouf's model. Condition is explored to find the 
situation, which method of defuzzification (signed 
distance or centroid method) is better in order to obtain 
the minimum annual cost theoretically and that result 
is also verified through numerical example.  

In future research on this problem , it would be 
interesting to analyze the non-linear relationship that 
exists between crashing cost, lead-time and setup cost 
and considering impreciseness in different cost. 
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