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INTRODUCTION

In a prior period the applicable logical segment was
recursion theory (decidability and undecidability). For
Z i the focal issue was Hilbert's tenth Problem, and the
focal outcome is that recursively enumerable relations
on Z: are existentially quantifiable. The highpoint of
determinability theory in Q remains Julia Robinson's,
that Z: is n3-perceptible in @ . If Z: is existentially
determinable in € is obscure (in the event that it is,
Hilbert's tenth Problem for © is undecidable).

Recursion theory is consequently exceptionally
pertinent for the logic of worldwide fields and their
rings of whole numbers. Conversely, demonstrate
theory is substantially more applicable for the logic of
neighborhood fields, and for those territories of
number theory with a geometric perspective.

The by regional standards minimal consummations of
number fields have all experienced fruitful model-
theoretic breakdowns. Along these lines Tarski
(1930's) gotten the established comes about on
definitions in € and R, while not work the 1960's did
Ax-Kochen-Ersov obtain comparable to comes about
for p-adic fields (and for numerous Henselian fields).
The consummations are all decidable, however these
days one gives more criticalness to the perceptibility
part of the above breakdowns. One acquires typical
structures for definitions, connects between the
geometry of the set and the type of its definition, and
different uniformities for number of associated parts,

and in @y for the type of different integrals (cf.
Loeser's course).

In the 1980's the ring of all arithmetical whole numbers
was demonstrated (by means of a nearby to worldwide
standard including prior work in mathematically shut
fields with valuation) to have an extremely clear
perceptibility theory, and specifically to have the
simple of Hilbert's tenth Problem decidable.

In the 1960's and 70's there were a few improvements
in unadulterated model theory that headed some an
opportunity later to collaborations with number theory.
The leading was the work of Robinson school on

model consummation, existentially shut structures,
and compelling systems. The speculations of the

fulfilments & B Q2 all come up reqgularly in this
settings. Be that as it may different hypotheses rise,
without common models, yet which were to be enter
segments in noteworthy connections in the 1990's.
One is the theory of differentially shut fields (to be
included in the Mordell-Lang guess, cf. the Pillay-
Scanlon course), and an additional (not uncovered
work 1990) is the theory Acfa of nonexclusive
automorphisms (to be included in the "logical"
approach to the Manin-Mumford guess). Different
speculations of this sort identify with the lifting of
Frobenius to the Witt vectors.

The other model-theoretic advancement,
unquestionably deeper qua model theory, began with
Morley's (1965) work launching model theoretic
security. The 1965 paper gave a suggestive
topological setting for first-request definability,and
started a precise investigation of general ideas
around the geometrical thoughts of measurement and
autonomy. In spite of the fact that the following
solidness theory applies just to € around the
culminations of number fields, recent day
"neighborhood" forms of it have been included in
latest cooperations of logic and number theory (cf.
Pillay-Scanlon).

The other defining moment in the 60's was AX's
finalize the rudimentary theory of limited fields,where
logic was seen to cooperate with Weil's Riemann
Hypothesis for bends, and with Cebotarev's Theorem.
The new speculations could be con-strued as
fruitions of Robinson sort, and their determinability
was suggestively dissected regarding Galois
Stratification (cf. Loeser's addresses). In addition, one
was soon prompted model theoretic inquiries
regarding total Galois bunches, and those are
identified with a dream of Grothendieck (see Pop's
addresses). (This is in no way, shape or form the
main situation where plans of Grothendieck, the
"logician" of Bourbaki, have had crucial logical
substance.)

As of recently in Ax-Kochen-Ersov one had seen the
force of the drive "Let p head off to 0." After Ax's work
one had wealthier situations for this thought.
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Specifically, one could steadily approach the
investigation of the Frobenius xp as p has a tendency
to 0. Here one reaches the Weil Conjectures and the
cohomological routines utilized within their evidence.
Old subjects of Robinson, on limits in the theory of
goals in polynomial rings, return in the more extensive
setting of Intersection Theory and Weil Cohomology,
and identify with the Grothendieck Standard
Conjectures.

A different excellent guess, that of Schanuel on
transcendence of qualities of the intricate exponential,
has as of late started to interface with logic. It was first
seen in association with the decidability of the true and
p-adic exponentials, and all the more as of late in a
significant determinability theoretic study by Zilber of
the undecidable complex exponential. Zilber's work
interfaces regularly with diophantine geom-etry, and
with old work of Ax (cf. Pillay-Scanlon).

BACKGROUND OF TARSKI,
ROBINSON

MAL'CEV AND

Tarski -Tarski, in the 1930's, committed:

1) set-theoretic establishments of model theory,
permitting exact meanings of structures, their grammar
and semantics(not whatsoever bound to first-request
semantics);

2) the establishments of perceptibility theory in
the requested field R ;

3) (via Presburger) the establishments of
perceptibility theory in the requested assembly Z.

Later,in Berkeley, Tarski (and people) separated the
essential morphisms (elementary embeddings), the
Limit Theorem, and the ultra product development
(and more general items, numerous significant to
number theory). Szmielew made a major commitment
by a deliberate examination of the first-request theory
of abelian gatherings (however not yet going the
extent that a disposal theory). but here, as in the
majority of the following work of the Tarski school, the
attention turned to decidability. In [40]a efficient
examination is made of undecidability, for both finish
and deficient theories. the system for vital
undecidability is unmistakable here. There followed, a
decade later, the still functional upgrade from the
Mal'cev school. Forty years after the fact, very nearly
all the open issues said there have been replied, or, all
the more vitally, have been sent out to the universe of
perceptibility. = Lamentably, however, there is
confirmation that huge numbers of the significant
elucidations given there are new to the more youthful
eras.

Most likely the deepest work done in Berkeley on logic
and number theory was that of Juliaand Raphael

Robinson. The previous gave a 1 meaning of Z in

the ring Q@ (never enhanced), and roused the research
that built up and finally finished in 1970 in
Matejasevic's negative result of Hilbert's tenth Problem
for Z. It is vital that Julia Robinson utilized local/global
contemplations within her work, and that in (generally
variants of) Matejasevic's evidence one uses the
standard manifestations of quadratic enlargements of

@

Poonen's addresses are obviously committed to
Hilbert's tenth Problem, and the fundamental issue of

the undifferentiated from consequence for @ and
other worldwide structures.

Mal'cev : In 1936 he gave the strategy for graphs, and
the general completeness/compactness hypothesis,
and recently gave some quite creative provisions to
gathering theory.

The school he established at Novosibirsk generated
Ersov and Zilber around numerous others. these two
are singled over here due to their remarkable
contributions to the subject of our gathering (Ersov
on p-adic and normally shut fields, bury alia, and
Zilber on geometric model theory and diophantine
geometry).

Abraham Robinson : He strove to open ways (both
routes) between logic and polynomial math (thus
number theory). For an extremely adept remark on
this picture the stress on model-finish speculations,
and Robinson's Test, in the shape very nearly of a
Nullstel-lensatz, launched an advancement that has
endured fifty years (and prospers still, as a result of
an advantageous interaction with the geometric
model theory began by Morley in a Tarskian setting).

Around Robinson's accomplishments,
methods are:

by these

4) very applied approach to true shut fields and
Hilberts' seventeenth Problem on wholes of
squares(with limits);

5) definability theory for logarithmically shut
fields with valuation, critical thirty years after the fact
in a local/global setting;

6) bounds in polynomial goals, a theme as of
now advancing in view of the requirements of a logic
of cohomology;

7 functorial compactification in nonstandard
dissection;
8) differentially shut fields, an actually regular

theory with no truly natural models(its ensuing worth
is that it furnishes a rich "geometrical" finishing for
diophantine geometry over capacity fields);
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9)
"compelling" strategies, and the attention on finding
sayings for those structures.
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generic structures by a mixed bag of

SOAKED MODELS AND ULTRAPRODUCTS

These originated from the Tarski school, and have

demonstrated,
trappings,
situations,as a setting for changing over quantifier-end
comes about into outcomes on augmentation of
isomorphisms. In the early days the technique was
bound up with the ultra product construction, both in
Keisler's work and in Kochen's paper which remains
an excellent intro-~duction to model-theoretic variable
based math.

set-theoretic
connected

their
helpful in

notwithstanding
exceptionally

p-adic fields

After 1964, one had a web of analogies interfacing the

logics of the fruitions of number fields. | give a
revisionist record. | was starting research in this
period, and was impacted by numerous drives, for

example Morley. Forty years on, there is general

understanding that Morley's plans have a place with

those of the Tarski-Robinson-Mal'cev custom, however

, actually, they don't make a difference straight to the

crux speculations.

Before 1964 one comprehended, at first by means of
Tarski's
metamathematics of logarithmically shut and true shut

barehand  strategies, the essential

fields, and no others. A mixed bag of techniques had ,

since Tarski,

been conveyed on the essential

speculations for instance, those of Robinson, Kochen,
and the Shoenfield standard utilizing soaked models). |

propose that one recollect that all these plausible

outcomes.

Starting now, the fundamental characteristic is an

uniform determinability theory (dependent upon an
uniform quantifier-elimination)for the nearby fields

originating from traditional number theory. Those fields
are all generally reduced (see Weil's book for the

unifying nature of this thought alone), and, in all cases
however that of C (a base for) the topology is

arithmetically definable.so it is characteristic, first time
adjust, to take a gander at these fields in the

immaculate dialect of field theory.

Defining the topology - In the real field, the order (and

hence a basis for the topology) is definable thus:

In a finite extension o

Y= T -y,

“ IS a square

f Qp\

the valuation ring(and hence

the topology, is definable thus:

-« : 2
wr) > 01| 7 is a square

where # is a uniformizing element, i.e an element
whose value is minimal positive in val(K). (Note that
the use of pi can be eliminated by a standard trick of
quantifying over possible uniformizing parameters).

J 9
When” s one has to modify the definition thus:

ele) » 0= 1+ Tt
T IS a square

Now is a good moment to introduce the power
predicates P, with the defining condition:

Pyle) < is an n — th power.

So we have shown, uniformly for the real and the p-
adic cases, that the topology is quantifier-free
definable in terms of the P,. The other power
predicates are needed in the p-adic cases for
guantifier-elimination . Note their link to Presburger
arithmetic, since the valuation of an n-th power is
divisible by n. The quantifier-eliminations in the p-adic
fields somehow reflect (among other features) the
guantifier-elimination in the value group.

to

often natural

modifications ¥ interpreted as the set of nonzero n-th
powers (for the same reason as it is more natural to
use strict less than rather than less than or equal in
the real case).

It is more use

That the topology of€is not field -theoretically
definable comes from the existence of discontinuous
field automorphisms of the complex field(the sort of
phenomenon that distresses Deligne in .

An important analogy between the three families of
fields K (complex,real and p-adic)is that Gal(K) is
prosolvable, and topologically finitely generated.
Moreover, every finite extension of K is generated by

alg
an element ofQ .

The fundamental result connecting the three
definability theories, most illuminating, at least on first
reading, if restricted to the cases of the complexes,

the reals and the unramified developments of Qp (the
ramified case is a spot harder,) is that each
determinable connection is in the Boolean polynomial
math created by the arithmetical sets and the sets
demarcated by conditions

PLif(z)
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The primary cause behind my utilization of these
predicates in the p-adic case was that taking forces
has a considerable measure to do with building
feasible augmentations. For C there are no
arithmetical amplifications, and all the force predicates
are redundant.for R there is just a cyclic growth of
request 2, concentrating a square foundation of -1. For
the p-adics, all power predicates are required.

An amusing,but not accidental,observation is that the

unit ball in the reals is perceptible by Pail —x7).

This shows an uniformity in definition with those for the
p-adic unit balls,now taking p =-1. In fact,it prescribes
interpreting the reals as the -1-adic numbers.

THEORY OF FINITE FIELDS

The decidability of the primary theory of limited fields
was a noticeable problem around 1960, and the
decidability of the relating issue for p-adics was
verifiably seen to decrease to this by the Ake
examination. Note that this was after the negative
result of Hilbert's tenth Problem. One obviously knew
counterexamples to local/global standards for
diophantine mathematical statements, and may
subsequently suspect a limitless distinction between
the all inclusive theory of the p-adics and the general
theory of the whole numbers. In 1963 Nerode
demonstrated the decidability of the all inclusive theory
of the p-adics by utilizing the reduction of the ring of p-
adics whole numbers. His evidence was for a solitary
p-adic,and no generalization to all p-adics at the same
time was evident.

Hatchet acknowledged the general ultraproduct of
limited fields, with a perspective to under-standing the
essentially all theory of limited fields. His generally
striking perception was that Weil's profound result, the
Riemann Hypothesis for bends over limited fields (or,
rather, the resulting Lang-Weil evaluations) might give
the prevailing adage for the nonprincipal ultraproducts.
Ersov had located some unique instances of this, as
well. The resulting Weil Axiom Scheme, together with
a Galois-theoretic plan, totally axiomatized the
ultraproducts. While the Galois adage is accurate for
all limited fields,the Weil Axiom is accurate for none,
however materializes in the breaking points furnished
by ultraproducts.

Uniformity crosswise over Finite Fields AX's
axiomatization relies on upon a nontrivial uniformity:

There exists a capacity F from N to N, whose careful
shape is superfluous, in any event in primary
scenarios, such that if V is a totally irreducible relative

bend over Fg and 7= r (genus(v)) then V has a F
esteemed focus.

9

Presently, the vital focus is that the variety of a bend is
limited above by a basic capacity of the level of

polynomials demarcating the bend, freely of the
coefficients of these polynomials, and free of the
encompassing field. All the more usually and uniquely,
if V has a place with a group of mixed bags (recorded,
say, by a constructible set) there is a capacity G of the

family with the goal that if ¢ = (V) then v has a Fs
,-esteemed focus. It accompanies effectively by the
Los Theorem that the nonprincipal ultraproducts fulfill
the property now reputed to be Pac, or (in my idea
better) normally shut. This is :

(Pac) Every completely irreducible assortment has a
focus.

This was honed by Geyer, who saw that it is sufficient
to request that each completely irreducible bend has a
focus.

Aphorisms : To make the above as a primary
axiomatization, one should realize that the property
completely irreducible is first request, that is has a
definition not depending on coefficients or
encompassing field. there are numerous approaches
to see this, equally exceptional unless one has
productive slants. For instance, one can utilize the
effect, from the Robinsonian theory of limits in
polynomial standards, that prime is primary, joined
together with  Tarski's quantifier-disposal for
logarithmically shut fields.

To finish the axiomatization for the nonprincipal
ultraproducts, one imposes two different conditions.
One is the clear one, that the fields are impeccable,
as limited fields may be. The other maxim plan is
more huge. We know,by numbering, and utilizing the
Frobenius automorphism of limited fields, that every
limited field has precisely one development of every
limited size. Checking has no clear convenient
rudimentary variant, yet one can utilize antiquated
formed variable based math (Tchirnhausen changes
and the like) to show that the property of a field to
have ex-actly one augmentation of every
measurement) (called quasifinite by Serre) is
rudimentary.

Putting Pac, immaculate, and quasifinite together
one gets a set of maxims for what we now call
pseudofinite fields. There is by now a rich theory of
these structures. One may have had reservations
about the starting points of the aforementioned
fields, in the farout universe of ultraproducts
(Mumford) , yet their manifestation in such a variety
of imperative comes about throughout the most
recent 40 years has without a doubt secured their
qualifications. They have showed up "in nature"
since, in some ways. Jarden demonstrated that a
non specific component of the Galois gathering of a
countable Hilbertian field has settled field
pseudofinite. Much later van nook Dries watched that
the altered fields of an existentially shut contrast field
is pseudofinite. Later still, Pop demonstrated that the
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field of completely legitimate logarithmic numbers is
Pac.

Galois Aspects : What | like about customarily shut is
that it uncovers a model theory (of fields) for the class
of general embeddings (which incorporates the
classification of primary maps).the consistently shut
fields are just the (Robinsonian) existentially shut
structures for the classification of normal maps.

The model theory of standard maps is quite rich, on
the grounds that it has a double model theory of Galois
aggregations. regular maps of fields instigate
(contravariantly) epimorphisms of supreme Galois
bunches. The model theory of profinite assemblies

is a completely a significant number sorted
undertaking, with no quantification over aggregation
components, yet rather an entire run of "limited "
quantifications over limited remainders. Its utility
depends substantially on Herbrand's backwards limit
development. Limitedly produced profinite bunches
assume the part of limited assemblies in the comodel
theory, and the Ilwasawa or Frobenius amasses act
like homogeneous models.

The Galois assembly of a customarily shut field is
liable to a major cohomological constraint, specifically
that it is projective. The abundance of the theory relies
on upon the way that this idea is first-request (for the
field), andhas numerous comparable details. The
pseudofinite fields have Galois bunch "z" and this
gathering is limitedly created.

Hatchet indicated that each pseudofinite field is
rudimentarily identical to a ul-traproduct of limited

fields. For this, in trademark zero, Cebotarev's
Theorem is utilized.
Hatchet utilizes the tried and true isomorphism

approach to rudimentary comparability, and his
verification yields that two pseudofinite fields are
rudimentarily proportional if and just in the event that
they have the same trademark and the same
"supreme numbers", i.e the same monic polynomials,

in one variable over E | are reasonable in each. It is
suggestive to give this a more invariant, less syntactic,
detailing. Until one fixes a logarithmic conclusion of the
prime field, the idea of logarithmic numbers has small
sense. Actually, what Ax is appending to a theory of
pseudofinite fields ,say in trademark zero, is a
conjugacy class of shut procyclic subgroups in Gal(q).
Besides, his investigation shows that this duty outlines
a homeomorphism structure the Tarski space of
complete hypotheses of pseudofinite fields of
trademark zero to the Vietoris space of conjugacy
classes of shut procyclic subgroups of the minimized
gathering Gal(q). James Gray has explained this
extensively to fit the whole Tarski space, with no

confinement on trademark, into a Vietoris space joined
to Gal(q).

From these contemplations (however with less
reflection than utilized above) Ax promptly
demonstrates decidability of the theory of pseudofinite
fields, and afterward, by thoughtfulness regarding the
type of his maxims, decidability of the theory of limited
fields.

CONCLUSION

It is educational to perceive how the state of the center
aphorism frameworks has modified in excess of 40
years.robinson's adages were dependably figured as
far as illuminating comparisons in a solitary
variable,and this sort of detailing won through the Ake
revolution.for consistently shut fields,one was obliged
to utilize adages about higher-dimensional mixtures,
however Geyer permitted one to confine to planar
bends. At different times in the 70's | taken a gander
at growths of the theory of differentially shut fields to
different hypotheses of fields with inference, and |
discovered it regular to define relating aphorisms
regarding mixed bags of higher extent and their
"changes"” wunder the determination. A more
sumptuous form of this was displayed by Pierce and
Pillay in.

The sayings for Acfa are of this shape too,giving
consistency conditions for the multidimensional chart
of the automorphism sigma to meet a subvariety of
the result of a mixed bag and its "convert"
Furthermore Zilber's maxims are of this shape too, for
exp, yet with a gently infinitary flavour.

There are different situations where one has given
nitty gritty metamathematical anal-yses without
utilizing such formulations,but where it might well be
important to con-tinue to look for such adages. Clear
illustrations are the true exponential field,and the Witt
Frobenius.
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