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Abstract :- The limit of a sequence is the value that the terms of a sequence "tend to". If such a limit
exists, the sequence is called convergent. A sequence which does not converge is said to be divergent.
The limit of a sequence is said to be the fundamental notion on which the whole of analysis ultimately
rests.

Limits can be defined in any metric or topological space, but are usually first encountered in the real
numbers.

I'the limit of the sequence (Iﬂ-)if the following condition holds:

For each real number € 2= U, there exists a natural number N'such that, for every natural number

n > N, we have|‘Tﬂ- - iE| <€

In other words, for every measure of closeness £, the sequence's terms are eventually that close to the
lim =, ==x

limit. The sequence (I’ﬂ-)is said to converge to or tend to the limit &, written £n — Torn—oa .

If a sequence converges to some limit, then it is convergent; otherwise it is divergent.

&
A 4

INTRODUCTION . i I’f’ =1/n pen Tn =0 proot:
Limits of sequences behave well with respect to the choose ¥ = H(the floor function). We have that, for
usual arithmetic _operations. If @n —* @ and every n>N,
bﬂ —r b’ then [Iﬂ + bﬂ_ — (1 + b’ 1

Tp—0| <oy = —F—F—F <€
@nbyn — abang, it neither b nor any bris zero, |70 = 0] < w41 [1/e] +1 _

an /by — a/b

If ir”--"i-zl/nwhen Nis even, and

For any continuous function f, if ¥n — Tthen

f(:l?ﬂ) - f(I) In fact, any real-valued function f
is continuous if and only if it preserves the limits of

_ 2
Ln = 1/” when 7lis odd, then Ln — 0 (The
fact that Tn+1 = Tnwhenever Tis odd is

sequences (hough this is not necessarily true when irelevant.)
using more general notions of continuity. ) .

. Given any real number, one may easily
EXAMPLES construct a sequence tha@ converges to that number

by taking decimal approximations. For example, the
. If n — Cfor some constant c, then Ee ue[ricgg 0.333.0.3333

' L | . 1 . 1 - § wwm 1 3

Ty, —+ C. Proof: choose [N = 1. we have that, for ' ' ' »-+-converges 1o 1/3.

Note that the decimal representation 0.3333..is
the limit of Lhe previous sequence, defined

3
0.3333... & 1i —
i ;: 10

everyn > N, |t —c| =0<e¢
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o Findingﬂt_’!might sometimes be non-intuitive,

lim (1+ —)
like nivec n/ , the number e. In these cases, one

common approach is to find upper and lower bounds
for the limit of the sequence (e.g., proving that

271 < e < 2.T2,

Some other important properties of limits of real
sequences include the following.

o The limit of a sequence is unique.
lim (a, +b,) = lim a, + lim b,

lim ca, = ¢ hnl y
[ ] n—20 n—r

i (0,5,) = (i, .) i )

a, lm, .a,

lim — .

° n—aa b hmn—mo bﬂ, prOVIded n—r}%o b 75 0
. P

lim af = [ lim aﬂ]
° T —+D0 T —+D0
o f fly Elbnfor all rtgreater than some ﬁr,
then # 3% % < 13, b
. (Squeeze Tlheorem) If lﬁﬂ. ;_: Cn < Dufor all
n >N, and o @ = 0 On , then
lim ¢, = L
N—20
o If a sequence is bounded and monotonic then
it is convergent.
) A sequence is convergent if and only if every

subsequence is convergent.

These properties are extensively used to prove limits
without the need to directly use the cumbersome

definition. 1/n— git

formal Once proven that

becomes easy to show that b + C/ n b,
(b 75 I:]), using the properties above.

INFINITE LIMITS

The terminology and notation of convergence is also
used to describe sequences whose terms become

very large. A sequence (Iﬂ-)is said to tend to infinity,

llm Ty =
written Tn —+ O0or n— n if, for every K,

there is an N such that, for every It >

Ty > K ; that is, the sequence terms are eventually
larger than any fixed K. Similarly, Tn —+ —OCif, for

every K, tbere is an N such that, for every Tt E -N,
T, < K

PROPERTIES :
1. The limit of a convergent sequence is unique.
2. Every convergent sequence is bounded.

This is a quite interesting result since it implies that if a
sequence is not bounded, it is therefore divergent. For
example, the sequence is not bounded, therefore it is
divergent.

3. Any bounded increasing (or decreasing) sequence
is convergent.

Note that if the sequence is increasing (resp.
decreasing), then the limit is the least-upper bound

(resp. greatest-lower bound) of the numbers “" ", for
n —_— 1 1 TR

& n njin
4. If the se%uences{ bzt and {1} Zare convergent

and xand are two arbitrary real numbers, then the

{0‘3?,-, + ﬂyn]’nzll
new sequence is
Moreover, we have

convergent.

li (0, + 95 = ol 5+ 8 T 3,

) & 'yn]’nzll
It is also true that the sequence is

convergent and

lim ¥n

n—co

lim (wn -yn) = lim x, -

n—Ca H— 0

{mn}ngl

5. If the sequence is convergent and

lim z, #0 &nF0 |
H—E2 1d for any , then
the sequence " "Zlis convergent. Moreover, we
have

. 1 1

Im — = ———

n—oa g, Im =,

n—cJ .

The following examples will be useful to familiarize
yourself with limit of sequences.

Example: Show that for any number a such that 0 <
a <1, we have

lim a" =0

—Ca .
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| {a"}
Answer: Since 0 < a <1, then the sequence is
obviously decreasing and bounded; hence it is

convergent. Write

lm e¢" = L

=2

We need to show that L=0. We have

lim ¢" ™' =1

=00

Gn+1
since the sequence is a tail of the sequence
n

{a }; hence they have the same limit. But,

n+l n

il aa

using the previous properties, we get

lim ¢"*!' = ¢ - lim "
n—noo n—oa o,

which implies
L =a-L

a0

Since , then we must have L=0.

-({)ne may wonder, what happened to the sequence
aﬂ

if a > 1? It is divergent since it is not bounded.
This follows from

and

: 14"
him (—) =10
n—od Y (g .
Remark: Note that it is possible to talk about a
+o00

. Of
reserve the word convergent to

+00

sequences which converges to a number; is not
a number. The following shows the process:

{mn}ngl

The sequence converges to O(or, to
- , if and only if, for any real number M > 0, there

N>1

exists an integer , such that

sequence of numbers which converges to
course, we do

Journal of Advances in Science and Technology

n > N Ty > M
for any ,  we have (or
mn i: _M

)

x, — 0 T, =0
In particular, if as ft — OQand for
n>1

any , then we have

. 1

lim — = 400

n—cd mn

+o00

A sequence which converges to is obviously not
bounded.

For example, we have
Iim a" = 400

N —+CQ

forany a> 1.

A sequence {xn}neNcX is said to converge towards
x0eX if for any €>0 there is a natural number ne with
the property that xneBeg(x0) for all n=ne:

Lim n—eoxn=x0<defve>03 n £
€N;xneBg(x0) for n2ne.

We then say that xn tends to x0 as n tends to infinity,
written

xn—x0(as n—«), or xn—n—x0.

The point Xy is called the limit of the sequence
{xn}neN.

Sequential limits are zero limits for the distance
function .Since {dX(xn,x0)}neN is a sequence in R it
is easily verified that

xn—x0&dX(xn,x0)—0.

CONTINOUS LIMIT

We say that f(x) converges to y0 in Y as x
converges to x0 in X if for any €>0 there exists 6>0
such that f(x)eBe(y0) when xeB&(x0):

Lim
x—X0f(x)=y0=defve>036>0;[dX(x,x0)<d=dY (f(x),y0
)<é&].

Equivalent ways of writing this are

f(x)—y0 as x—x0, and f(x)—>x—x0yO0.
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A function f satisfying this is said to be continuous at
the point x0. It is continuous on a set D if it continuous
at all points x0eD, and simply continuous if its
continuous on all of its domain.

limit of a function is a fundamental concept in calculus
and analysis concerning the behavior of that function
near a particular input.

Formal definitions, first devised in the early 19th
century, are given below. Informally, a function f
assigns an output f(x) to every input x. The function
has a limit L at an input p if f(x) is "close" to L
whenever x is "close" to p. In other words, f(x)
becomes closer and closer to L as x moves closer and
closer to p. More specifically, when f is applied to each
input sufficiently close to p, the result is an output
value that is arbitrarily close to L. If the inputs "close"
to p are taken to values that are very different, the limit
is said to not exist.

The notion of a limit has many applications in modern
calculus. In particular, the many definitions of
continuity employ the limit: roughly, a function is
continuous if all of its limits agree with the values of
the function. It also appears in the definition of the
derivative: in the calculus of one variable, this is the
limiting value of the slope of secant lines to the graph
of a function.

To say that

lim f(z) = L,

TP

means that f(x) can be made as close as desired to L
by making x close enough, but not equal, to p.

The following definitions (known as (g, &)-definitions)
are the generally accepted ones for the limit of a
function in various contexts.

Functions on the real line

Suppose f: R — R is defined on the real line and p,L €
R. It is said the limit of f as x approaches p is L and
written

lim f(x) =L,

TP

if the following property holds:

o For every real € >0, there exists a real 6 >0
such that for all real x, O<|x-p|<d& implies
[fx)-L|<e

Note that the value of the limit does not depend on the
value of f(p), nor even that p be in the domain of f.

A more general definition applies for functions defined
on subsets of the real line. Let (a, b) be an open
interval in R, and p a point of (a, b). Let f be a real-

valued function defined on at least all of (a, b) \ {p}. It
is then said that the limit of f as x approaches p is L if,
for every real € > 0O, there exists a real 6 > 0 such that
O0<|x-p|<d and x€ (a,b) implies [f(x)-L|<e.
Note that the limit does not depend on f(p) being well-
defined.

The letters € and 6 can be understood as "error" and
"distance"”, and in fact Cauchy used ¢ as an
abbreviation for "error" in some of his work these
terms, the error (¢) in the measurement of the value at
the limit can be made as small as desired by reducing
the distance (6) to the limit point. As discussed below
this definition also works for functions in a more
general context. The idea that 6 and ¢ represent
distances helps suggest these generalizations.
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