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Abstract — In the last ten years, there has been significant improvement and growth in tools that aid the
development of finite element methods for solving partial differential equations. These tools assist the
user in transforming a weak form of a differential equation into a computable solution. Despite these
advancements, solving a differential equation remains challenging. Not only are there many possible
weak forms for a particular problem, but the most accurate or most efficient form depends on the
problem’s structure. Requiring a user to generate a weak form by hand creates a significant hurdle for
someone who understands a model, but does not know how to solve it.

In this article a symmetry group of scaling transformations is determined for a partial differential equation
of fractional order a, containing among particular cases the diffusion equation, the wave equation, and
the fractional diffusion-wave equation.

The conventional differential quadrature (DQ) method is limited in its application to regular regions by
using functional values along a mesh line to approximate derivatives. In this work, we extend the idea of
DQ method to a general case. In other words, any spatial derivative is approximated by a linear weighted
sum of all the functional values in the whole physical domain. In the last ten years, there has been
significant improvement and growth in tools that aid the development of finite element methods for
solving partial differential equations. These tools assist the user in transforming a weak form of a
differential equation into a computable solution.
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INTRODUCTION A solution of a PDE is a function (X, Y, ... )that
satisfies the equation identically, at least in some

The key defining property of a partial differential region of the-\s Vs - - -variables.

equation (PDE) is that there is more than one

independent variableVs s - - - There is a dependent When solving an ordinary differential equation (ODE),

variable that is an unknown function of these one sometimes reverses the roles of the independent

; /716 740 IR R ; . and the dependent variables—for instance, for the
variables . We will often denote its i .

ot . ouj/ox = u, =u
derivatives t.’y SUb.SC”p.tS’ thus / . *, and so separable dx . For PDEs, the distinction
on. A PDE is an identity that relates the independent

. . i between the independent variables and the
variables, the dependent variable //, and the partial dependent variable (the unknown) is always
derivatives of //. It can be written as

maintained.
F(x, 3,000, u:06,0),35 6, )= P ), 1,8 Uy)=0. 1) Some examples of PDEs (all of which occur in
physical theory) are:

This is the most general PDE in two independent

variables of first order. The order of an equation is the 1. uy + uy = O (transport)
highest derivative that appears. The most general
second-order PDE in two independent variables is 2. Uy + yuy = 0 (transport)
FC, 3000, R, Wy Wi Winys By =10, ) 3. Uy + uuy = 0 (shock wave)
4. Uy + Uy, = 0 (Laplace's equation)
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5. Ut — Uyy + =0 (wave with interaction)

6. U; + UUy + Uy = O (dispersive wave)

7. Uy + Uyxx = O (vibrating bar)

8. u — iuxx — 0 (/ =v— l) (quantum
mechanics)

Each of these has two independent variables, written
either as x and y or as x and t. Examples 1 to 3 have
order one; 4, 5, and 8 have order two; 6 has order
three; and 7 has order four. Examples 3,5, and 6 are
distinguished from the others in that they are not
"linear." We shall now explain this concept.

Linearity means the following. Write the equation in the
form L = 0 where Lis an operator. That is, if t' is

any function, FVis a new function. For
instance, ¥ = 3/0Xis the operator that takes Uinto
its partial derivative U, In Example 2, the

operator Lis® = 0/0x + yd/dy (Fu = + yuy
The definition we want for linearity is

f(u+v)=%u+ Yv FL(cu) =cLu

®3)

for any functions //, U and any constant c. Whenever

) P
(3) holds (for all choices of /1, L , and c),'—[ is called
linear operator. The equation

“Yu =0
St =( @

D
is called linear if / is a linear operator. Equation (4) is
called a homogeneous linear equation. The equation

2 =p,
(5)

where¢ # Vis a given function of the independent
variables, is called an inhomogeneous linear equation.
For instance, the equation

2 > 2 !
(cos xy )y — y“uy = tan(x~ + y~)

(6)
is an inhomogeneous linear equation.

As you can easily verify, five of the eight equations
above are linear as well as homogeneous. Example 5,
on the other hand, is not linear because

aIthough(” T V) = Uxx + Uxxand
U+ v), = Uy + vy

cubic term does not:

satisfy property (3), the

- ’ o = el
4+ v) =’ +3u?v + 3uv® + 03 # ud + 0.

The advantage of linearity for the equation fu = Ojg
that if u and v are both solutions, so is (# + V)>,

I Uts - -5 nagre all solutions, so is any linear
combination

n
Clti(X) + - + Cuttn(X) = Y _cjuj(x)  (¢j = constants).

i=1

(This is sometimes called the superposition principle.)
Another consequence of linearity is that if you add a
homogeneous solution to an inhomogeneous solution,
you get an inhomogeneous solution. (Why?) The
mathematical structure that deals with linear
combinations and linear operators is the vector
space.

We'll study, almost exclusively, linear systems with
constant coefficients. Recall that for ODEs you get
linear combinations. The coefficients are the arbitrary
constants. For an ODE of order rn, you get rn
arbitrary constants.

BASIC DEFINITIONS

To start with partial differential equations, just like
ordinary differential or integral equations, are
functional equations. That means that the unknown,
or unknowns, we are trying to determine are
functions. In the case of partial differential equations
(PDE) these functions are to be determined from
equations which involve, in addition to the usual
operations of addition and multiplication, partial
derivatives of the functions. The simplest example,
which has already been described this compendium,

is the Laplace equation inR:;,

Au=0 )
— 0% 52 22
where 8¢ = 2T 574 T 5% The  other two
examples described fundamental mathematical

definitions are the heat equation, with k = 1,
—Oiu+Au=0 8)
and the wave equation with k =1,

—u+Au=0 )
In these last two cases one is asked to find a

function ¥, depending on the variables t, X, y,z, which
verifies the corresponding equations. Observe that

both (8) and (9) involve the symbol £\ which has the
same meaning a5 in the first equation, that is
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8%, 8 92\ 9 82, 9
Au = (z5z 1 592 T 522 Ju = gzu+ oz YT 5zl

Both equations are called evolution equations, simply
because they are supposed to describe the change
relative to the time parameter t of a particular physical
object . Observe that (1) can be interpreted as a
particular case of both (9) and (8). Indeed

solutions% = U(t; Z, ¥, 2) of either (3) or (2) which
are independent of t, i.e. J:u = 0 verify (7).

A variation of (9), important in modern particle physics,
is the Klein-Gordon equation, describing the free
evolution, i.e. in the absence interactions, of a massive
particle.

— 0%2u+ Au—mPu=0.
(10)

Another basic equation of mathematical physics, which

describes the time evolution of a quantum particle, is
the Schrodinger equation,

10[ u + l{All. = 0 (11)

with u a function of the same variables (£, x, y, z) with

- = _h_
values in the complex space Candk 2m = O,
where/* > Ocorresponds to the Planck constant

and™ > 0 the mass of the particle. As with our
other two evolution equations, (8) and (9). above we
simplify our discussion by taking k = 1.

Observe that all three PDE mentioned above satisfy
the following simple property called the principle of

superposition: If 415 U2
SO is any

are solutions of an equation
linear combination of

them A1U1 T Aztta where)‘land 2are  arbitrary
real numbers. Such equations are called linear. The

following equation, called the minimal surfaces
equation, is manifestly not linear. It refers to
functions % = %(, ¥)which verify
U.r( F if"" . o\ 1 ) +Uy( | £ Q)!I“ P 5 L) =0
(1 + |0zu|* + [Oyul?)z (14 |Ozu|? + |Oyul?)z (12)

Here ~*and Yare short hand notations for the
8 B8

partial derivatives oz and 9y The equations we
have encountered so far can be written in the

form Plul =0 where Pis a differential operator
applied to U A differential operator is simply a rule

N
which takes functions u, defined inIR or an open

subset of it, into functions P[u] by performing the
following operations:

Ou = 2

» We can take partial derivatives 9z7 relative to

n
the variables x = (x*x%,.. .x") ofR . One allows also
higher partial derivatives of u such as the mixed

‘ _ u . D2 o
i0ju = grper OF O] = 922 The

operators for (2

.0
second partials
associated differential

is P = —0t + A and that of

@is % +A

» Can add and multiply u and its partial derivatives
between themselves as well as with given functions
of the variables x. Composition with given functions
may also appear.

In the case ofthe equation (1) the associated
differential operator isP=4=
'2 ‘2—.:_): Jv lj“ .i.

O +05+08 =31 1005y pare €' i the
diagonal 3x3 matrix with entries (1,1,1) corresponding
to the euclidean scalar product of vectors X,Y in R?,

3
<XY>=XiYi+ XoYo + XsVs = ) €9 XX,
i,j=1

(13)

The associated differential operators for (8), (9) and
(11) are, resp. P =~ + 4,
P = —0; + AandP = id, + Awith
2 43 ¢ RI+3

variables

i .
are b, 17,1 . In the particular case of
the wave equation (9) it pays to denote the variable t
+0
by £ The wave operator can then be written in the
form,

3

Z m“'j("),‘('")“;

a,B=0

O=-03+0;+05+095 =
(14)

where m® is the diagonal 4x4 matrix with entries (—
1,1,1,1), corresponding to the Minkowski scalar

RIS . ,
product in . This latter is defined, for 4 vectors
X = (X0, X1,X2,X3) gng ¥ = (Yo.Y1.Y2, Y3) _

The differential operator LJis called D'Alembertian
after the name of the French mathematician who has
first introduced it in connection to the equation of a vi-
brating string.
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Observe that the differential operators associated to
the equations (I)-(5) are all linear i.e.

P[Au + pv] = AP[u] + pP|v],

for any functions s Y and real numbers:/#. The
following is another simple example of a linear
differential operator

Plu] = a1(x)01u + az(z)du (15)

where ¥ = (1, ‘L"Z)and a,,a, are given functions of
X. They are called the coeffi cients of the linear

operator. An equation of the form 'P[“]Zf,

corresponding to a linear differential operator Pand a

given function F= f(“'), is called linear even though,

forf # 0, the principle of superposition of solutions
does not hold.

In the case of the equation (12) the differential

operator P can be written, relative to the

o ..,
variables <L and L, in the form,

2

= 1
Pl =S 8 ————8iu
=3 ((HO“._))? )

i=1

where Oul* = (O1u)® + (02“’)2. Clearly Plulis
not linear in this case. We call it a nonlinear operator;
the corresponding equation (6) is said to be a
nonlinear equation. An important property of both
linear and nonlinear differential operators is locality.

This means that whenever we apply Pto a function u,
which vanishes in some open set D, the resulting

Plu]

function also vanish in D.

Observe also that our equations (7)-(11) are also
translation invariant. This means, in the case (1) for

example, that whenever the function¥ = u(r)is a
solution so is the function %e(z) = u(Tex) where Te
is the translation 1¢(¥) = £+ ¢ On the other hand

the equationp[“‘] :O, corresponding to the
operator~defined by (15) is not, unless the
coefficients ai,a, are constant. Clearly the set of

D 7L

invertible transformations 7' : ™ — R"which map
any solution® = U(‘l'), of Plul = 0 to another
solution 7 (x) == u(Tr)form g group, called the

invariance group of the equation. The Laplace
equation (7) is invariant not only with respect to
translations  but also rotations, i.e linear
transformations O : B* — Rwhich preserve the
euclidean scalar product, i.e.< OX,0Y >=< X.Y >for

all vectorsX.Y € R’ so far we have tacitly

assumed that our equations take place in the whole
space (Rsfor the first, R*for the second, third and
fourth andR*for the last example). In reality one is
often restricted to a domain of the corresponding
space. Thus, Partial differential equations are
ubiquitous throughout Mathematics and Science. They
provide the basic mathematical framework for some of
the most important physical theories, such as
Elasticity, Hydrodynamics, Electromagnetism, General
Relativity and Non-relativistic Quantum Mechanics.
The more modern relativistic quantum field theories
lead, in principle, to equations in infinite number of un-
knowns, which lie beyond the scope of partial
differential equations. Yet, even in that case, the basic
equations preserve the locality property of PDE.
Moreover the starting point of a quantum field theory is
always a classical field theory, described by systems
of PDE's. This is the case, for example, of the
Standard Model of weak and strong interactions,
based on a Yang -Mills-Higgs field theory. If we also
include the ordinary differential equations of Classical
Mechanics, which can be viewed as one dimensional
PDE, we see that, essentially, all of Physics is
described by differential equations. As examples of
partial differential equations underlining some of our
most basic physical theories we refer to the articles of
the compendium in which the Maxwell, Yang-Mills,
Einstein, Euler and Navier Stokes equations are
introduced.

PARTIAL DIFFERENTIAL EQUATION OF
FRACTIONAL ORDER

In this paper we present the group-invariant solutions
of a partial differential equation of fractional order
containing among particular cases the diffusion

equation(“ = 1), the wave equation(® = 2). and
the so-called fractional diffusion-wave

equation(1 SRS 2). This equation is obtained by
replacing the first or second order time-derivative in
the diffusion or wave equation, respectively, by a

generalized derivative of order® = 1, defined in the
sense of the Riemann-Liouville fractional calculus:

u(x,
TUEL) D—— ! >0, t>0, D>0,a>

5 1
ot dx~ - (16)

With

J"u(x,t)
ou(z,t) ar
ot

a=neIN

(t—s)"*lu(z,s)ds, n—1<a<nelN.

1o
T(n—a)dt™}

Such equations have already appeared both in texts
in physics and mathematics. Mathematical aspects of
the boundary-value problems for this equation and for
more general ones and their applications in physics
have been treated in papers by Engler , Saichev and
Zaslavski . In a series of papers and the references
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there) the two basic boundary- value problems for the

fractional diffusion-wave equation(1 =@ = 2)yere
considered:
a) Cauchy problem:

u(z,04+) = g(z), —o0 < z < 4+o0; u(Foo,t) =0, t >0,

b) Signaling problem:

u(z,04+) =0, x > 0; u(0+,t) = h(t), u(+>x) =0, t > 0.

By using integral transforms (Laplace, Fourier or Mellin

type) the Green's functions Ye(Z: t; @)and Gs(.t. a)for
these problems were expressed in terms of some
special functions (of Wright or Mittag-Leffier type, Fox
H-function) with the similarity
argument > = 2t7*/VD (x>0, t > 0) we will explain this
fact in our article and determine by using the method
of group analysis that Eq. (1) is in fact invariant under
a symmetry group of scaling transformations.

The method of group analysis of differential equations
began with the work of Sophus Lie more than a
hundred years ago. Roughly speaking a symmetry
group of a system of differential equations is a group
which transforms solutions of the system to other
solutions. For partial differential equations one can
determine special types of solutions, which are
invariant under some subgroup of the full symmetry
group of the system. These 'group-invariant* solutions
are found by solving a reduced system of equations
having fewer independent variables than the original
system.

In recent years the ideas of the Lie group approach
have been extended to difference equations and also
to integro-differential equations.

One can find the full symmetry groups of the diffusion
and the wave equation. Here we will focus on the so-
called similarity method, developed by G. D. Birkhoff in
the 1930s and consider the special case of scaling
transformations.

In the general case (*  IN)one cannot use the chain
rule for the operation of differentiation to get a reduced
equation for the scale-invariant solutions of (16) as in

the case of partial differential equations ¥ = L, 2) In
spite of this we will transform Eq. (16) into an ordinary
differential equation of fractional order with the new
independent variable 2 = 2t~%/ The derivative then
is an Erdelvi-Kober derivative depending on a

parameter (Y. For@ = land @ = 2(the diffusion
and the wave equations) this reduced equation corre-

sponds to the ordinary differential equations well
known in the literature.

SOLUTION OF PARTIAL DIFFERENTIAL
EQUATIONS BY A GLOBAL RADIAL BASIS
FUNCTION BASED DQ METHOD

The differential quadrature (DQ) method was
introduced by Richard Bellman and his associates in
the early of 1970s, following the idea of integral
quadrature. The basic idea of the DQ method is that
any derivative at a mesh point can be approximated by
a weighted linear sum of all the functional values along
a mesh line. The key procedure in the DQ method is
the determination of weighting coefficients.

As shown by Shu and Richards , when the solution of
a partial differential equation (PDE) is approximated
by a high order polynomial, the weighting coefficients
can be computed by a simple algebraic formulation or
by a recurrence relationship. Later, Shu and Chew
also showed that when the solution of the PDE is
approximated by a Fourier series expansion, the
weighting coefficients of the first- and second-order
derivatives can be computed explicitly by algebraic
formulations. The details of the polynomial-based and
Fourier series expansion-based DQ methods can be
found in the book of Shu. Currently, the DQ method
has been extensively applied in engineering for the
rapid and accurate solution of various linear and
nonlinear differential equations.

On the other hand, it is noted that the function
approximation (polynomial or Fourier series
expansion) in the DQ method is along a straight line.
This means that numerical discretization of
derivatives by the DQ method is also along a straight
line. Due to this feature, the DQ method can be
directly applied to regular regions, such as
rectangular and circular domains. For complex
geometry, the DQ method cannot be directly applied.
One has to rely on the coordinate transformation
technique. In this technique, the irregular domain in
the physical space is first mapped to a regular
domain in the computational space.

Then the differential equations and their associated
boundary conditions are transformed into relevant
forms in the computational space. The numerical
discretization is only made in the computational
space by the DQ method. Although this technique
can obtain very good results for problems with
complex geometry, we have to admit that the process
is very complicated, and the approach is not as
flexible as the finite element method. Practically,
there is a demanding to develop a more efficient
method for solving complex problems.

It was found that the need of coordinate
transformation by the DQ method for complex
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problems is actually due to its discretization along a
straight line. Furthermore, we found that the DQ
discretization along a straight line is due to one-
dimensional function approximation used. It is
expected that if a two-dimensional polynomial is used
to approximate a function, the DQ approximation of a
derivative can involve any point on the two-
dimensional plane. And as a consequence, no
coordinate transformation is needed. This is the idea
of differential cubature (DC) method. Unfortunately,
due to oscillatory feature of high order polynomials, the
DC method can only obtain stable solution of a PDE
by using a limited number of mesh points. It seems
that the multi-dimensional polynomial approximation
as the test function may not be a good choice in the
DQ approximation. As will be shown in this paper, the
radial basis functions (RBFs), which have ‘truly’
meshless property and insensitivity to high dimension,
could be a good choice in the DQ approximation.

RBFs have been under intensive research as a
technique for multivariate data and function
interpolation in the past decades, especially in multi-
dimensional applications. Their performance
demonstrates that RBFs constitute a powerful
framework for interpolating or approximating data on
nonuniform  grids. Furthermore, Buhmann and
Micchelli showed that RBFs are attractive for pre-
wavelet construction due to their exceptional rates of
convergence and infinite differentiability. Since RBFs
have excellent performance for function
approximation, many researchers turn to explore their
ability for solving PDEs. In other words, as the spatial
dimension of the problem increases, the convergence
order also increases, and hence, much fewer
scattered collocation points will be needed to maintain
the same accuracy as compared with conventional
finite difference, finite element and finite volume
methods. This shows the applicability of the RBFs for
solving high-dimensional problems.

The process is very complicated, especially for
nonlinear problems. For the nonlinear case, some
special techniques such as numerical continuation and
bifurcation approach proposed by Fedoseyev et al.
have to be used to solve the resultant nonlinear
equations. Since the techniques are very complicated,
it is not easy to apply them for solving practical
problems such as fluid dynamics, which usually require
a large number of mesh points for accurate solution.

As will be shown in this paper, the advantages of the
DQ approximation and RBFs can be combined to
provide an efficient discretization method, which is a
derivative approximation approach and is mesh-free.
In our proposed method, the RBFs are taken as the
test functions in the DQ approximation to compute the
weighting coefficients. Once the weighting coefficients
are computed, the solution process for a PDE by the
new method is exactly the same as the conventional
DQ method and finite difference schemes. Moreover,
the new method can be consistently well applied to
linear and nonlinear problems. Our numerical

experiments demonstrate that this new method not
only inherits the advantages of the DQ method such
as high accuracy and efficient computation, but also
owns the merits of RBFs such as mesh-free feature
and easy extension to high dimension. This article is
the first of a series works. We hope to present a new
framework in applying the DQ method to practical
problems.

SOLUTION OF A PARTIAL DIFFERENTIAL
EQUATION FROM THE STRONG FORM

The variety of algorithms used to solve a partial
differential equation has been both an asset as well as
a burden. On one hand, we have an assortment of
extremely sophisticated tools that allow us to solve a
diverse set of problems. On the other, the
heterogeneous nature of these algorithmsmakes it
challenging to design a generalmodeling tool.

Within the realm of finite element methods, there has
been  considerable progress  towards this
goal.Modeling tools such as dealll , FEnICS,
FreeFEM, GetDP , and Sundance allow the user to
specify the weak form of a differential equation by
hand. Then, given a specific kind of element, these
tools either assist in or automate the construction of
the linear system that arises from the discretization.

In spite of their usefulness, these tools assume that
their user possesses the technical expertise to find
the weak form of a differential equation.
Unfortunately, this can be a difficult task. Ideally, we
would like a system that can transform the original
strong form of the differential equation into a
computable solution. This would allow a user with far
less technical knowledge to solve a problem than is
currently possible. While it is doubtful that such a
perfect mechanism exists for all differential equations,
we focus on a system that can achieve this goal for a
relatively broad class of problems.

Specifically, we automate a first order system least
squares algorithm using triangular B ezier patches as
our shape functions.Neither our choice of the
straightforward least squares algorithm nor our choice
of B’ezier patches is unique. Nonetheless, we
combine these pieces in such way that we can
automate the construction and solution of any
polynomial differential equation where every function
can be adequately approximated by a surface
composed of several B ezier patches. This includes
all smooth functions as well as, in a practical sense,
some discontinuous functions. We do not intend nor
claim that this system will provide the best possible
solution in all cases. Simply, it provides a smooth
solution given relatively little analytical work by the
user. In this way, we view it as a tool that allows an
end user to rapidly prototype a problem and then
determine whether further investigation into an
alternative algorithm is necessary.
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The key to this method is the manipulation of surfaces
composed of Bezier patches. Let us define the /th
Bernstein polynomial of degree k over the jth simplex

E . pp
within the set t as’7e - & = R

koo (k)(Tj(-\‘))’ [T(x)]; > 0 forall i
I.j.l('\) =1 .y
0 otherwise

p+1 (+)
where] E INO : 17l = 1", and T )denotes the solution
y of the (/> + 1) x (/> + 1) linear system

2122 Ips| L |X
11... 1 1
i pHIXp _ (- - -
where/ € R = (1.0 p+and =i denotes a

corners of the simplex-i‘. Based on these polynomials,
we form Bezier patches by taking the sum over all
possible polynomials of degree k. We form a surface
by summing over all possible simplices.
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