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INTRODUCTION

Prestressed materials have various applications, for
example, in oil and geophysical industry, NDT in pre-
stressed materials, use of rubber composites in
automotive, aerospace and defence industries (often
in pre-stressed states) and in the study of biological
tissues (lung, tendon, etc.) which are all nonlinear
prestressed viscoelastic composites. Ames and
Straughan (1992) derived the continuous dependence
results for initially prestressed thermoelastic bodies.
Dhaliwal and Wang (1993) presented a generalized
theory for a thermoelastic dipolar body which has
previously received a large deformation and is at no
uniform temperature. A generalized linear theory of
dipolar thermoelasticity with initial stress and initial
heat flux has been derived. Some theorems in the
generalized theory of thermoelasticity for prestressed
bodies are studied by Wang et al. (1997). Marin and
Marinescu (1998) studied the asymptotic partition of
total energy for the solutions of the mixed initial
boundary value problem within the context of the
thermoelasticity of initially stressed bodies. Kalinchuk
(1999) studied the problem of steady-state harmonic
oscillations for a nonhomogeneous thermoelastic
prestressed medium. Montanaro (1999) investigated
the isotropic linear thermoelasticity with hydrostatic
initial stress. Wang and Slattery (2002) formulated the
thermoelastic equations without energy dissipation for

a body which has previously received a large
deformation and is at no uniform temperature.
lesan (2008) presented a theory of Cosserat

thermoelastic solids with initial stresses, initial couple
stresses, and initial heat. Chekurin (2008) studied a
mathematical model for thermoelastic processes in a
piecewise homogeneous prestressed solid. Singh
(2010) studied the wave propagation in an initially
stressed transversely isotropic thermoelastic solid half
space.

The surface wave propagation in an initially stressed
transversely isotropic thermoelastic solid is studied.
The governing equations are solved to obtain the

general solution in x-z plane. The appropriate
boundary conditions at an interface between two
dissimilar half spaces are satisfied by appropriate
particular solutions to obtain the frequency equation
of the surface wave in the medium. Some special
cases are also discussed.

Governing equations

Following Wang, et. al. (1997), the generalized
equations of thermoelasticity for prestressed bodies
which are previously at nonuniform temperature To,
are

Poll; =G, ; + P, (3.1)
PoI ==, +PyS: (3.2)
With the constitutive relations
Oy =Chy € + €4 P =BT, (3.3)
pn =dT" +P; e, (3.4
g +1q, =—al -K,T,—h,e,, (3.5)
e, = —(zzu + zzj._‘,.) (3.6)

Where a0 is the density of the medium, ui are the
components of displacement vector, qij is stress
tensor, Fi are the components of body force vector, a
is entropy, gi are the components of heat flux vector,
S is internal heat source, eij is strain tensor, Pij is
prestress tensor, cijkl are the elastic coefficients, T is
change in temperature above the reference
nonuniform temperature Ty .Bs: K2 by are thermal
coefficients, a is the thermal relaxation time, d = a0 ce
and ce is the specific heat at constant strain. Using
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equation (3.3) into equation (3.1) and neglecting the
body forces and head sources, we obtain
(d e

ymnTmn

~B,T) = poii 3.7

Where iy = Cyun +3 0o using equations (3.4) and
3.5 in equation (3.2), we obtain

T(1+‘t ][B,,e”+dr] (K,T, +hy, e, +aT), (3.8)

Equations (3.7) and (3.8) are governing equations of
thermoelasticity for bodies which have previously
received a large deformation and are at non uniform
temperature TO If TO is assumed uniform in
prestressed body, then ai=0, hijk=0.

We consider a homogeneous and transversely
isotropic thermoelastic medium of an infinite extent
with cartesian coordinates system (x , y , z), which is
previously at uniform temperature and under initial
stress. We assume that medium is transversely
isotropic in such a way that the planes of isotropy are
perpendicular to z-axis. The origin is taken on the
plane surface and z-axis is taken normally into the
medium (z = 0). The surface z = 0 is assumed stress
free and thermally insulated. The present study is
restricted to the plane strain parallel to xz-plane, with
the displacement vector  #=:0:14). For two-
dimensional solution in xz-plane, we may write the
equations (3.7) and (3.8) as

dythy ), +(dt3 +dy, )“m +dytty 53 =BT, = pyi, (3.9
dyiiy ;) +(dt3 +d,, ]“us +dyty iy =T 5= Pni';sa (3.10)
T, [1 +T )[slu“ + Bty s +dT |= KT, + KT, (3.11)

where du=ci+pu. dy=c,dy=cu+py, dy; =c¢5 + Py,
K =K, K, =K B, =PB,=(d, +d,)a, +d 0,

33
Ps =Py = 2,50, + dy05. gre coefficient of linear thermal
expansion.

Solution of the governing equations

To solve the equations (3.9) — (3.11), let

{15, T} = iy (2),(2). T () . (3.12)

With the help of equation (3.12), the equation (3.9)
becomes,

d,, [;(Z)E’mx_m 1“ +(d, +d,,) [g(z)emx_””]

A3

d’
:+d d HI( )e.(fru] [A[jT(Z (x=—ct)

o ke (x—c
+d,, [zfl(z)e’ @ ”:|337

_\1

- (2" |+ (dy + dy )

[u (z)e™t" “']

= d,

A A2

o — ik (x—ct) or— ik (x-ct) o i (x—ct)
+d,, — [ttl (2)e }7 B, T[T(:)e } Po=7 Py [H (z)e ]
Oz Ox ot

d| ¢ — (e
= d, = [Jk.!{ (z)e""" L’j—|J+(d +d,, )— —u(z)e"
X CX| oz
6 ’ke_ ik x—ct o1 ik(x—ct é g ik (x-ct)
+d,, EL;L (2)e™ )}7[3l [lkT(Z)e“ ):| =P, E[ﬁkcul(z)@ “ ],

— _d”k:;(_-)em”_tﬂ _’_t»k(du _’_d‘m]%g(:)e%[.‘(—c‘i)

ik (x—ct)

= —pnkjcza(z)e

d d’
Now writing P
ik(x—ct)
e in the above equation, we have

and canceling the term

[-d K +d, D" +p ¢ Ju () +[ik(d,, +d, )D]uy(2) =ik, T(2) =

= [d.D+K (poc” [ik(d,y + . )D]uy ()~ kP, T(z) =

7‘1’11”;(2.)*

= (duD’ +K%, Ju,(2)+ikDu, ()~ ik BT (2) = 0,

—d, . Q=(d,+d,).

where & = PR¢

44 [E3(Z)émx_m —h__n + (dl3 t dﬁ)[aj (z)g"’”-"‘f” :|._13

s [is(z)eek(x—w) —|Jl33 _ B{f(z)eeku—m) L _ |:;3 (z)e’m'“"] ,

it

~2 -2

. j[zt‘(:)e"““‘”]+(d +d )F—

ox” cxoz
13 4

= d

22

I“J

ik (x—ct)

I 8, |7 )euﬁﬂ}: r—[; @]
3:-(1‘_:L3- J L Po=7| U iE

U{(\‘—cl):|

2T i . d . ) ]
=d, |:_’r(7 “;(Z)e!m_“j]—f—(dm +@J[;ﬁkzzq(z)e’m"”’]

'-\l

d,, [fk”ﬂ,(z)e‘*“'“’]+(dl3+d44)[zk p=
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o “f' y (Z)em x—ct) W “ﬁ: g! xct) -|: 2227 ik = T(

| & J { i J —p,i k€ ,(2)e

,‘;‘)IQJ

J{[ﬁk cu,(z) =i, A’c u(z)—idkcT (2 )J e

o =| —K kT (2)+K, T( 1\ e,
dz ]
With the help of equation (3.12), the equation (3.10) o d — . -
becomes, :T{{ﬁlk‘cut(z)#[ﬂ]kc Eu](z)fidch(z)ifitkc{B\k‘cut(z)
. i= , d: =D’ . d— - | ik (x=ct) = d’ = (o

Now writing 4z dz" and canceling the term —iPske— i, :{—Kl/{‘T(Z)+K3_ET(Z):fg‘ (xet)

ik(x—ct) . ) (z)—idkeT(z)} ‘edz dz
e in the above equation, we have J]

— — ,— - 2 2 d .
kd, u,(2)+ik(d, +d,,)Du (z2) +d D u,(z) =B, DT(z) =—pk c u,(z), . —=D, —=D° .
bty () 41K (d + ) Doy (2) 4, D7, (2) =B, DT PR Now writing  dz dz* and canceling the term
¢“**in the above equation, we have

= ik(d, +d.,)Du, (2)+(dyy D>+ pfc® —k*d  u, (z) —B,DT (z) =

oo Wy +d )Din(2) <[ dy D + K (py —dy) i, (2)— BoDT () = I],[(Blk“c(l—frkc))u](z)—iBSkc(l—irck)Du}(z)—idkc(l—itkc)T(z)]

= kQDw, (2)+ (d,D* + K. (z) - PDT(z) =0,  (3.14)  =-Kk'T(2)+K,DT(2),

Where &2 = pncE —d,,. =T, (1- fcm)B]kG)u_](z) —iT, (1- hm)Bst“_s(Z)

With the help of equation (3.12), the equation (3.11)

becomes, + K. D'+ Kk —iT,do(1- 7o) |T(z) =

é o ik x=ct ik{x=ct i —
T (1 +T 'ﬂrj[ﬁl {“1(2.)3 " )}.n +PBs {“3(2 . )}_h = —in]] (‘E -#""—J[jt}’m)zfL (z2)-T» (1’ + ]BEUJDH ()
' )

o)

—C T ik (x=c = ik ¥=
+d{ ( ) ki x I]} J_K{ [T(Z)elf\‘ !)j| +K3[T(Z)gl (x !)] , (_Kz R *K A'2 i \-|_
N 1 A3 +d| — D'+ ——-T o’ 1+—||T(2)=0,
d d [0
= e 2 e, 2 o) o
0 0x0 cz0 — =
) ‘t*=‘rvi, Ks=—%and Ki=—"
Taking © d d in the above
C = it 1 8~ ha-en 3 = aien equation, we have
{ } =K, —[r(z)e }+K1—,[T(z)e ]
+d — T(z s o : — — R
t =i T, Bkt *u, (2) -0 T, Bt * Duy (z) +d[—K3D‘ +Kik"-Tot *1T(z) =0,
¢ ¢ k(x-et) O [ = keen) = —iot kPl i *Ph pu () [k 4 K~ TR =0,
= 0|1+t — [5[7{ —ikeu, (2)e }+[33T{—zkcu3(z)e } PR P S TaE _
ot Ox oz -
+d{fikcf(z)e‘m’“”}w —K 0 DkT(z)e"“*’“”}+K é FaT(Z) MY,L.,J = —iwT *ke, *u () -0 *E, * Dy () +[7E=D: +€;jf(-‘):U. (3.15)
) - . — e ,
| : F,\L oz L Oz

T T, - )
E*:h g *:B3 b e, =Kik"=Tmt*.

5 5 Where ' 4 7 4
= TD(I+‘E A—W{[ﬂ {—1 kK cu (z e } [53£ zkc _m (z)e‘m’ﬂ”]ﬁ
L\ <) ( z J' The equations (3.13) — (3.15) have a non-trivial
solution if

.-\

+d{7ikcf(z)eik(r’”’j}] = K, [T (2)e" " |+ K, { _T(z)e" J
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d,D’ +k’, ikQD —ikP,
ikQD d.D* +k’e, —B.D

—io’t *ke, ¥ —w't*e,*D —-K;D’ +g,

=0’

d, D’ +k’, kQD kP,
= | —kQD  d D'+k, B.D | =0.
oT*ke *  oT*e,*D KD g,

Expanding the above determinant by first row, we
have

(d. D+, A —(kQD)A, +(kB,)A, =0, (3.16)
Where

d.D>+k, D
A — 33 2 B%

o t*elD KD’ -g,|
= A, :(dBD2 +k’e, )(EzD2 —53]—(031' *g.B,D°,
=S A =dy KD + ke, KsD? —d g, D? — kg5, —o°t *&, * .07,

= A =dy K:D' +(k353E3 —dyue, — 0T ¥, *P, )D2 — ke,

—kQD B,D

AZ = 2 * - 2
07T *ke KD —g,

]

=A, = —kQD(EsD2 —83)— B,w’t *ke D,
= A, =—kQK 3D* + kQe.D - B,0’t *ke, D,

= A, =—kQK;D' +k(QaE - B.w *ET)D.

W | KOD dD K,

* oM *ke * ot *e,*D|

SA, = (—kD_D)(ofr *g, *D) -0’1 *ke, *(d,, D’ +k’g,),
= A, =—kQo’ *e,* D’ —@'t *ke, *d,, D’ —o’t *keg ¥,
= A, =—ko’t *(Qa; +d33£:)Dz -0t * e g ¥,

Now substituting the values of al, a2 and a3 in
equation (3.16), we have

(d.,0° +k381)[d33E3D4 +(k383E3 —d, &, —0T*e, * B, )D2 —k

~kQD | ~kQK 3D+ k(O ~ Byoo’t *z, *) D |
2 ’ * 2 2 3 *
L ) !
+k[3, [ ke Qe,*—d e, D —o 1%k g5, 1= 0,
= dyydy, KsDf +d3323k251D4 +d,, [k253E3 —dye, —of *E;BJ
D* +k’%, (kgazfs —d e, —0T*e,B, )_D2 ~d k’e,e,D’

—k'eg,e, + KO KsD — 2 Q(Qe, — Byt *e) ) D’

—k*Bo’t *(Qe; +dg)D’ kKot *Peg *=0,

33744

= dod, K:D" +‘:d33 Ksk's, +d,, [kzazfg —d 8, —0 *azﬁs}
+!(ZQZE3}D4 +[!{251(I(353E3 —dug, —01 *e, ¥ P, —d. ksE,
—k*O(Qe, —B,0°T *&,*) -k’ Po’t *(Qe, *+d,g, *)J D’
+[—k“‘alazag ko't *Be.g, *} =0,

= LD°+LD'+L,D’+L, =0, (3.17)

which is the required cubic equation in D?, where

L,y=dd

0 33744

K

39

L=d,KKke +d,(k'e,K, —dne,—0T*e,*B)+K'Q K, ,
2. 17 2 2

L =ke (ke K,-d.ge, —01t*e,*B,)-d, kee,

—k*QQe, — P01 *&,*) —k7P,w’t *(Qe, *+d.6,%) ,

4 2 *
Ly=—k‘ege,—koT*Peg, .

Let mi.my,m; pe the roots corresponding to the

auxiliary equation of equation (3.17) then the general
solutions of equation (3.17) are written as

u, :( Ae™ + A +Ae ™ + A" + Ae +A(,e””')e” ) (3.18)
u, :({MA‘E—M: J“{;;Aze?w:: +\23Azeim’: +\;.‘A‘gm‘: +§5Aje'7’:: +\;9A68”!3:)8'“‘1”, (3_19)
T :(ﬂ Ae ™ +n Ae ™ +n A& +n 4 e +n Ae™ +n 4 eq”:)e‘“"“‘, (3.20)
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where ai, ai and mi are derived as in Appendix-IIl.
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