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INTRODUCTION

Suppose that @ and B are positive irrational numbers. In this paper, we give the following

o

criterion that B is an irrational number.

0o(q) _
THEOREM : Suppose that ® and ¥ are positive functions such that Y@ . Let k be an
vig) _
arbitary fixed positive number with & >1, and suppose that W (k7) as 9. Let @ and B

be positive irrational numbers. Suppose that :
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P
q

L 0@
9 forall (p.a)€ ZxN with 924, and

a_

(1) there exists a number q' = g'(®) such that

_P

V@ o
(11) the inequality q

4 has infinitely many solutions (7-9)€ ZxXN Then B is an irrational

number.

Proof : Let g be a sufficiently large integer to ensure the validity of the later argument. Without
(04

any loss of generality, we may assume that ® <B. Suppose that B is a rational number, so that
o P p

B 0O , where P and Q are positive integers. Now, let ¢ be a rational number such that

PAIC) B_pzpa_p:QP_P{] Pl e, Pt
9/ ¢ .Since ¢ ¢ ¢ PL Q4] wefindthat | 9 Qq q*
where p* = Pp and g* = Qq.
By the statement (1), we obtain
AN T
g*| g%
NCIC0)
This implies that A (1)

www.ignitedminds.co.in




[JOURNAL OF ADVANCES IN SCIENCE AND TECHNOLOGY
VOL. & ISSUE - 1] BEIIEVETaAMwio)]

ISSN-2230-9659

and by the assumption, we obtain

P V@D 5 V@ W@ V@) ooy V@D o
q q v(Qq) g* * * (2)

The relation (2) contradicts (1), and the theorem is proved.
EXAMPLES

. _log log ¢
For @ =e¢_Okano [3] proved that 3q log ¢q
Example 1 : If Bisa Liouville number, then ¢/B is an irrational number.

Vi(g)= =N

Proof : As we can put q”, we deduce that ¢/B is an irrational number.

www.ignitedminds.co.in



[JOURNAL OF ADVANCES IN SCIENCE AND TECHNOLOGY
VOL. & ISSUE - 1] BEIIEVETaAMwio)]

ISSN-2230-9659

Example 2 :Let m and k be integers with m>0 and k>2. If B =las.a.a,.a,..]= E”Jk’zk’?’k’---], then

e/B is an irrational number.

Py
Proof : Let 4 be the n™" convergent of B. Since

qn = nkqn—] +qn—2 < (nk +1)qn—l < (n+1)kqprl for n 22, We have qn < (n_l)kqn—l <..< ((n+1)')k fOf n 21.

n+1 a2
logg, <k logj< kj1 log xdx = k((n+ 2)log(n+2)— (n+1))
Hence, j= :

Accordingly, % =(n+1)"logq, for all sufficiently large n, then

1 1 1
<

2 < 2
qnan q/7+]qn qn lOg qn

B y pn <
dn

e

Vi(g)= ,
has ifinitely many solutions (g,,0,). Consequently, as we can put qlogq'we deduce that B

is an irrational number.
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