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Abstract:
In this article, we study a class of linear matrix differetial equations (regular case) of higher order
whose coefficients are square constant matrices.By using matrix pencil theory and the Weierstrass
cannonical form of the pencil we obtain formulas for the solutions and we show that the solution is
unique for consistent initial conditions and infinite for non-consistent initial conditions.Moreover
we provide some numerical examples. These kinds of systems are inherent in many physical and

engineering phenomena.

1. Introduction
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Linear Matrix Differential Equations (LMDEs) are inherent in many physical, engineering,
mechanical, and financial/actuarial models.Having in mind such applications, for instance in
finance, we provide the well-known input-output Leondief model and its several important
extensions, advice [3]. In this article, our long-term purpose is to study the solution of LMDEs of
higher order (1.1) into the mainstream of matrix pencil theory. This effort is signifficant, since

there are numerous applications. Thus, we consider

A X)) 4 Ay XD 4 L+ A X(8)+ A X(t) =0 (1.1)

where 4;.i =0.1,...n € M{m x m;F}, (i.e. the algebra of square matrices with elements in the field
F)  with X e C=(F,. M(m x 1:F)), For the sake of simplicity we  set

Mm = M(m x m;F) and Mnm = M(r xm:F) | |n the sequel we adopt the following notations

Ya(t) = X (),
Y5(t) = X'(t),

Yao1(t) = XC7D(8),
Y, (t) = X("=1(2).

Y (t) = X'(t) =Ya(t),
Y4(t) = X"(t) = Ya(t),

Y,_1(t) = X(*=1(¢t) = Y, (1),
AnY (1) = AnX ™ () = —An_1Ya(t) — ... — A1Y3(t) — AoYa(t).
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Or in Matrix form

FY'(t) = GY (t) (1.2)

where Y (1) = (Y3 (6)... Y, (0" (where ()T is the transpose tensor) and the

coefficient matrices F;G are given by

(I, O ... 0O O] [ O Im o L Q ]
a L, ... O O LAY o Im o
7| [ P R
a o ... L, O a o o I
L Q o ... 8] _*51.”_ _—_41 —_42 —_*513 500 —_*-111,_ 1]

with corresponding dimension of F;G and Z(t), mn_mn and mn_1, respectively. Matrix pencil
theory has been extensively used for the study of Linear Differential Equations (LDES) with time
invariant coefficients, see for instance [3], [7]-[9]. Systems of type (1.1) are more general,
including the special case when An = In, where In is the identity matrix of Mn, since the well-
known class of higher-order linear matrix differential equations of Apostol-Kolodner type is
derived straightforwardly, see [1] for n = 2, [2] and [10].
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The paper is organized as follows: In Section 2 some notations and the necessary preliminary
concepts from matrix pencil theory are presented. Section 3 contains the case that system (1.1) has
consistent initial conditions. In Section 4 the non consistent initial condition case is fully
discussed. In this case, the arbitrarily chosen initial conditions which have physical meaning for
(regular) systems, in some sense, can be created or structurally changed at a fixed time t = tq.
Hence, it is derived that (1.1) should adopt a generalized solution, in the sense of Dirac -solutions.
2. Mathematical Background and Notation

This brief section introduces some preliminary concepts and definitions from matrix pencil theory,
which are being used throughout the paper.Linear systems of type (1.1) are closely related to
matrix pencil theory, since the algebraic geometric, and dynamic properties stem from the

structure by the associated pencil sF — G,

Definition 2.1. Given F.& € Mamand an indeterminate s € F, the matrix pencil sF —¢& is called

regular when m = n and det{sF" — &) #0 In any other case, the pencil will be called singular.

Definition 2.2. The pencil sF — ¢ is said to be strictly equivalent to the pencil sF — G if and only
if there exist nonsingular ' € Mn and ¢} € M sych as

P(sF — G)Q = sF — .

In this article, we consider the case that pencil is regular. Thus, the strict equivalence relation can

be defined rigorously on the set of regular pencils as follows.
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Here, we regard (2.1) as the set of pair of nonsingular elements of Mn

g =1{(P,Q): P.()J e M,,. P.Q nonsingular} (2.1)

and a composition rule * defined on g as follows:

1 g x g such that (P, Q1) % (P, Q2) = (F1 - P, Q2 - Q). (2.2)

It can be easily verified that (.} forms a non-abelian group. Furthermore, an action - of the

group (9-*) on the set of regular matrix pencils =" is defined as ©: ¢ * £ =+ LI such that
((P,Q),sF —G) = (P.Q) o (sF — €) := P(sF — )Q.

This group has the following properties:

(a) (P Q1) © [(Pa @2) @ (sF — G)] = (P, Q1) + (P3, @a) © (sF — G) for every
nonsingular Py, s € M, and (. ()2 € M,,.

(b) eg o (sF — G) =sF — G, sF — G € LJ® where eg = (I, I,) is the identity

element of the group (g, +) on the set of L% defines a transformation group
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gol(sF —G):={(P.Q)eo(sF -G): (P,Q)eg CLE"

will be called the orbit of < — & at g. Also N defines an equivalence relation on

L3 which is called a strict-equivalence relation and is denoted by &s-e- So, (sF — G)Eec(sEF - C)
if and only if P(sF —G)Q =sF -G, where P.Q € M. are nonsingular elements of algebra M.
The class of fs«—elsF'—G) js characterized by a uniquely defined element, known as a
complexWeierstrass canonical form, sf=—w.  see [6], specified by the complete set of invariants
of &-c(sF"— &) This is the set of elementary divisors (e.d.) obtained by factorizing the invariant

polynomials fi(s.5linto powers of homogeneous polynomials irreducible over field F. In the case

where *F — & s a regular, we have e.d. of the following type:

e e.d. of the type s’ are called zero finite elementary divisors (z. f.e.d.)

o e.d. of the type "~ 7 " are called nonzero finite elementary divisors (nz.f.e.d.)
e e.d. of the type "sq are called in_nite elementary divisors (i.e.d.). Let B1;B2; : : : ;Bn be
elements of M=, The direct sum of them denoted by B1 B2 Bn is the block

Then, the complex Weierstrass form sfw—@w of the regular pencil sF —Gis defined by
sFw — Qu = sl — J, & sH, — I, where the _rst normal Jordan type element is uniquely defined by
the set of f.e.d.
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(s —al )P, ..., (s—a)®, > pj=p (2.3)

of sF — & and has the form

sly — Jpi=slpy — Jp (1) & & slp, — Jp,(av). (2.4)
And also the g blocks of the second uniquely defined block sH, — I; correspond to
the i.e.d. .
LU %, ) gi=q (2.5)
=1
sHy—Ig:=sHg — I, &---@®&sH, —1I;_. (2.6)
Thus, H, is a nilpotent element of M,, with index § = max{q; : j=1,2...., al,
where .
H] =0,
and I, . J, (a;), H,, are defined as
10 .. 0 T4 10
01 ... 0 _ . '
Lpy=1. . . | &€Mp Jpla)=|[: 1 . 1 | EMp,
Lol Co o 0 0 a; 1
00 ! 000 0 0 a
01 0 0
00 1 0
Hyy=1|: ;| € Mg,
00 0 0 1
00 0 0 0

(2.7)

In the last part of this section, some elements for the analytic computation of et=%) ¢ € [to, 00) are
provided. To perform this computation, many theoretical and numerical methods have been
developed. Thus, the interesting readers might consult papers [2, 4, 10, 11, 13] and the references
therein. In order to have computational formulas, see the following Sections 3 and 4, the following

known results should firstly be mentioned.
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Lemma 2.3 ([4]). e’rs(@)t—t0) — (clieyky )y » where

(t — to)F2a—k

ot (t—to) .
fl.rkikg — I:Jtlz — i :I'

0, otherwise

1=k =k =py

Another expression for the exponential matrix of Jordan block, see (2.7), is
provided by the following Lemma.

Lemma 2.4 ([13]).

Pyl
ers (BE0) = N £t — to) [Ty (a5)]' (2.8)
=

where the f;(t —ty)’s are given analytically by the following p; equations:

it —tg)Pa— 1t

ke
Foyralt = to) = €= 3" by b L k=0,1,2,....p,—1 (2.9)
i=i

(pj —1—1i)!
where s
.__: pi\ (E=01v, ..
b, —2(3)( .- )L—l,l
and _
Uy (@)l = (0 )nye for 1< knke < p; (2.10)

FI::':I _ i l!_I!:'—l:.fgg—ki:l
kika ko — Ky ) 3 :

In this section, the main results for consistent initial conditions are analytically presented for the
regular case. The whole discussion extends the existing literature; see for instance [2]. Moreover,
it should be stressed out that these results offer the necessary mathematical framework for
interesting applications, see also introduction. Now, in order to obtain a unique solution, we deal

with consistent initial value problem. More analytically, we consider the system
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A X P)t) + An a X P-U(8) 4 L+ 4, X' (1) 4+ Ao X (1) = O (3.1)
with known initial conditions
X(to), X'(to), ..., X" V(ty). (3.2)
analvtically, we consider the svstem
FY'(t) = GY (t),Y (ty) (3.3)

From the regularity of sF — (5, there exist nonsingular M{mn »x mn, F) matrices P
and ¢ such that (see also section 2), such as

PFQ=F,=1, % H,. (3.4)
PGO =G, =T, &1, (3.5)
where I, J,. H; and I; are given by (2.7) where
I,=1,&...&1,,
Jp=dpy(a1) & ... 8 Ty, (a,),
Hy=H, &...&H,_.
Io=1,&...&1.
Note that Z;=1 p; =p and Zj=1 q; = q, where p 4+ q = n.

Lemma 3.1. System (3.1) is divided into two subsystems: The so-called slow sub-
system

Zo(t) = JpZylt), (3.6)
and the relative fast subsystem

H, Z,(t) = Z4(t). (3.7)
Proof. Consider the transformation

Yit)=0QZ(t). (3.8)
Substituting the previous expression into (3.1) we obtain
FQZ'(t) = GQZ(t).

Whereby, multiplying by F, we arrive at

FuZ(t) = GuZ(t).

Moreover, we can write Z(f) as Z(f) = ?’EH . Taking into account the above
q
expressions, we arrive easily at (3.2) and (3.7). d
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Proposition 3.2, The subsystem has the unique solution
Zy(t) = et Z (1), ¢ > to, (3.9)
Proof. See [9],[13] O

Proposition 3.3. The fast subsystem (3.7) has only the zero solution.

Froof. Let g, be the index of the nilpotent matrix Hy, 1e. HJ* = @), we obtain
the following equations
H,Z(t) = Z,(t)
HoLZ(t) = LZ4(t)
H,[sY (s) — Zy(ta)] = Y (s)
(sHy —I,)Y(s) = H,Z,

Where Y(s) = LZ,(t) = ftzc Zy(t)e~=(t=t)dt is by definition the Laplace trans-
form of Z;.It is easy to show that det(sHy — I;) # 0 and that (sHy, — ;)71 =
— Sdmee—l(sH, )™ , while H? = 0 for n = g,

=il

Y(s) = (sHy — Ig) T HyZq

q.—1 g.—1
Y(s) == (sHg)"HoZg=— Y s"H;'Z,
=il n=0
ga—2
Y(s)=- Z (s)" ' Hg Z,
n=1
g.—2
LY (s) == ) L™'s" " H7 Zy(to)
n=1
ge—2
Zy=— Y &t —to)HjZy(to)
n=1
Zy=0

where 8(t — ) 1s by definition the Dirac function

f atf—fnjdf':l.f:fn

— 20

dt —ta) =0t £ 1o

The conclusion, i.e. Y(t) = © s obtained by repetitively substitution of each equation in the next

one, and using the fact that #¢ = ©
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Theorem 3.4. Consider the system (3.1-3.2).Then the solution is unique if and only if the initial

conditions are consistent.Moreover the analytic solution of (3.1-3.2) is given by

X(t) = Qrelet=t0)Z (1) (3.10)

Proof. Let @ = [QpQq] where Qp € M(mn)p and Qq € Mmn)g:Combining (3.8)
and (77), we obtain

Y (1) = QZ(t) = [Qp Q] Fﬁ”} = Qpel =) Z,(ty).

solution that exists if and only if Y (fo) = @pZplta) or Yita) € colspantly. The columns of Qp are the
p eigenvectors of the finite elementary divisors (eigenvalues) of the pencil sA-B.Let In that case

the system has the unique solution

X(t) = Qpelrt=t0)Z (1) (3.11)
where Q; is defined as
QL
%[
P Q?
and Q} € M, O

www.ignitedminds.co.in



[JOURNAL OF ADVANCES IN SCIENCE AND TECHNOLOGY
o ]IEANI[SMIN February 1, 2011

ISSN-2230-9659
Proposition 4.1. Consider the system (3.3).Then for non consistent initial conditions
(Y(to) & colspantlp Jthe system has infinite solutions. Proof. Let Q,,Q, be the matrices defined in
Theorem 3.5.1f the initial conditions are non consistent then
Y{to) € colspan@p and Zg(to) # U.Moreover Y(to) = @uZu(te) +@aZslto)- This means (3.3) is
defined for t 6= t0 because if ©=tothen FY'(to)=CY(fo)and Zalte)=Twhich is a

contradiction.Let H(t - t) be the Heaviside function and

_ p " , _ 1 b = TD
fO)=Ht-t)-Hta—t)={y *
‘o 1 ., t=t
Q“J:H“”_ﬂ:{ﬂ : r;érz
['hen the system can be written as
fI)FY'(t) = GY (t) — g(t)GY (to), t = to (4.1)
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Let
1 1] 2 1w -2 31, [4 -2 o
[ﬂ D] X"+ [ﬂ D] XYt + [ 1 1] X't + [_1 _1] X{t)y=0 (5.1)
Where X(t) = [X1(t)T X2(t)T]7 We adopt the following notations

Yy (t) = X (1),
Ya(t) = X'(t),
Ya(t) = X" ().

Y{(t) = X'(t) = Ya(t),
Y{(t) = X"(¢) = Ya(t),
AsY{(t) = A X" (1) = —AaYa(t) — A1Ya(t) — AoYa(2).

Or in Matrix form

FY'(t) = GY(t) (5.2)
where Y (1) = [V ()Y (£)Yd (#)] (where { )T is the transpose tensor) and the
coefficient matrices F, & are given hy

I, ¢ O o I, o
F=|0 L 0|.G=| 0D O I (5.3)
0O 0 A, —4; -4z —43
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and
(1 0 0 0 0 O] [0 0 1 0 1] 0]
01 000 0 o0 0 1 ] ]
sF_(C=s 001000 (0 00 1] 1 ]
000100 0o 0 0 ] 1
00 o000 11 -4 2 2 -3 -2
00 0 0 0 0 |1 1 -1 -1 0 0]

s5-1,5-2,5-3 finite elementary divisors and 5° the infinte elementary divisor of degree
3 of the pencil sF-G.There exist matrices non singular P,Q) such that PAQ=F,, and

PGQ=(, . Where
sz[{:‘; gl](]w=[i§ E] (5.4)
Let Y () = QZ(t) then
FY'(t) = GY (t)
PFQZ'(t) = PGQZ(t)
FuZ'(t) = GuZ(t)

For cosistent imital conditions the solution is

V() = Q3e™ 7 Zy(t0) X (t) = Qae™ T Z(t0) (5.5)
and for non conistent initlal conditions the solution is
2 i
X () = F(©)Qae”t-0C + g0 3 L= x 0t,), (56)
i=0 o
where
1 0 0
=10 2 0
0 0 3
and

The columns of ¢}, are the eigenvectors of the eigenvalues 1,23

3 -5 3 —5 3 —5]7
of =1 -1 2 —2 4 _4
1 -1 3 -3 9 —

Let the initial values of the system he
1] s [-2 v | —10
X(0) = [_3_ XD = [D ] LA = [ 3 ]

and

vl =t -3 -2 0 —10 8"
Then Y {0} £ colspan(},, {consistent initial conditions) and the solution of the system
is

Y (t) = Qe Za(0) (5.7)
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Y (0) = QaZa(0)
Z;0T =01 -1 —1]"
and the solution of the syvstem is

Y (t) = Qae’** Z3(0)

r get _ EIM _ E_:St T

a
—het et 4 &
3et — 2%t _ 3t

LS —Bet 4 2e2t 4 33t
3t — et — 0t
h—-ﬁe* + de®t Qe‘“_
et _ o2t _ gt
X(t)= [_5Et ety E_at]

Next assume the initial conditions
1] ran |0 o i
X(0)= [D] LAD) = L]] AT = L]

and
vl =0 o o o0 1 1]

Then Y{0) € colspant), non consistent initial conditions and the solufion is

2
X(t) = f(1)Q3e™'C + g(1) z i_i}((i} (0)

i=0

3ete; + e*teg + ety N .
X(t) = f(t) _Bete, — ey — e3teg +QUJ§ 112 0
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Conclusions

In this article, we study the class of linear rectangular matrix differential equations of higher-order
whose coefficients are square constant matrices. By taking into consideration that the relevant
pencil is regular, we get effected by the Weierstrass canonical form in order to decompose
differential system into two sub-systems (i.e. the slow and the fast sub-system). Afterwards, we
provide analytical formulas for that general class of Apostol-Kolodner type of equations when we
have consistent and non-consistent initial conditions. Moreover, as a further extension of the
present paper, we can discuss the case where the pencil is singular. Thus, the Kronecker canonical
form is required. The non-homogeneous case has also a special interest, since it appears often in

applications. For all these, there is some research in progress.
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